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The effectivity of pseudo-effective R-divisor is an important and difficult problem in
algebraic geometry. In the Arakelov geometry framework, this problem can be consid-
ered as a generalization of Dirichlet’s unit theorem for number fields. In this article,
we propose obstructions to the Dirichlet property by two approaches, that is, the dense-
ness of nonpositive points and functionals on adelic R-divisors. Applied to the algebraic
dynamical systems, these results provide examples of nef adelic arithmetic R-Cartier
divisor which does not have the Dirichlet property. We hope the obstructions obtained

in the article will give ways toward criteria of the Dirichlet property.

1 Introduction

Let X be a projective geometrically integral variety over a number field K and let
D = (D, g) be an adelic arithmetic R-Cartier divisor of C°-type on X (for details of adelic
arithmetic divisors, see [17]). We say that D has the Dirichlet property if D + (/w\) is effec-
tive for some ¥ € Rat(X); (:=Rat(X)* ®z R). It is clear that, if D has the Dirichlet prop-

erty, then it is pseudo-effective, namely for any big adelic arithmetic R-Cartier divisor
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13670 H. Chen and A. Moriwaki

E, the sum D + E is also big. In [16], the following question has been proposed:

Assume that D is pseudo-effective. Under which condition does it follow that

D has the Dirichlet property?

In the case where X = SpecK, the pseudo-effectivity actually implies the Dirichlet prop-
erty. It can be considered as an Arakelov geometry interpretation of the classical
Dirichlet’s unit theorem. Therefore, the above problem could be seen as the study of
possible higher dimensional generalizations of the Dirichlet’s unit theorem. Note that
the analog of the above problem in the algebraic geometry setting asks for effectivity
criteria for pseudo-effective R-divisors. Few results have been known except some spe-
cial cases such as in [2, Lemma 6.1].

The Arakelov geometry approach is very suitable to study this effectivity prob-
lem. In fact, it is known that the above question has a positive answer in the following

cases:

(1) X =Spec(K) (the classical Dirichlet’s unit theorem).
(2) D is numerically trivial on X (cf. [16, 17]).
(3) X is a toric variety and D is of toric type (cf. [4]).

Moreover, in the arithmetic setting, the positivity of adelic divisors can be considered
both horizontally and vertically. Thus, one has more flexibility in the study of the effec-
tivity problem. For example, in the case where D is a pseudo-effective R-Cartier divi-
sor on X, the arithmetic pseudo-effectivity of D can be described by the positivity of
a numerical function 5 (.) on D (see Proposition 8.2 infra). In the case where D is
big, then D is arithmetically big if and only if this function valued on D is > 0. If D is
pseudo-effective and D is big, then any positive perturbation of the Green functions of
D leads to a big adelic arithmetic R-Cartier divisor, which means that the multiples of
D have many “almost small sections”. Heuristically, one can obtain the effectivity of D
by some limit procedure.

The aim of this paper is to discover the subtleties behind the above intu-
itive arguments and to study the obstructions to the Dirichlet property. We will con-
struct from an algebraic dynamical system over a number field a nef adelic arithmetic
Cartier divisor D which does not have the Dirichlet property. We observe from this
construction that the obstruction comes from the denseness of the set of preperiodic
points with respect to the analytic topology. More precisely, let f: X — X be a sur-
jective endomorphism of X over K. Let D be an ample R-Cartier divisor on X such
that f*(D) =dD + (¢) for some real number d> 1 and ¢ € Rat(X);. Let D = (D, g) be the
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canonical compactification of D, that is, D is an adelic arithmetic R-Cartier divisor of
CO-type with f*(D)=dD + (¢) (cf. Section 4). Note that D is nef (cf. Lemma 4.1). We
establish the following theorem.

Theorem 1.1 (cf. Theorem 4.5). If the set of all preperiodic points of fis dense on some
connected component of X(C) with respect to the analytic topology (the topology as an
analytic space), then the Dirichlet property of D does not hold. O

The proof of the theorem relies on a necessary condition of the Dirichlet prop-
erty established in Lemma 2.1. We actually prove that the essential support (see (2.1)
for definition) of algebraic points with nonpositive heights should not meet the strictly
effective locus of an effective section of the adelic arithmetic R-Cartier divisor.

The concrete examples to apply the above theorem are discussed in Section 5.
Even for the algebraic dynamical system as treated in Theorem 1.1, it is a very inter-
esting and challenging problem to find a nontrivial sufficient condition to ensure the
Dirichlet property. Further, in [18], we introduce a geometric analog of the above ques-
tion. Namely, if D is a pseudo-effective Q-Cartier divisor on a normal projective variety
defined over a finite field, can we conclude that D is Q-effective? It actually holds on a
certain kind of abelian scheme over a curve, so that the situation of the geometric case
is different from the arithmetic case.

Note that the essential support of a family S of algebraic points is not empty
only if the family S is Zariski dense. Therefore, Lemma 2.1 provides nontrivial necessary
conditions for the Dirichlet property only when the set of nonpositive points is Zariski
dense. In order to obtain obstructions to the Dirichlet property for general adelic arith-
metic R-Cartier divisors, we propose the functional analysis approach. We introduce the
notion of asymptotic maximal slope fiimex(.) for any adelic arithmetic R-Cartier divisor
on X (see Sections 6.2 and 8), which is the threshold of the Dirichlet property where we
consider the twists of the adelic arithmetic R-Cartier divisor by the pull-back of adelic
arithmetic R-Cartier divisors on SpecK. We prove that this arithmetic invariant also
determines the pseudo-effectivity of the adelic arithmetic R-Cartier divisor (see Propo-
sition 8.2). Therefore, the Dirichlet property and the pseudo-effectivity are naturally
linked by this numerical invariant. We then obtain a necessary condition of the Dirichlet
property in terms of the directional derivative of the asymptotic maximal slope, which
is a functional on the space of all adelic arithmetic R-Cartier divisors (nonnecessarily

additive a priori).
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Theorem 1.2. Let D be a pseudo-effective adelic arithmetic R-Cartier divisor on X such
that D is big. If D has the Dirichlet property, then either D is big, or fijx(D) =0 and
for any place v of the number field K, the support of the super-additive functional ¥,
on C°(X?), defined by the directional derivatives of fims(.) at D cannot contain any
algebraic subvariety of dimension > 1 except those embedded in the augmented base
locus of D,, where C°(X2"), denotes the space of nonnegative continuous functions on

the analytification X2" (in the sense of Berkovich if v is a finite place). O

For this purpose, we establish a general analysis for functionals on the spaces
of adelic arithmetic R-Cartier divisors as in Theorem 6.2. This result can be applied to
not only the maximal asymptotic slope (see Corollary 6.7) but also other natural arith-
metic invariants such as the arithmetic volume function (see Corollary 6.11) and the
arithmetic self-intersection number (see Corollary 6.12). In Section 7, we compare these
specifications of Theorem 6.2. The comparisons show that the arithmetic maximal slope
is particularly adequate in the study of the Dirichlet property of pseudo-effective adelic
arithmetic R-Cartier divisors.

When D is a big R-Cartier divisor, D is relatively nef and /ima, (D) coincides with
the normalized height of X with respect to D (typically it is the case when D arises
from an arithmetic dynamical system as the canonical polarization), the functional ¥,
identifies with the Monge-Ampere measure (in the sense of Chambert-Loir [5] when v
is a finite place). Surprisingly, the condition on the support of the functional in the
above theorem coincides with the key point in the Arakelov approach to the Bogomolov
problem (see [11, 20, 23]). It is interesting to know if there is a deeper relation between
Dirichlet and Bogomolov problems.

The article is organized as follows. After a description on the notation and ter-
minology that we will use in the article, a necessary condition of the Dirichlet property
is proved in the second section in the form of nondenseness for nonpositive algebraic
points, which leads to an obstruction of the Dirichlet property in the setting of arith-
metic dynamical systems (see Theorem 4.5) in Section 4, using the canonical Green func-
tion in algebraic dynamical systems discussed in Section 3. Concrete counter-examples
are provided in Section 5. The functional approach to the study of the Dirichlet property
is introduced in Section 6. The obstructions of the Dirichlet property are proposed in
terms of the properties of some possibly nonlinear functionals. Section 7 is devoted to
the comparison of these functionals, and also the comparison of the two approaches
proposed in the article. We conclude the article in Section 8 by a refined version of the

question above (see Question 8.4). We hope that our work will provide clues for the
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further research on criteria of the Dirichlet property for higher dimension arithmetic

variety.

1.1 Conventions and terminology

In this paper, we frequently use the same notation as in [15, 17].

1.1.1

Let V be a variety over a field F and F be an algebraic closure of F. Let x be an F-valued

point of V, that is, a morphism

x:Spec(F) - V

over F. The residue field of V at the closed point given by the image of x is denoted
by F(x).
In the following, let X be a projective and geometrically integral scheme over a

number field K. Let d be its Krull dimension.

1.1.2

Let Ok be the ring of integers in K and Mg be the set of all maximal ideals of Og. Let
K(C) be the set of all embeddings K — C. For each v € Mg U K(C), we define K, to be

X K ®% C with respecttoo if v=0 € K(C),
the completion of K atp if v=p e M.

Moreover, let X, denote the fiber product X xgpecx) Spec(K,). Note that K, is natu-
rally isomorphic to C via a ®° z+ o(a)z and X, is nothing more than the fiber product
X Xgpeorx) SPEC(C) With respect to o

Let x be a K-valued point of X. Let {¢1,..., ¢n} be the set of all K,-algebra
homomorphisms K(x) ®x K, — K,, where K, is an algebraic closure of K,. Note that
n=[K(x):K]. Foreachi=1, ..., n, let w; be the K,-valued point of X, given by the com-

position of morphisms

- o xxidg,
Spec(K,) —— Spec(K(x) ®x K,) —— X,

where ¢} is the morphism of K,-schemes induced by ¢;. We denote {w;, ..., ws} by 0,(x).
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1.1.3

For v € Mg U K(C), the analytification X2" of X, is defined by

qan . X, (K,) ifv=0 € K(C),
X" in the sense of Berkovich [1] if v=p € M.
As K, is naturally identified with C, X" = X, (K,) = X,(C). We equip the space X2"
(respectively, X;") with the analytic topology, namely the topology as an analytic space
(respectively, as a Berkovich space). Let X2 denote the set of C-valued points of X over
Q. Note that X3} = [ [, cx(c, X5". We often denote X5 by X(C). Note that the complex con-

jugation induces an involution F,, : X(C) - X(C).

1.14

Let us fix v € Mg U K(C). For a K,-valued point w of X,, we define w®® ¢ X2 to be
w ifv=0 € K(O),
an :

the valuation of K, (w) as an extension of v, if v=pe Mk,
where v, is the valuation of K, defined as v, (f) =#(Ox/p) "% /. Note that

#Huw' € X,(K) | w™ =w?) = [K,(w) : K,].

1.1.5

Let Div(X) be the group of Cartier divisors on X and denote by Divg(X) the R-vector
space Div(X) ®z R. If ¢ is an element in Rat(X)*, we denote by (¢) its divisor, which is an
element in Div(X). The Cartier divisors on X constructed in this way are called principal
divisors. The map ¢ — (¢) is a group homomorphism and extends by extension of scalar
to an R-linear map Rat(X)y — Divg(X), where Rat(X); :=Rat(X)* ®z R.

By an adelic arithmetic R-Cartier divisor of C°-type on X, we refer to a pair
D = (D, g), where D € Divg(X) and g= (Gv)vemrur(cy is a family of Green functions, with
g» being a D-Green function of C°%-type on X**. We also require that g, comes from an
integral model of D for all but a finite number of p € Mk, and that the family (g, )oex ()

is invariant under the action of F,. The family g = (g,)vemux(c) is often denoted by

Z gulvl.

veMgUK(C)
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If it is not specified, an adelic arithmetic R-Cartier divisor refers to an adelic arithmetic
R-Cartier divisor of C°-type. We denote the vector space consisting of adelic arithmetic
R-Cartier divisors on X by ﬁi?/R(}Q. If ¢ is an element in Rat(X)*, we define an adelic

arithmetic R-Cartier divisor as follows:

@)=, Y. —loglp.ll|,

veMgUK(C)

where ¢, is the rational function on X" induced by ¢. The map Rat(X)* — ]Si\vR(X)
extends naturally to Rat(X); and defines an R-linear homomorphism of vector spaces.
Any element in the image of this R-linear map is called a principal adelic arithmetic
R-Cartier divisor.

For any v e Mg U K(C), one has a natural embedding from the vector space
C°%(X) into Divg(X) which sends f, e Co(X) to

O, filvl) if v e M,
0, 1 filvl + LFE(FIB))  if ve K(O).

We denote by O(f,) this adelic arithmetic R-Cartier divisor.

In the particular case where X = SpecK, an adelic arithmetic R-Cartier divisor ¢
on SpecK is a vector (¢,)vemeux(c) in RM<VK(© := Map(Mg U K(C), R) which we can write
into the form of a formal sum

Z &lvl,

veMgUK(C)

where ¢, =0 for all but a finite number of indices v. The Arakelov degree of ¢ is then
defined as

— 1
deg)=2 ) &

veMgUK(C)

For more details of ae\g(.), see [17, Section 4.2]

1.1.6

Let D= (D, g) be an adelic arithmetic R-Cartier divisor of C°-type on X. For any alge-
braic point x of X outside the support of D, the normalized height hj(x) of x with respect
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to D is defined to be

deg(Dly) 1 !
hjp(x) = = 29 ™)
D(X) [K(X) . K] [K(X) : K] UEM§K(C) weozv(x) 29 (w )

This function can be extended to the set of all points in X(K), see [17, Section 4.2] for
details. A K-valued point x of X is said to be nonpositive with respect to D if hj(x) <O0.
Note that the height function hj;(.) does not change if we replace D by D + ($) with
¢ € Rat(X)y. This is a consequence of the product formula for the number field K.

For any real number A, we denote by X (I?)g the set of all K-valued points of X

whose height with respect to D is bounded from above by A, namely
X(K)D, = {xe X(K) | hp(x) < 7).
The essential minimum of the height function h;(-) is defined as

fless(D) :=inf{r e R | X(IE')EA is Zariski dense}.

The function [less(.) takes value in R U {—oo}. Note that if D verifies the Dirichlet property,

then the essential minimum of h;(.) is nonnegative.

1.1.7

We say that an adelic arithmetic R-Cartier divisor D = (D, g) is relatively nef if D is a

nef R-Cartier divisor and g, is of (C° N PSH)-type (for details, see [17, Section 2.1]). To

d+1
i=1

each family (D;)®} of relatively nef adelic arithmetic R-Cartier divisor, one can asso-
ciate a real number cTe\g(Dl ... Dg;1) as in [17, Section 4.5] (the smoothness condition
for the scheme X in loc. cit. is actually not necessary). The intersection number func-
tion (D1, ..., Dgy1) ~> deg(Dy, ..., Dgs1) is symmetric, additive, and R, -homogeneous in
each coordinate and hence extends to a (d+ 1)-linear form on the vector space of inte-
grable adelic arithmetic R-Cartier divisors (recall that an adelic arithmetic R-Cartier
divisor is said to be integrable if it can be written as a difference of two relatively
nef adelic arithmetic R-Cartier divisors). The extended function is continuous in each
of its coordinates with respect to the topology on the vector space of all integrable
adelic arithmetic R-Cartier divisors defined by the usual convergence in each of its

finite-dimensional vector subspaces and the uniform convergence of Green functions.

Therefore, for fixed integrable adelic arithmetic R-Cartier divisors D, ..., Dg, the func-
tion Dy +> deg(Ds, ..., Das1) can be extended by continuity to the whole vector space

of adelic arithmetic R-Cartier divisors on X.
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Let Dy, ..., D4 be relatively nef adelic arithmetic R-Cartier divisors. The inter-
section product defines a (nonnegative) Radon measure (D; - - - Dg), on X3" for each place
v € Mg U K(C) such that, for any ¢ € C°(X?") one has

(Dy -~ Dg)y(¢) := deg(D, - -- Dg- O($)).

More generally, one can define a signed Borel measure (D, - - - Dg), on X" for integrable
adelic arithmetic R-Cartier divisors Dy, ..., D4. Moreover, this signed measure is multi-
linear in Dy, ..., D4. Note that in the case where Dy, ..., Dz come from adelic line bun-
dles and v is a nonarchimedean place, the above measure has been constructed in [5]
(the archimedean case is more classical and relies on the theory of Monge-Ampeére oper-
ators). See Section 7.2 infra. for the integrability of Green functions with respect to this
measure extending some results of [6, 14].

Let r be an integer in {0, ..., d} and Dy, ..., D, be a family of integrable adelic
arithmetic R-Cartier divisors. If Z is an R-coefficient algebraic cycle of dimension r in

X, written into the linear combination of prime cycles as

Z=MZ1+ -+ A2y,

then we define the height of Z with respect to D, ..., D, as

n
h(Dl, ey Dr+1; Z) = Z)\,ideg(D1|2i s Dr+1|Z,')-

i=1

In the particular case where all D; are equal to the same adelic arithmetic R-Cartier
divisor D, we write h(Dq, ..., D,; Z) in abbreviation as h(D; Z). Note that when Z is the
algebraic cycle corresponding to a closed point x of X, the height h(D; Z) equals [K(x) :
Klhs(x).

We say that an adelic arithmetic R-Cartier divisor D = (D, g) is nef if it is rela-
tively nef and if the function hj(-) is nonnegative. In the case where D is nef, the function

h(D; -) is nonnegative on effective cycles.

1.1.8

Let D be an adelic arithmetic R-Cartier divisor on X. If s € Rat(X)y and D + (s) > 0, then
Slg, := Is|, exp(—gy/2) is a continuous function on X3", where v € Mg U K(C); |s|g, <1 for
all v if and only if D + (s) > 0.
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We denote by H°(X, D) the K-vector space
{¢p e Rat(X)* | D + (¢) = 0} U {0}.

Assume that s is an element in H°(X, D). For each v € Mg U K(C), the Green function g,

defines a continuous function |s|g, such that

ISlg, = ISl, exp(—gv/2).

This function vanishes on the locus of div(s) + D. We also define

”S”u,sup ‘= sup ISy (x).
xeXan
Denote by H°(X, D) the set of all s € H°(X, D) such that [|s|, sup < 1 for any v € Mg U K(C).

The arithmetic volume of D is defined as

— . log #H°(X, nD)
(D) :=1 g7 &)
vol(D):=limsup = g7

1.1.9

Let V be an integral projective variety over a field F, and D be an R-Cartier divisor on

V. The augmented base locus of D is defined as the intersection of Zariski closed sets

(| Supp(®),
D=A+E
where the intersection is taken over all decompositions D = A+ E where A and E are,
respectively, ample and effective R-divisors on V. Note that if W is an integral closed
subscheme of V of dimension > 0 which is not contained in the augmented base locus of
D, then the restricted volume of D on X is strictly positive. We refer the readers to [10]

for more details.

2 Denseness of Nonpositive Points

This section is devoted to a nondenseness result for nonpositive points under the
Dirichlet property. This result will be useful in the following sections to construct
counter-examples to the Dirichlet property. We fix a projective and geometrically inte-

gral scheme X defined over a number field K.
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Let S be a subset of X(K). For any closed subscheme Y of X such that ¥ C X and
v € Mg U K(C), we set (see Sections 1.1.2 and 1.1.4)

A= ) W™ weo,()

xeS\Y(K)

The essential support Supp,.(S)2" of S at v is defined to be

SUPPess (DI := ) A(S; VI, (2.1)

YCX

where A(S; Y)a is the closure of A(S; Y)3" with respect to the analytic topology. Note
that if A(S; ¥)2" is dense with respect to the analytic topology, then

SUPPess (S)in = X;m‘
Moreover, if S is not Zariski dense, then Supp(S)2" =0.

Lemma 2.1 (Nondenseness of nonpositive points). Let D = (D, g) be an adelic arithmetic
R-Cartier divisor of C°-type on X. If s is an element of Rat(X)y with D+ G\) >0, then

SUPPess (X ()2 N {x € X2 | [s]g, (x) < 1} =0

for all v € Mg U K(C). In particular, if Supp(D + (s)) # @, then A(X(E)QO; ¢):" is not dense

with respect to the analytic topology. d

Proof. We set S:= X(IZ)QO, Y :=Supp(D + (s)) and g, := —log |S|EU- By our assumption,
g, >0 for all ve Mg U K(C).

Claim 2.2. For all ye A(S; Y)2", we have g, (y) =0. O

Proof. For ye A(S; Y)2", we choose xe S\ Y(K) such that y=w® for some w € 0,(x).
Then,

0= 2K :Klhy () =2deg D+ Gl = Y. Y g@™.

v eMgUK(C) w'e0, (x)

As g/, > 0 for all v € Mg U K(C), the assertion follows. [ |

6102 19quiada( g uo Jasn DNdN Aq 62.£9€2/699¢€ L/72/S 1 0ZA0BASqe-9[o1e/ulwWl/Wwod dno dlwapese//:sdiy woly papeojumoq



13680 H. Chen and A. Moriwaki

We assume that Suppg(S)5" N {x € X5 | |s|g, (X) < 1} #@. In particular,
A(S; V)3 N {x e X2 | [s]g, (%) < 1} # 0.

We can choose y,, € X5" and a sequence {5} in X5" such that [s|g, (Vo) < 1, ¥in € A(S; VI
for all m, and limy,_.o i = ¥=. By the above claim, |s|g, (yin) =1 for all m, and hence

ISlg, (Vo) = limp o ISlg, (in) = 1. This is a contradiction. |

Remark 2.3. Let f:P} — Pk be a surjective endomorphism over K with deg(f) > 2. Let
S be the set of periodic points in P!(K). Fix o € K(C). By proposition 4.3 (which is also
valid for the periodic points), A(S; #)2" coincides with the set of periodic points of f; in

(P})2. The following are well known:

(1) The closure of the set of repelling periodic points is the Julia set J, of f; [19,
Theorem 4.2.10].

(2) The set of nonrepelling periodic points is a finite set [19, Theorem 4.2.9].

(3) The Julia set J, is closed and perfect, that is, J, is closed and J, has no
isolated points in J, [19, Theorem 2.3.6].

Therefore, we can see that the essential support Supp..(S)3" of S at ¢ is equal to the
Julia set J,. O

For a subset S of X(K) and v € Mg U K(C), we set S, = J, s 0,(x). Let us consider

a way to give the essential support of S at v in terms of S, and X,,.

xeS

Proposition 2.4. Supp,.(S)i" = ﬂzcxv {wa |w e S, \ Z(K,)}, where Z runs over the set of
all closed subschemes of X, such that Z C X,. O

Proof. It is sufficient to show that, for a closed subscheme Z of X, such that Z C X,,
there is a closed subscheme Y of X such that ¥ C X and that

U om®cs\zk&y,

xeS\Y(K)

that is, S, N Z(K,) € Uyesnyz) Ov(®).
Let 7 : X, — X be the projection. For x € X(K) and w € X,(K,), the natural induced

morphisms

Spec(K) — Xz and Spec(K,) —> (X,)z,
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are denoted by X and w, respectively, where
Xg = X Xspec(k) SPec(K) and  (X,)z, = X, Xspec(k,) SPec(K,).

We fix an embedding K < K,, which yields a morphism 7 : (X,)z — Xz. In the case
where w € 0,(x), there is a homomorphism ¢, : K — K, over K such that the following
diagram is commutative:

Spec(K,) —— (X,)g,
d I
Spec(I%) —X—> Xz

Let K be the algebraic closure of K in K,. Note that ¢, (K) = K.
Let D be a Cartier divisor on X such that X°:= X\ Supp(D) is affine. Let Abe a
finitely generated K-algebra with X° = Spec(A4). Note that

S, N Supp(D),(K,) =|_ 0,(x).

xeSNSupp(D)(K)

If Z C Supp(D),, then the assertion is obvious, so that we may assume that Z € Supp(D),.
We put T'=S, N (Z(K,) \ Supp(D),(K,)).

Claim 2.5. There is a nonzero he A®x K such that w*(7*(h)) =0 for all w € T. ([l

Proof. Let I, be the ideal of A®xk K, defining Z N X;. Choose a nonzero element /' of I,.
There are hy,...,h € AQx K and a, .. ., ar € K, such that

W=an*(h)+--- +a7*(h)

and a,, ...,a, are linearly independent over K. For we T and w € 0,(x), by using the

above diagram,
0=uw"(W)=aw" (@ (M) + -+ @G0* (7T (h) = a1, (X (M) + - - + @ty (X (By),

so that X*(h;) = - - - = X*(h,) = 0. Therefore, the assertion follows. [ |

We set h=c hy +---+ gl for some ¢;,...,ge K and hy,..., € A. Let K’ be a
finite Galois extension of K such that K(c1, ..., q) € K'. Here we put =[], ccax/x) o (-
Note that fe A\ {0} and w*(z*(f)) =0 for all we T, so that T C Usﬁspec(A/fA)(Ig) 0,(x).
Therefore, if we set Y = Supp(D) U Spec(4/fA), then the proposition follows. |
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3 Endomorphism and Green Function

This section consists of the construction of the canonical Green functions for a given
R-Cartier divisor in the algebraic dynamical system setting, which can be considered as
a generalization of the construction of the canonical metrics in [22]. Here we explain
them in terms of Green functions on either Berkovich spaces or complex varieties.
Throughout this section, we fix the following notation. Let X be a projective and geo-
metrically integral variety over a field K. Let f: X — X be a surjective endomorphism of
X over K. Let D be an R-Cartier divisor on X. We assume that there are a real number d
and ¢ € Rat(X)g such that d> 1 and f*(D)=dD + (¢).

3.1 Nonarchimedean case

We assume that K is the quotient field of a complete discrete valuation ring R. Let X?"
be the analytification of X in the sense of Berkovich. Note that f%*: X?" — X3 is also

surjective by [1, Proposition 3.4.7]. Let us begin with the following proposition.

Proposition 3.1. There exists a unique D-Green function g of C°-type on X such that

(f*)*(g)=dg —log l¢|*. O
Proof. Let us fix a D-Green function gy of C°-type on X", As

f*(D)=dD + (¢),

(f*)*(go) is a (dD + (¢))-Green function of C°-type, and hence, there is a continuous

function Ag on X?® such that

(f*)*(go) = dgo — log |¢|* + Ao.

For each ne Z-,, let us consider a continuous function h, on X*" given by
hoi= = ((F) (o).
i=0

Claim 3.2.

(a) There is a continuous function h on X?" such that the sequence {h,} converges
uniformly to h.
(b)  (f*™)*(h) + Ao =dh. u
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Proof. (a) It is sufficient to show that ||h, — hyllsup = 0 as n, m — co. Indeed, if n>m,
then

n 1 ) n 1 )
Ihn = Pmllswp = 3 7 () Go)| = D0 =7 [P G0l
i=m+1 sup i=m+1
1
=ltolswp D 7

i=m+1

as required.
(b) Note that

n 1 ]
(™ () + 20 =) 7 (F™)*(ho) + 2o = dhny,
i=0
and hence the assertion follows. [ |

If we set g=go + h, then g is a D-Green function of C°-type and

(f*™*(9) = (F*)*(go) + (f*)*(h) = (dgo — log¢|* + ro) + (dh — 4o) = dg — log|pl?,

as desired.

Next we consider the uniqueness of g. Let g’ be another D-Green function of
CO-type such that (f*)*(¢)) =dg’ — log|¢|?. Then, as g — g is a continuous function on
X* and (f*")*(g' — g9) =d(g’ — g), we have

”g/ — Gllsup = ”(fan)*(g/ — Pllsup = ”d(g/ — Pllsup = d”g/ — Gllsup,
and hence ||g’ — gllsup =0. Thus, g’ =g.

Proposition 3.3. Let 2" — Spec(R) be a model of X over Spec(R), namely a projective and
flat R-scheme whose generic fiber identifies with X, and 2 be an R-Cartier divisor on 2~
such that Z coincides with D on X. If there is an endomorphism f: 2" — 2 over Spec(R)
such that f‘X = fand f*(2) =dZ + (¢) -, then the D-Green function g« o) arising from
the model (27, 2) is equal to g. O

Proof. The relation f*(2)=dZ + ()4 yields

(™ (9. 2) = dg .2 — loglel?,

so that, by the uniqueness of g, we have g2 ) =g. [ |
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Using the identities

ff(D)=dD +(p) and (f*™*(g)=g— loglel?,

we can easily see that

(fH*(D)=d"D + (p,) and ((f*H™*(g) =d"g — log |gn|*

for n> 1, where

n—1

oni= [ @)

i=0
Let 2" — Spec(R) be a model of X over Spec(R) and 2 be an R-Cartier divisor on 2" with
9|x = D.Foreachn> 1, we choose a model 27, — Spec(R) of X over Spec(R) together with
a morphism f,: 2;,— 2 over Spec(R) such that f, = f™ Here we define an R-Cartier
divisor 2,, on %, to be

D= f:(@) - (‘pn).ﬁ?fn)-

. (
ar
Note that %,|x = D. Then we have the following proposition.

Proposition 3.4. If we set 6,=9g — g2, 2,). then lim,_, « |0p/lsup = 0. In particular, if Z is
relatively nef, then g is of (C° N PSH)-type. 0

Proof. Since

(D) =d" D+ (n) 2,

we have

(™ Gz, ) = "G 2,7, — 108 lonl”,
so that if we set 0 =g — g2 . %), then ((f*")™)*(0) = d"0y,. Therefore,
”0”sup = ”((fan)n)*(g)“sup = ”dnennsup = dn“en”sups

and hence lim,,_, » [|6xllsup = 0.
For the last statement, note that if & is relatively nef, then 2, is also relatively

nef for n> 1. |

3.2 Complex case

We assume that K =C.
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Proposition 3.5. There exists a unique D-Green function g of C°-type on X such that
f*(g) =dg — log |¢|%. Moreover, if there is a D-Green function of (C° N PSH)-type, then g
is also of (C° N PSH)-type. O

Proof. We can prove the unique existence of g in the same way as Proposition 3.1. Let

Jdo be a D-Green function of (C° N PSH)-type. As in the previous subsection, we can see

(fM*(D)=d"'D + (p,) and (fH*(g) =d"g — log |gnl*

for n> 1, where
n—1
oni=[ [((SH"@N?.
i=0
Here we define g, to be
1 * 2
gn'= = (F)"(go) + 1og lonl),

that is,
(f™*(go) = d'gn — log gnl*.

Then g, is a D-Green function of (C°N PSH)-type. Moreover, if we set § =g — go and
0n =g — gn, then (fM*(®) = d"0,. Thus,

11lsup = 1CS™)* @) llsup = |A"Onllsup = A" [1nllsup.

and hence lim,_, « [|0nllsup = 0. Therefore, g is of (C° N PSH)-type by [13, Theorem 2.9.14,
(iii)]. [ |

Let c¢: Spec(C) — Spec(C) be the morphism given by the complex conjugation map
z> z. Let X denote the fiber product X Xgpec((C) Spec(C) in terms of c. Let F: X — X be
the projection morphism and f:X — X be the induced morphism by f. Note that the
following diagram is commutative:

f

—_—

Xo<— X
S

X
|
X
If we set D=F*(D) and ¢ = F*(p), then f*(D)=dD + (¢). For xe X(C), the composi-
tion Spec(C) —> Spec(C) — x5Lx yields a C-valued point of X, so that we define

f
—_—
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Fy : X(C) - X(C) to be Fo(x)=F o xoc. The above commutative diagram gives rise to

the following commutative diagram:

~ f ~
X©) — X©

Fxl f l&

XC — X©O
Proposition 3.6. Let g be a D-Green function of C°-type on X with f*(g) =dg — log|¢|?
as in Proposition 3.5. Then §:= FX (g) is a D-Green function of C°-type on X with f*(§) =

dg — log|¢|?. Moreover, if g is of (C° N PSH)-type, then g is also of (C° N PSH)-type. [

Proof. It is easy to see that §is a D-Green function of C°-type on X because

Fr()(x) =x"(F*'(y)) =" (" (X (F*(¥))) = (Foo (0)*(¥) = ¥ (Fos (X))

for x € X(C) and ¥ € Rat(X)*. In addition,
(@ =FL(f*(9) = F5(dg — logl¢|*) = dg — log |¢|*.

The last assertion follows from the same argument of [15, Lemma 5.1.1]. [ |

4 Canonical Compactification

Let X be a projective and geometrically integral variety over a number field K. Let
f: X — X be a surjective endomorphism of X over K. Let D be an R-Cartier divisor on X.
We assume that there are a real number d and ¢ € Rat(X); such that d> 1 and f*(D)=
dD + (¢). We use the same notation as in Sections 1.1.1-1.1.4. In addition, for each
ve Mg UK(C), let f2":X2" — X" be the induced map by f. By Proposition 3.1, for

p € Mg, there is a unique D-Green function g, of C°-type on X" with

(fZ™)*(gp) = dg, — log|el:.

We can find a model 2y of X over a nonempty Zariski open set U of Spec(Og), an
R-Cartier divisor 2y on %2y, and an endomorphism f;: 2y — 2y over U such that
Julx= f and f;(2)=dZ + (¢) on £y, so that, by Proposition 3.3, for P € U, gp comes
from the model (2y, Zy). Further, by virtue of Propositions 3.5 and 3.6, let us take a
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unique F..-invariant D-Green function g, of C°-type on X22 (for the definition of X20,

see Section 1.1.3) such that

(f2)*(goo) = dgos — log 9|2,

where f3' =[], k() fi" Therefore,

D:= (D, Z gp[P]+goo[001>

PeMg

forms an adelic arithmetic Cartier divisor of C°-type on X. By our construction,
f1(D)=dD + ().

The adelic arithmetic Cartier divisor D is called the canonical compactification of D
with respect to f.

Lemma 4.1. If D is ample, that is, there are ample Cartier divisors D, ..., D, on X and
a,....a-€R.gwith D=a,D; +--- + a.D,, then D is nef. O

Proof. First let us see the following claim.

Claim 4.2.

(@) There are a model 7 : 2" — Spec(Ok) of X over Spec(Og) and a relatively nef
R-Cartier divisor 2 on 2" such that 2|y = D.
(b) There is an F-invariant D-Green function h of C*-type on X2* such that

c1(D, h) is positive. [ ]

Proof. If D is an ample Cartier divisor, then the assertions (a) and (b) are well known.
Moreover, in this case, Z in (a) can be taken as a Q-Cartier divisor.

(a) Foreachi=1,...,r, there are a model 2; — Spec(Og) of X over Spec(Og) and
a relatively nef Q-Cartier divisor Z; on Z; such that %;|x = D;. Let us take a model 2" —
Spec(Og) of X over Spec(Og) such that we have a birational morphism u; : 2" — Z; over
Spec(Ok) foreachi=1,...,r. If weset Z=auj (%) + -+ a1 (%), then 7 is relatively
nef and 2|x=D.

(b) For each i=1,...,r, let h; be an F-invariant D;-Green function of
C>-type on X2° such that ¢ (D;, ;) is positive. Then a1 hy + - - - + a-h, is our desired Green

function. u
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By the above claim together with Propositions 3.4 and 3.5, gr and g, are of
(C° N PSH)-type on X%" and X", respectively. Therefore, D is relatively nef. Let hj be the

height function associated with D. Then
hs(f(2) = dhj(x)
for all x € X(K). Indeed,
h5(F(0) = hy. () (%) = hgp4 (%) = hgp () = dhy ().
As D is ample, there is a constant C such that hj > C. In particular,
hp(x) =hp(f"(x)/d" > C/d"

for all n> 1, and hence hj(x) > 0 for x € X(K). Therefore, D is nef.
For v € Mgz U K(C), we set

Prep(f) :={xe X(K) | f4x) = f™(x) for some 0 <n<m},
Prep(f,) :={xe X,(K,) | f"(x) = f™(x) for some 0 <n<m).

An element of Prep( f) (respectively, Prep(f,)) is called a preperiodic point of f (respec-
tively, f,). Moreover, for a subset T of X,(K,), T®" is defined by

T = {w*™ |weT)
(for the definition of w?", see Section 1.1.4). Let us see the following proposition.

Proposition 4.3. Uxeprep(ﬂ 0,(x) =Prep(f,) (for the definition of 0O,(x), see
Section 1.1.2). O

Proof. Clearly, Uycprep(p) Ov(x) SPrep(f;). Conversely, we suppose that x e Prep(f,),
that is, f*ox= f'ox for some m>n>0. Let n,:X, - X be the projection. Then

myo fi ox=m, o f'o x. Note that the following diagram is commutative:
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so that we have f™ om, o x= f" o 7, o x. Therefore, by Lemma 4.4, there are a closed point
£ of X and a homomorphism K (&) — K, such that m, o x is given by the composition
Spec(K,) — Spec(K(£)) — X, so that the assertion follows. [ ]

Lemma 4.4. Let V be a projective variety over a field k. Let f:V— V and g: V — V be
surjective endomorphisms of V and let D be an R-Cartier divisor on V. We assume the

following:

(1) D is ample, that is, there are ample Cartier divisors D;,..., D, on V and
a,....,arcR.owithD=aq;D; +---+ a-D,.

(2) There are ¢,y € Rat(V); and a,beR.o such that f*(D)=aD + (¢), g*(D) =
bD + (¢) and a #b.

If 2 is a field over k, x€ V(£2) and f(x) = g(x), then there are a closed point & of V and
a homomorphism k(&) — §2 such that x coincides with the composition of Spec(£2) —
Spec(k(¢)) — V. O

Proof. Let Z denote (f x g)~'(A), where fxg:V — V x V is a morphism given by
x> (f(x), g(x)) and A is the diagonal in V x V. It is sufficient to show that dim Z <0.
We assume the contrary, so that we can find a subvariety C of dimension one of V with
C € Z.Then f|; = glc. In particular, f.(C)=g.(C). As

f (D) —g"(D)=(a—b)D + (¢y ),
we have
(@a—b)(D-C)=((f"(D)—g*(D))-C)=(D- £i(C)) — (D - g.(C)) =0,

and hence (D - C) =0. This is a contradiction because D is ample. [ |

The purpose of this section is to prove the following theorem.

Theorem 4.5. We assume that D is ample. If there are v € Mg U K(C) and a subvariety
Y, € X, such that dim Y, > 1 and Y, C Supp,, (Prep(f))i", then the Dirichlet property of
D does not hold. In particular, if Prep(f;)*" is dense in X" with respect to the analytic

topology for some v € Mg U K(C), then the Dirichlet property of D does not hold. |
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Proof. We assume that D + (’;) is effective for some s € Rat(X)y. Here we set S:= X(I?)go
(for the definition of X(IZ)QO, see Section 6). By Lemma 2.1,

SUpPess (S)y” N {x € X7 | slg, (x) < 1} =4.
Note that if x € Prep(f) for x € X(K), then hj(x) = 0. Therefore, Prep(f) C S, and hence

SUpPP,gs (Prep( )3 N Supp(D + (5)2" =0

because Supp(D + (s))5" C {x e X3" | |s|g,(x) < 1}. As (D + (s)), is ample, we can see that
Y, N Supp(D + (s)), # ¥. In particular,

Y2 N Supp(D + ()2 # 4,

which is a contradiction because Y2 C Supp,,(Prep(f))a". |

5 Examples

In this section, we give several examples to apply Theorem 4.5.

Example 5.1 (Abelian variety). Let A be an abelian variety over a number field K. Let
D be an ample and symmetric R-Cartier divisor on A4, that is, there are ample and sym-
metric Cartier divisors D;,...,D, on A and a;,...,a - € R.o with D=a;D; + --- + a,D,.
Then [2]*(D) =4D + (p) for some ¢ € Rat(A)y. Let D be the canonical compactification of
D with respect to [2]. Note that Prep([2],) is dense in A, (C) with respect to the analytic
topology for ¢ € K(C). Thus, by Lemma 4.1 and Theorem 4.5, D is nef and D does not
have the Dirichlet property. O

Example 5.2 (Lattes map). Let E be an elliptic curve over a number field K, X := E/[+1]
and p:E— X be the natural morphism. Note that X~P} and the endomorphism
[2]: E — E descends to an endomorphism f:X — X, that is, the following diagram is

commutative:

Clearly, p(Prep([2])) € Prep(f). In particular, Prep([f]l,) is dense in X, (C) with respect
to the analytic topology for o € K(C). Let D be an ample Cartier divisor on X. Note that
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o*(D) is symmetric because p o [-1]= p, so that there is ¢’ € Rat(E)* with [2]*(p*(D)) =
4p*(D) + (¢), that is, p*(f*(D) — 4D) = (¢'). Therefore, if we set ¢ = N(¢")'/? e Rat(X)g,
then f*(D)=4D + (¢), where N:Rat(E)* — Rat(X)* is the norm map. Let D be the
canonical compactification of D with respect to f. By Lemma 4.1 and Theorem 4.5, D
is nef and the Dirichlet property of D does not hold.

Here let us consider a special elliptic curve E due to Tate, that is,
E:=Proj(KI[X,Y, Z1/(Y*Z + XYZ + €*YZ? — X)),
where € = (5 + v/29)/2 and K = Q(¢). It has a smooth model
& =Proj(Oxl[X, Y, Z1/(Y?Z + XYZ + €*YZ? — X3))

over Og:=Zlel. Let &--»Py, be a rational map induced by the homomorphism
OklX, Z] — OxIX, Y, Z1/(Y*Z + XYZ + €2YZ? — X®), that is, & --» IP’}JK is the projection at
(0:1:0). Note that & --»Pg_ actually extends to a morphism p:& — Py, because the
tangent line at (0:1:0) is given by {Z =0}.

Claim 5.3. There is a morphism f:P}, — Py such that the following diagram is

commutative:

21
E —= &

. l i .
1 7 1
POK IP)OK O

Proof. The x-coordinate of [2](P) for P = (x:y:1) € E is given by

x* — e2x? — 2¢*x
4x3 + x? 4+ 2e2x 4+ €’

Therefore, if we consider a rational map f: IP’})K -- ]P’})K given by

f(x:2):=(x* — 2x22 — 2e*x2% 1 4x3 2+ X222 + 262 x2° + €17,
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then the diagram

E —> &

1 ! 1
Py, — == Po,

is commutative as rational maps, so that we need to see that f extends to a morphism
f:Py, — P} . Let F be either Q or F,, where F,=Z2/pZ for a prime p. It is sufficient to

show that if (x, z) € F? satisfies a system of equations

x* — 2x272 — 2¢*x73 =0,
4x37 4 x2 72 + 2e2x7° + €224 =0,

then x=2z=0. We assume the contrary, that is, the above has a solution (x, 2) e F?2\

{(0,0)}. As z# 0, we may assume z= 1, so that x 0, and hence

X —€2x—2¢4 =0,

4x3 + x*> 4+ 2e?x+ €2 =0.
Therefore, 0= (4x® + x> + 2e?x + €%) — 4(x® — €’°x — 2¢%) = (x + 3€%)?, that is, x= —3€2.
Thus, as (—3¢?)% — €2(—3¢?) — 2¢* =0 and € #0, we have 27¢2=1. On the other hand,

since €2 — 5e — 1 =0, we obtain 27 - 5¢ = —26, so that 27 - 25 =27 - 25 . 27¢% = (27 - 5¢)? =
262 in F. Note that 262 — 27 -25=1, and hence 1 =0 in F, which is a contradiction. M

Since the norm map N:Rat(&)* — Rat(IP)})K)X is a homomorphism, we have the

natural extension
Np : Rat(&) :=Rat(€)* ® Q — Rat(Pp,)j :=Rat(P,, ) @ Q.
Let Z be an ample Cartier divisor on Pf, . As the following diagram:

[-1]
& &

N

1
Po,

6102 19quiada( g uo Jasn DNdN Aq 62.£9€2/699¢€ L/72/S 1 0ZA0BASqe-9[o1e/ulwWl/Wwod dno dlwapese//:sdiy woly papeojumoq



Algebraic Dynamical Systems and Dirichlet’s Unit Theorem 13693

is commutative, p*(2) is symmetric, so that [2]*(p*(2)) — 40*(2) — (¢’) is vertical for
some ¢’ € Rat(&£)*. As the class group of Q(e¢) is finite, there is A € K* ®z Q such that

p*(f(D) —42) = 2" (p"(9)) — 4p™ (D) = (A¢)),

and hence, if we set ¢ = Ng(r¢')!/? eRat(}P’loK)(a, then f*(2)=49 + (¢). Let g, be an
Fy-invariant Z-Green function of (C°NPSH)-type on Py, (C) such that f*(g)=4g—
log|¢| . By Lemma 4.1 and [17, Proposition 2.1.7], the arithmetic Cartier divisor & :=
(2, g») On IP’loK is nef and, by Theorem 4.5, 2 + @\) is not effective for all ¢ € Rat(]P’},K)]E.
Further, p*(2) is nef and p*(2) + (¢/5 is not effective for all ¢ € Rat(«/)g. a

Example 5.4. Here let us give an example due to Burgos i Gil, which shows that the
converse of Theorem 1.1 in Section 1 does not hold in general.

Let E be an elliptic curve over Q and % :=Proj(QIx, yl). Let D, (respectively, Dy)
be the Cartier divisor on E (respectively, ]P’b) given by the zero point (respectively, {x = 0}).
Then there is ¢ € Rat(E)* with [2]*(D;) =4D; + (¢). Let h: ]P’(E12 — }P’}@ be the endomorphism
given by (x: y) — (x*: y*). Then h*(D;) =4D,. We set

X:=ExPy f:=[2xh:X—>X, and D:=pi(D))+ py(D2),

where p; : X — E and p;: X — I% are the projections to E and ]P’}Q, respectively. As the

following diagrams are commutative:

x 1, x x I, x
b b
1 1

we have
F (D)= f*(pi(D1) + f*(py(D2)) = p;([12I*(D1)) + p;(h*(D2))
= P} (4D1 + (9)) + p3(4D2) =4D + (p](¢)).
Let D be the canonical compactification of D with respect to f.

Claim 5.5.

(1) D isnef.
(2) Prep(f,)*" is not dense in X2" with respect to the analytic topology for all
v € My U {oo}, where oo is the unique embedding Q — C.
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(3) SupPess(Prep( )3 = E(C) x S*, where S ={(¢:1) e P}(C) | |¢| =1}.

(4) The Dirichlet property of D does not hold. O

Proof. Part (1) follows from Lemma 4.1.
(2) As (pp)3™: X3" — (P@)ﬁ“ is surjective and (p;)2"(Prep( f,)*") C Prep(h,)?", it is
sufficient to show that Prep(h,)?" is not dense in (I%)fjn. Note that

Prep(h) ={(0:1), (1:0)}U{(¢,1)|¢ € Q and ¢™ =1 for some m € Z-},

so that the assertion is obvious if v = co. We assume that v = p for some prime p. Let
w € Prep(hp)®™ N U&I;, where U is the Zariski open set of IP’}@ given by U :={x#0, y#0}
and Ug, := U Xspec(@) Spec(Qp). In the same way as Proposition 4.3, there is & € Prep(h)

such that w is one of valuations arising from &, that is, if we set
Q¥)®Qp=K1@---® K, (thesum of finite extension fields over Q,),

then w is the valuation of some K;. Put z:= X/ Y. As z(§)™ = 1 for some m € Z.y, we obtain
Z™" =1 at K;, so that |z|,, = 1. Therefore, we have

Prep(hp)** NUG S {w e UG, | |2l =1},

and hence Prep(h,)®" is not dense.
(3) We need to see Prep(f)\ Y(C)=E(C) x S! for any closed subscheme Y of
E x P, which is strictly contained in E x Pf,. Note that

Prep(f) = E(C) x S and Prep(f)\ Y(C) < Prep(f) \ Y(C),

so that it is sufficient to check E(C) x S' C (E(C) x S1)\ Y(C).

We set T={¢ € S' | E(C) x {¢} C Y(C)}. Let us see that T is finite. Otherwise, as
E(C) x TCY(C) and E(C) x T is Zariski dense in E(C) x P}(C), we have Y(C) = E(C) x
P!(C), which is a contradiction.

Since (E(C) x {{) \ Y(C) = E(C) x {¢} for ¢ € S' \ T, we obtain

E(C) x (S'\ T) CE(C) x S'\ Y(C).

Thus, the assertion follows because S! \ T = S!.
Part (4) follows from (3) and Theorem 4.5. ]

6102 19quiada( g uo Jasn DNdN Aq 62.£9€2/699¢€ L/72/S 1 0ZA0BASqe-9[o1e/ulwWl/Wwod dno dlwapese//:sdiy woly papeojumoq



Algebraic Dynamical Systems and Dirichlet’s Unit Theorem 13695
6 Functional Approach to the Study of Dirichlet Property

The purpose of the section is to study the Dirichlet property in a functional point of view.
Our method consists of introducing some (possible nonlinear) functionals on the spaces
of continuous functions on the analytic fibers of the arithmetic variety. The Dirichlet
property leads to conditions on the supports of these functionals.

We fix a geometrically integral projective scheme X of dimension d defined over
anumber field K and denote by 7 : X — SpecK the structural morphism. In the following
subsection, we will establish an abstract framework to study the consequences of the
Dirichlet property by the functional approach. We then specify the theorem for different
choices of the functionals, notably those coming from the asymptotic maximal slope and

the volume function.

6.1 A formal functional analysis on Dirichlet property

Let V be a vector subspace of ]SRIR()O containing all principal divisors and let V, denote
the subset of all effective adelic arithmetic Cartier divisors in V. Let C, be a subset of ¥V

verifying the following conditions:

(a) forany DeC,and x>0, onehas ADeC,;

(b) for any Dy € C, and D € V,, there exists gy > 0 such that Dy + ¢D € C, for any
e e Rwith 0 <& <sgp;

(c) foranyDeC,and¢ec Rat(X)y, one has D+ @ eC..

In other terms, C, is a cone in V which is open in the directions in V, and invariant
under translations by a principal divisor.

Let u:C, — R be a map which verifies the following properties:

(1) there exists a positive number a such that u(tD) = t*u(D) for all adelic arith-
metic R-Cartier divisor D € C, and t > 0;
(2) forany D e C, and ¢ € Rat(X)%, one has u(D + (¢)) = u(D).

For D eC, and E € V., we define Vg,u(l_)) to be

- D +€E)— u(D
VEM(D)zlimsup WD Fek) = ),
€e—>0+ €

which might be +oo. Note that, for any D € C,, the function E+> VIu(D) is positively

homogeneous, namely V;CE;L(D) = tVEM(D) for any E and any t> 0. Moreover, for any
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EcVandt>0,one has V}u(tD)=t*"'V/(D). In addition to (1) and (2), assume the fol-

lowing property:
(3) there exists amap V,: ﬁzR(X)+ x Cy, — R U {#£o0} such that
Vu(E, D)=V} wD) for E€V,and DeC.,,

where ISi\VR(X)Jr denotes the set of all effective adelic arithmetic R-Cartier

divisors.

Denote by C,, the subset of C, of adelic arithmetic R-Cartier divisor D such that,
the map E + V,(E, D) preserves the order, namely, for any couple (E;, E2) of elements
in Divg(X), such that E; < E,, one has V,(E1, D) <V,(Ez, D). If D is an element in C,,,

then the map V,, defines, for any v € Mg U K(C), a nonnecessarily additive functional
wh L COXIM) — [0, +ocl, Wl (f):=V,(0(f), D),
where C%(X?"), denotes the cone of nonnegative continuous functions on X2".

Definition 6.1. We define the support of lllg’u to be the set Supp(d/g’v) of all x e X2" such
that lI/g’v( f») > 0 for any nonnegative continuous function f, on X" verifying f,(x) > 0.
This is a closed subset of X3". In fact, if x is a point of X5" which is outside Supp(lllgyv),
then there exists a nonnegative continuous function f, on X" such that !l/g’v( f)=0
but f,(x) > 0. Therefore, {ye€ X2"| f,(y) > 0} is an open neighborhood of x which is con-
tained in X2\ Supp(lllg’v). Note that Foo(Supp(lI/g,a)) = Supp(llfgﬁ) for o € K(C) because
WL () =WE _(FL(f)) for f, € COX),. O

Theorem 6.2. Let D be an element of C,, with x(D)=0. If s is an element of Rat(X);
with D + (s) > 0, then

Supp(dfg"v) N{xe X" |slg,(x) <1} =2
for any v € Mg U K(C). O
Proof. Weset D'=D + (s)=(D’,¢) and f, = min{g,, 1}. Thus, as
0<0(f)=D
and D € C,,, one has

0=V,((0,0), D) <¥5 ,(f) = Vu(O(f,), D) < V. (D', D) = V; u(D).
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On the other hand, by using the properties (1) and (2), one obtains
u(D +eD') — p(D) = u(D + €D) — u(D) = (1 + ©)* = Hu(D),
and hence Vg,u(l_)) = aj(D) = 0. Therefore, ¥5 ,(f,) =0, so that
Supp(¥5,) N{xe X" | fi(x) >0} =2.
Note that g, = —log |s|§v. Thus, we can see that
{xe X" | fu(x) >0} ={xe X;" | Islg, (x) < 1},

as required. ]

Under the assumptions of Theorem 6.2, we have the following corollaries.

Corollary 6.3. Assume that the Dirichlet property holds for D and that D is big. For
any v € Mg U K(C), if Z is a closed subvariety of X, of dimension > 1 such that Z?" C

Supp(llll’-; D then Z is contained in the augmented base locus (see Section 1.1.9) of D,. [

Proof. Let s be an element of Rat(X); with D + (s) > 0. We introduce D' =D + (s) as
in the proof of the theorem. Assume that Z is a closed subvariety of X, which is not
contained in the augmented base locus of D, (which identifies with the augmented base
locus of D)). Then the restriction of D/ on Z is a big R-Cartier divisor since the restricted
volume of D] on Z is > 0 (cf. [10]). Hence, [D,;] has nonempty intersection with ¥,, which
implies that [D;]*" N Z*" # @. Therefore, by the previous theorem, Z*" cannot be con-

tained in the support of the functional lllg )" |

Corollary 6.4. Assume that (D -C) > 0 for any curve C on X. If the Dirichlet property
holds for D, then, for any v € Mg U K(C), there is no subvariety Z of X, such that
dim Z > 1 and Z*" C Supp(¥} ). O

Proof. It is sufficient to prove that (D, -C) > 0 for any curve C on X,. Indeed, there
are a variety W over K and a subscheme % of X x W such that Rat(W) is a subfield of
K,, € is flat over W and ¥ x Spec(K,) =C. Let p and g be the projections X x W— W
and X x W — X, respectively. By our assumption, (g*(D) - € N p~!(w)) > 0 for any closed
point w of W, so that (g*(D) - ¢,) > 0, where 7 is the generic point of W, as required. W
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6.2 Asymptotic maximal slope

In this subsection, let V = ﬁlR(X) and C, be the cone of all adelic arithmetic R-Cartier
divisors D such that D is big.
Let D be an adelic arithmetic R-Cartier divisor in C, and ¢ be an adelic arith-

metic R-Cartier divisor on SpecK with deg(¢) = 1, we define 2354 (D) as
sup{t € R | D — tz*(¢) has the Dirichlet property}.

Note that for sufficiently negative number ¢, the adelic arithmetic R-Cartier divisor
D — tr*(¢) is big (since D is a big R-divisor) and therefore has the Dirichlet property.
Moreover, one has 45%5(D) < /iess(D) (see Section 1.1.6). Therefore, 2%%5(.) is a real-
valued function on C,. By definition, for any ¢ >0 and any D eC, one has /lfrfg,f (tf)) =
tiimax (D).

The function 2555 (D) is actually independent of the choice of ¢. This is a conse-

quence of the following proposition.

Proposition 6.5. Let ¢; and ¢, be adelic arithmetic R-Cartier divisors on SpecK. Then
cTe\g(g“l) = d/e\g(gz) if and only if ¢ =¢2 + (/@ for some ¢ € K* ®z R. d

Proof. It is sufficient to show that if cTe\g(g) =0, then ¢ = @ for some ¢ € K* ®z R. We
set & =2,y WPl + 2., ck(c) @ lo]. As the class group of K is finite, we may assume that

a, =0 for all p € Mg. Therefore, Dirichlet’s unit theorem implies the assertion. [

We shall use the expression 15 (.) to denote this function. By definition, for any

adelic arithmetic R-Cartier divisor ¢ one has
P (D + 77(0)) = 1532 (D) + deg(¢).

This function has been introduced in the adelic line bundle setting in [8] in an equivalent
form by using arithmetic graded linear series. We refer the readers to Section 7 infra for
more details.

If D is an adelic arithmetic R-Cartier divisor verifying the Dirichlet property,
then for any ¢ € Rat(X)%, D + () also verifies the Dirichlet property. Moreover, for any
D’ > D, the adelic arithmetic R-Cartier divisor D’ verifies the Dirichlet property. We

deduce from these facts the following properties of the function /ima(.).

Proposition 6.6. (1) Let D be an adelic arithmetic R-Cartier divisor in C,. For any
¢ € Rat(X);, one has fimdx(D + (9)) = fimax(D).
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(2) The function /i3 (.) preserves the order relation, namely for D; < D; in C,
one has fimax(D1) < fimax(D2).
(3) The function fiqax(.) is super-additive, namely
llzfgx(f)l + DZ) > /l?nsgx(bl) + /AL?nSgX(DZ)
for D, and D, in C.. O

Theorem 6.2 leads immediately to the following corollary.

Corollary 6.7. Let D be an adelic arithmetic R-Cartier divisor such that D is big and

~asy

that [ioix(D) =0. If s is an element of Rat(X)p with D+ (/s\) >0, then
Supp(WL™) N (x € X2 | Islg, (x) <1} = @
for any v € Mg U K(C). O

The function /iy (.) is important in the study of Dirichlet’s theorem. In fact, it

is not only the threshold of the Dirichlet property but also the pseudo-effectivity.

Lemma 6.8. Let (D;)", be a family of adelic arithmetic R-Cartier divisors on X, and D

be an adelic arithmetic R-Cartier divisor on X such that D is big. Then one has
lim, ASY (D + 6Dy + - + t,Dy) = A2Y (D),
where for t=(t, ..., t,) € R", the expression |t| denotes max{|t|, ..., |t.|}. O

Proof. If we replace D by D + 7*(¢), where ¢ is an adelic arithmetic Cartier R-divisor
on SpecK, both sides of the equality to be proved differ the initial value by cTe\g(g“). Hence,
one may assume that D is big. Moreover, without loss of generality, one may assume that
(D), are adelic arithmetic Cartier divisors which are big and effective (by possibly
augmenting the number of adelic arithmetic Cartier divisors in the family). In fact, each
D; is R-linearly equivalent to an R-linear combination of big and effective arithmetic
Cartier divisors. Then by using the fact that the function /i (.) preserves the order, one

obtains
~asy (1 N N ~asy (7 N N ~asy (1 N N
Mmax(D_ |t|(D1 +."+Dn))§l’(’max(D+tlDl +”+tnDn)§/“l'max(D+|t|(Dl +"'+Dn))-

Therefore, we have reduced the problem to the case where n=1 and D, is a big and

effective adelic arithmetic Cartier divisor. Let @ > 0 be a real number such that aD — D,
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and aD + D, are both R-linearly equivalent to effective adelic arithmetic R-Cartier divi-

sors. By the positive homogenity of the function /i (.), for any ¢ > 0 one has

Q2T (D) > 43 (D — tDy) > (1 — at) A2 (D).

max max max

Hence, limy o, fioex(D — tD)) = fimix(D). Similarly, one has lim; o, fimex(D + tD;) =
fay (D). The result is thus proved. [ ]

Proposition 6.9 (cf. Proposition 8.2). Let D be an adelic arithmetic R-Cartier divisor
such that D is big. Then D is big (respectively, pseudo-effective) if and only if e (D) > 0
(respectively, oy (D) > 0). O

Proof. Assume that D is big. Let ¢ be an adelic arithmetic R-Cartier divisor on Speck
such that (Te\g(g) > 0. Since D is big, for sufficiently small ¢> 0, the adelic arithmetic
R-Cartier divisor D — tz*(¢) is big, and hence verifies the Dirichlet property. Therefore,

one has

2T (D) = tdeg(y) + A2V (D — tr*(0)) > tdeg(¢) > 0.

Mmax

Conversely, assume that 5 (D) > 0. We write D as an R-linear combination

D=aD; + -+ + ayDy,

where (Di)l'-l=1 are big adelic arithmetic Q-Cartier divisors. For any ¢ > 0, we can choose
bi,...,b, in Q such that @ — ¢ <b; <@;. Then D, =b;D; + --- + b,D,, is an adelic arith-
metic Q-Cartier divisor and D — D, is big. Moreover, if ¢ is sufficiently small, D, is big
and /iy (D,) > 0. By [7, Proposition 3.11] (see also Proposition 7.1), one obtains that D,
is big. Therefore, D is also big.

Assume that D is pseudo-effective. Let D’ be a big adelic arithmetic R-Cartier

~asy

divisor. For any t> 0, tD’ 4+ D is big. Therefore, fimmix(tD’ + D) > 0. By the continuity of

the function 5% (.) (see Lemma 6.8), one obtains that /15 (D) > 0.

Conversely, assume that figm, (D) > 0. If D’ is a big adelic arithmetic R-Cartier
divisor, then D + D’ is big since D is pseudo-effective and D’ is big. Moreover, one has
Y (D + D) > ﬁ?;gx(ﬁ) + A2Y (D) > 0.

max max

Hence, D + D’ is big. Therefore, D is pseudo-effective. []
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Remark 6.10. Let D be an adelic arithmetic R-Cartier divisor on X such that D is big.
The above proposition shows that

125 (D) =max{t e R| D — tr*(¢) is pseudo-effective},

Mmax

where ¢ is any adelic arithmetic R-Cartier divisor such that cfe\g(z) =1. Note that big
adelic arithmetic R-Cartier divisors verify the Dirichlet property. Therefore, in order to
construct counter-examples to the Dirichlet property, one should examine adelic arith-
metic R-Cartier divisor of the form D — 4%Y(D)7*(¢), where deg(¢) = 1. Note that the
functionals llfgi‘jg" remain invariant if one replaces D by a translation of D by the pull-
back of an adelic arithmetic R-Cartier divisor on SpecK. Therefore, the study of these
functionals will very possibly provide a large family of counter-examples to the Dirichlet

property and suggest a way to characterize it. O

6.3 Volume function

In this subsection, we still assume that V:]SER(X) and C. is the cone of all adelic
arithmetic R-Cartier divisors D such that D is big.

Let u be the arithmetic volume function vol (see Section 1.1.8). Note that one
has vol(tD) = t%*'vol(D). Moreover, for any ¢ € Rat(X)%, one has vol(D + (¢)) = vol(D).
Therefore, the function yu = x’za(.) verifies the conditions (1)—(3) in Section 6.1. Moreover,
the volume function preserves the order relation. Namely for D, < D, one has ;0\1(1_)1) <
vol(Dy).

A direct consequence of Theorem 6.2 is the following corollary.

Corollary 6.11. Let D be an adelic arithmetic R-Cartier divisor such that D is big and
that vol(D) = 0. If s is an element of Rat(X)y with D + (s) >0, then

Supp(WE) N {x € X2 | [s]g,(0) < 1} = &

for any v € Mx U K(C). O

6.4 Self-intersection number

In this subsection, let V be the subspace of ]SRIR(X) consisting of integrable adelic
arithmetic R-Cartier divisors. Let C, = V. We define the function x:C., — R as u(D) :=
&e\g(f)d“). The function u verifies the conditions (1) and (2) of Section 6.1. For D € C,, and
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E € V,, we define V} u(D) as follows:

_ D+ ¢E) — u(D
VEu(D) = li MDHEE) = k(D)
e—>0+

= (d+ 1)deg(D? - E).

The function extends naturally to the whole space ]SER(X) of adelic arithmetic
R-Cartier divisors (see Section 1.1.7) and thus defines amap V,, : ]SRIR()() x C, — R. Note
that the subset C., of D e C, such that V(. D) preserves the order contains all nef
adelic arithmetic R-Cartier divisors. For D € C,, and any place in v € Mg U K(C), the
map V,(-, D) defines a positive functional llfg% on C°%(X?), which sends f, e CO(X?)
to (Te\g(ﬁd- O(f,)). It is an additive functional on C%(xa),, which coincides with the
functional (D%), defined in Section 1.1.7 when D is nef. Therefore, from Theorem 6.2, we

obtain the following corollary.

Corollary 6.12. Let D be an adelic arithmetic R-Cartier divisor on X. Assume that D is
nef and deg(D%1) =0. If s is an element of Rat(X)} with D’:= D + (s) > 0, then, for any
v e Mg UK(C),

Supp(¥5*%) N {x e X2 | [s]g, (%) < 1) = . O

7 Comparison of the Functionals

Let 7 : X — SpecK be a projective and geometrically integral scheme defined over a num-
ber field K and D be an adelic arithmetic R-Cartier divisor on X such that D is big.
In view of the applications of Theorem 6.2 to different functionals, notably Corollar-
ies 6.7, 6.11, and 6.12, a natural question is the comparison between the functionals
Wg%jz", llfgf, and kllgig . For this purpose, we relate the function fijy (D) to the graded lin-

ear series of D and show that it is always bounded from below by ;(ﬁ(f))/(d + 1)vol(D).

7.1 Asymptotic maximal slope and graded linear series

If D= (D, g) is an adelic arithmetic R-Cartier divisor on X, we denote by V(D) the
K-vector subspace of Rat(X) generated by H°(X, D) (see Section 1.1.8). Let ¢ be an adelic
arithmetic R-Cartier divisor on SpecK such that (Te\g({) =1. For any integer n>1 and

any real number ¢, we denote by V¢Y(D) the K-vector subspace of R(X) defined as

VYD) :=V(nD — 7*(ntg)).
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The direct sum VYD) forms a graded sub-K-algebra of V,(D):= @D, H(X, nD).
Moreover, (V5 Y);.g forms a multiplicatively concave family of graded linear series of
the R-divisor D. Namely, for (t, t;) € R? and (n, m) € N? one has

ViR (D) V(D) € VELL (D), (7.1)

where t = (nt; + mt;)/(n+ m).
For any integer n> 1, let A;,(D) be the supremum of the set

{teR| VY (D) # {0}}.

The function A5(.) preserves the order. Namely, if D and D’ are two adelic arithmetic

R-Cartier divisors on X such that D < D’, then one has A5(D) < A4(D’). Therefore, by [3,

Lemma 2.6] (the Hermitian line bundle case), the sequence (A%(D))nzl is bounded from

above. Moreover, the relation (7.1) shows that the sequence (nk%(D))nzl is super-additive.

Therefore, the sequence (Ay(D)),=1 converges in R. The following proposition relate the

limit of the sequence (A5(D)),=; to the asymptotic maximal slope of D. In particular, the
~asy

function [imax(.) coincides with the one defined in [7, Section 4.2] in the adelic line bundle

setting.

Proposition 7.1. Let D be an adelic arithmetic R-Cartier divisor such that D is big, then
for any ¢ € ﬁR(SpecK) with (Te;g(g) =1 one has

~ asY —y — . ;‘ —y

fd(D)= lim 25(D). O
Proof. We say that an adelic arithmetic R-Cartier divisor E satisfies to the Q-Dirichlet
property if there is ¢ € Rat(X)g such that E + @ > 0. This condition is stronger than the

~asy

usual Dirichlet property. We define ,umax’Q(D) as
sup{t € R | D — tz*(¢) has the Q — Dirichlet property}.

(1) limy 00 An(D) < ﬁflfzx!@(ﬁ): If nD — tnr*(¢) + (¢) >0 for some ¢ € Rat(X)*,
then D — tz*(¢) has the Q-Dirichlet property, so that (D) < fig, (D), and
hence the inequality follows.

(2) limp oo A(D) = 2

such that

asy
max,Q

(D): Let € be a positive number. Then there is teR

fiae (D) —€ <t < it (D)
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13704 H. Chen and A. Moriwaki

and D — tn*(¢) has the Q-Dirichlet property. Therefore, nD — tnr*(¢) + (¢) >0
for some neZ.q and ¢ € Rat(X)*. Thus,

AaSY (D)—E<t<)\.§(D)< asg (D)

HMmax, Q

as required.
(3) A%Y (D)< ASY (D): This is obvious.

max Q
(4) A;S;’XQ(D) > (a¥ (D): Let € be a positive number. Let ¢ be the adelic arith-

metic R-Cartier divisor on SpecK given by ¢ := ), x(c, €lo]. We assume that
D — tn*(¢) has the Dirichlet property. In particular, D — t7*(¢) is pseudo-
effective, so that D + 7*(¢.) — tn*(¢) is big by [17, Proposition 4.4.2(3)], so
that D + 7*(¢) — t*(¢) has the Q-Dirichlet property. Therefore, we have

[t (D) < e o(D + (L) = [y (D) + €[K : Q1/2,

as desired. [ ]

The following proposition compares the arithmetic maximal slope to a normal-

ized form of the arithmetic volume function.

Proposition 7.2. Let D be an adelic arithmetic R-Cartier divisor such that D is big and

pay (D) > 0. Then one has
sy vol(D)
asy (p _— 7.2
Hmax(D) = (233 501(D) (7.2

In particular, if 42, (D) = vol(D) = 0, then for any E € Divg(X), one has

1
+n5 asy +
Vil (D) 2 ooy l(D)VEVOl(D) (7.3)

so that, for any v € Mx U K(C), one has

Hmax 1 VO]
vy (ﬁ)_—(dH) D) o, (o) (7.4)

for any nonnegative continuous function f, on X3" and hence

Supp(W™) 2 Supp(¥yY). O
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Proof. Let ¢ be an adelic arithmetic R-Cartier divisor on SpecK such that (Te\g(;“) =1.
By [3, Corollary 1.13], one has
+00

ﬁ(b)=(d+1)J vol(V:Y) dt.
0

Therefore,

dt.

vol(D) J’*"O vol(V¢)

(d+ 1vol(D) _J, vol(V.(D))

Moreover, by Proposition 7.1 we obtain that V5t ={0} once n>1 and t > ey (D). There-
fore, (7.2) is proved. The equality (7.3) comes from (7.2) and the definition of Vg, and (7.4)

is a special case of (7.3). ]

7.2 Poicaré-Lelong formula and integration of Green function

Let X be a geometrically integral projective scheme of dimension d defined over a num-
ber field K, and Dy, ..., Dg be integrable adelic arithmetic R-Cartier divisors on X, and
D = (D, g) be an arbitrary adelic arithmetic R-Cartier divisor of C°-type on X. The pur-

pose of this section is to establish the following result.

Proposition 7.3. For each place v € Mg U K(C), the Green function g, is integrable with
respect to the signed measure D --- Dg. Moreover, if [D] denotes the R-coefficient alge-
braic cycle of dimension d — 1 corresponding to D, then the following relation holds (see
Section 1.1.7)

WDy, ..., Da, D; X)=h(Dy,...,Dg; [D)+ Y (D1 Da)y(gy)- (7.5)
ve MgUK(C) 0
Note that in the particular case where D,..., Dg, D are Cartier divisors, this

result has been obtained in [14, Section 5] and [6], respectively, for Hermitian and adelic
cases.

Before proving the above proposition, we present several observations as fol-
lows. Let Dy, ..., Dg be integrable adelic arithmetic R-Cartier divisors on X, and p be a
place in Mg. In [17], the number cTe\gp (D, --- Dg; ¢) was defined for an integrable contin-
uous function ¢ on X;‘n. Moreover, the set of integrable continuous functions is dense
in CO(X;“) with respect to the supremum norm. Therefore, one has a natural exten-
sion of the functional log #(OK/p)cTé:gp(Dl .- Dg; ¢) for any continuous function ¢, which
defines a signed Borel measure on X;" which we denote by (Dy -+~ Dg),. Similarly, for any

o € K(C), the product of currents %cl (D1,91.6) A--- Ac1(Dg, gar) defines a signed Borel
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measure on X2" which we denote by (D; ---Dg)s . See Section 1.1.7 for a presentation of
the construction of these measures in the language of arithmetic intersection product.

In particular, the proposition is true in the special case where D =0.

Proof of Proposition 7.3. Note that both sides of the equality (7.5) are multilinear
with respect to the vector (Dy,..., Dg, D). Therefore, we may assume that D, ..., Dg4
are relatively nef and D is ample without loss of generality. Moreover, for any place
v e Mg UK(C) two D-Green functions on X" differ by a continuous function on X&".
Therefore, it suffices to prove the proposition for an arbitrary choice of adelic D-Green
functions, and the general case follows by the linearity of the problem and the particu-
lar case where D = 0. In particular, we can assume without loss of generality that Dis
a relatively ample arithmetic Cartier divisor, namely D comes from an ample line bun-
dle L on X and the adelic structure on D comes from an ample integral model of (X, L)
equipped with semi-positive metrics at infinite places.

We shall prove the following claim by induction on k. Note that the case where

k=d+ 1 is just the result of the proposition itself.

Claim 7.4. Assume that D; is relatively nef for any i €{1,...,d} . Let k be an index in
{1,...,d+ 1}. Then the assertion of the proposition holds provided that each D; (k<i <d)
can be written as a positive linear combination of ample Cartier divisors equipped with
Green functions of C° N PSH-type. O

The claim in the case where k=1 is classical, which results from [6, Theorem
4.1] by multilinearity. In the following, we verify that the claim for k implies the same
claim for k+ 1. We choose an R-Cartier divisor Ex such that Ex can be written as a pos-
itive linear combination of ample Cartier divisors and Dj = Ej + Dy is an ample Cartier
divisor. We choose suitable Ey-Green functions such that E; can be written as a pos-
itive linear combination of ample Cartier divisors equipped with Green functions of
C° N PSH-type. Then Dj = Ex + Dy is an ample Cartier divisor equipped with Green func-
tions of C° N PSH-type. The induction hypothesis then implies that the claim holds for
Dy, ..., Dx_1, Ex, Ds1, ..., Dgand for Dy, ..., Dx_1, D}, Dii1, ..., Dg. We then conclude by
the multilinearity of the problem. |

~asy
7.3 Intersection measure and comparison with lIIg“‘a"

’

Similarly to the results obtained in the previous subsection, in the case where D is nef
and D is big, the linear functional ((d+ l)vol(D))*llI/gejg is bounded from above by lpgizzx
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provided that deg(D%1) = 4%, (D) = 0 (we can actually prove that they are equal). This
comparison uses a generalization of the positive intersection product to the framework
of adelic arithmetic R-Cartier divisors.

Let D be a big adelic arithmetic R-Cartier divisor on X. We denote by ©@ (D) the
set of couples (v, N), where v: X' — X is a birational projective morphism and IV is a nef

adelic arithmetic R-Cartier divisor on X’ such that
H(X', t(v*(D) — N)) # {0}

for some t > 0. We then define a functional (D% on the cone lﬁEfR(X) of nef adelic arith-

metic R-Cartier divisors on X as

VAe Nefg(X), (D% .A:= sup deg(N? v*(4)).
(v,N)e®

If the set ©(D) is empty, then the value of (D% - A is defined to be zero by convention.
The set ® (D) is preordered in the following way:

(1: X1 — X, Np) > (v2: X, — X, Ny)

if and only if there exists a birational modification v': X’ — X over both X; and X, such
that HO(X', t(pt N, — p;Ny)) # {0} for some ¢ > 0, where p;: X' — X; (i =1, 2) are structural
morphisms (which are birational projective morphisms such that v; pj = vy, p, =V'). By
the same method of [9, Proposition 3.3; 12, Section 3], one can prove that @ (D) is filtered
with respect to this preorder and hence (D) is an additive and positively homogeneous
functional on ﬁe\fR(X) and hence extends to a linear form on the vector space Intg(X) of
integrable adelic arithmetic R-Cartier divisors. Finally, by [17, Theorem 3.3.7], one can
extend by continuity the functional (D% to the whole space EEIR(}O of adelic arithmetic
R-Cartier divisors such that (D% - E>0if E > 0.

deg
Y50
ant of the arithmetic analog of Siu's inequality [21, Theorem 2.2] in the adelic arithmetic

~asy
The comparison between vol(D)~! and WETX comes from the following vari-

R-Cartier divisor setting.

Theorem 7.5. Let D= (D, g) and L = (L, h) be nef adelic arithmetic R-Cartier divisors.
Then

vol(D — L) > deg(D%') — (d+ 1)deg(D?- L). (7.6)
O
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Proof. By [17, Definition 2.1.6 and Proposition 2.1.7], there are sequences
{(Zn, Il and  {(Zn, L)1

of models (X, D) and (X, L), respectively, with the following properties:

1. D= (D, ZaeK(C) 9o) and %, = (%, Z%K(C) h,) are nef for each n.
2. If we set

0. ) Gnplol | =D—2% and |0, ) h,,Ipl|=L-.2

peMx peMg
then limy,_. ”g;Lp llsup =10 and lim,_. ”h/mp lsup = 0.

Therefore, by [17, Theorem 5.2.1], it is sufficient to see the case where D=2 and L =.%
for nef arithmetic R-Cartier divisors Z and .Z on some arithmetic variety 2 .

Let </ be an ample arithmetic R-Cartier divisor on .2". If the assertion of the
theorem holds for 2 + e« and .Z + e« (e > 0), then, by using the continuity of the vol-
ume function, we have the assertion for our case, so that we may assume that ¥ and .¥

are ample. Thus, we can set
D=a 21+ +aq% and L=bL+ - +b.Z,
where 7, ..., 4/, 2, ..., 7, are ample Cartier divisors on 2" and
ai,...,a,b,...,breR.g.

Let g; (respectively, k) be a Z;-Green function (respectively, .£}-Green function) such
that 7] = (2], g) (respectively, jj/ = (£}, K))) is ample. We set

I=aD,+- +aP1+©0,¢) and L=b.L|+-- - +b.Z +0,¥).
Moreover, fora;, ..., q, by, ..., b. € R, we set

Daq =8P+ -+ a7 +0,¢) and F 5 =DbF + - +b.L +0,y).

yaeey

Note that if a; >a,...,a >q and b; > by, ..., b. > b, then Zy, o and Ly,
so that, using the continuity of the volume function together with the arithmetic ana-
log of Siu’s inequality (cf. [21, Theorem 2.2]) for nef arithmetic Q-divisors, we have the

assertion. ]
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Corollary 7.6. Let D be a relatively nef adelic arithmetic R-Cartier divisor on X such
that D is big. If

R B (Te\g(f)d+l)
Y (D)= ——2— ~ 7.7
Amax(D) = 0o Dy 7.7)
then one has o
D R _ deg(D%-E)
\% + asy —_ o 7 .
E eDivg(X), Viint(D) vol(D) (7.8)
In particular,
 asy (D9,
I_J-max — 79
D vol(D) (7.9)
for any v € Mg U K(C). (Il

A~ asy

Proof. Since the map E — Vgumax(ﬁ) from ]SRIR(}Q to RU {400} is super-additive and
E+> deg(D?- E) is a linear functional, it suffices to establish the inequality (see [9,
Remark 4.3])

o~ _ deg(D* E
VE € Divg(X), vgﬁf‘;gx(p)z%

Note that both the condition (7.7) and the assertion (7.9) remain equivalent if one
replaces D by D + 7*(¢) with ¢ € Divg(SpecK). Therefore, we may assume that D is nef

and big without loss of generality. In this case, one has

VE € Divg(X), deg(D%. E)=(D% . E
since D is nef. We shall actually establish the equality
Vivol(D) = (d+1)(D%) - E

for any E e Intr(X). We choose M e Nefg(X) such that M — E and M + E are nef and big
and M — D is big. Then for any (v, N) € ©(D), by (7.6) one has

vol(D + tE) = vol(N + tv*(E)) = vol(N + tv*(M)) — tv* (M — E))
> deg(V + tv* (MDHY) — (d+ 1)tdeg(WV + tv* (1) - v* (M — E))
= deg(N™") + t(d+ 1)deg(N?- E) + O(£2), (7.10)

where the implicit constant in O(#?) only depends on vol(M) = deg(v*(M)%!). We then
deduce
vol(D + tE) = vol(D) + t(d+ 1)(D% - E + 0(t?),
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which implies that
Vivol(D) = (d+ 1)(D% - E.

By the continuity of the linear functional E > (D% . E, we obtain that this inequality
holds for general E e ]SER(X). Finally, by the log-concavity of the arithmetic volume
function, the functional E — VEVAO](D) is super-additive (see [9, Remark 4.2]). There-
fore, one obtains vg&ﬁ(b) = (d+ 1)(D?% - E. The result is thus proved by using the rela-
tion (7.3). [ |

7.4 Comparison with the distribution of nonpositive points

In this subsection, we compare the functional approach and the distribution of nonpos-
itive points in the particular case where the set of nonpositive points is Zariski dense.
The main point is an equidistribution argument. Let X be a projective and geometrically
integral variety over a number field K. Let D be an adelic arithmetic R-Cartier divisor

on X. We assume that D is nef and D is big.

Proposition 7.7. Assume that the set X(I?)ZO is Zariski dense, then for any place
v € Mg U K(C) one has
~asy (D9,

Mmax __

Dy " yol(D)

and

~asy
X

SUPPess (X (K)20)2" 2 Suppw/™™.

,U

0

Proof. Since the set X(K )20 is Zariski dense, we obtain that the essential minimum of
the height function h;(.) is nonpositive. However, since D is nef one has deg(D%) =
vol(D) and therefore

3

PN = ~asy (7 ﬂ
0= fress(D) 2 (D) 2 (o s =

which implies that (Te\g(Dd“) —vol(D) =0.
Let S=(xy)n>1 be a generic sequence in X(I?)’;’O. For any adelic arithmetic

R-Cartier divisor E on X, we define

@s(E) :=liminf hz(x,).
n——+o0o
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This function takes value in R U {+o0} on the cone @ of adelic arithmetic R-Cartier divi-

sors E such that E is big. The function @s(.) : ® — R U {400} is also super-additive. More-

over, one has @g(E) > ot (E) for any E € © and ®5(D) = [isex(D) = 0. Therefore, one has
VE €Dive(X), Vids(D)=Viash(D).

max

By (7.8) and [9, Proposition 4.3], one obtains

o ] sy = deg(D?.E)
VE € Divg(X), Vg@S(D) = Vgﬂ?nsgx(D) = ‘%T@

This relation implies that, for any E € ]SRI]R(X), the sequence (h;(x,))n>1 actually con-
verges to vol(D)~'deg(D?- E). In fact, one has hj(x,) =0 for any ne N, n> 1. Therefore,
V;@S(D) = ®g4(E). In particular, one has ®g5(—E) = —®5(E), which implies the conver-
gence of the sequence (hz(%,))n>1-

Suppose Suppess(X(Iz)go)gn ) Suppwgi‘?j", that is, there is w,e€ Suppwgi"?" \
Suppess(X(IZ)go)ﬁn. As w, éSuppess(X(IZ)go)ﬁn, there is a closed subscheme Y of X such
that YC X and w, ¢ A(X(IZ)EO; Y)an. Let f, be a nonnegative continuous function on X3"

such that f,(w,) =1 and f,=0 on A(X(K)2,; y)an,

<0’
Claim 7.8. For x € X(K)2, \ Y(K), we have hy s, (x) =0. O

Proof. If v € Mg, the assertion is obvious, so that assume v € K(C). By the definition of
O(f,) (cf. Section 1.1.5),

4K(x): Klho (0= Y fiw)+ Y filFaw)).
we 0, (x) w’'e0;(x)

Note that Fo(0;(x)) = 0,(x), and hence the assertion follows. |

By the previous observation,

Hd
(DD (f) -0

lim hg g (x0) = s(O(£)) = vol(D)

On the other hand, as S=(x,)>1 is generic, there is a subsequence S’ = (x,) such that
Xn, & Y(IZ) for all i, so that, by the above claim, lim;_, ho‘(ﬁ,)(Xm) = 0. This is a contradic-
tion. [ |

8 Extension of the Asymptotic Maximal Slope

In this section, we extend the function of the asymptotic maximal slope to the whole

space ]S-RI]R(X) of adelic arithmetic R-Cartier divisors. Let D be an adelic arithmetic
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R-Cartier divisor on X. We define 2oy (D) to be

inf lim (22 (tDg + D) — ta®Y (D)) € R U {—o0}, (8.1)

Doc® t—+o00 max max

where © denotes the set of all adelic arithmetic R-Cartier divisors E such that E is big.
Note that if D is big, then the value (8.1) coincides with the maximal asymptotic maximal

slope of D. In fact, for any Dy € © one has

a8y (tDo + D) — ta%Y, (Do) > A3, (tDo) + A2 (D) — ta2Y, (Do) = A%Y (D).

A
Mmax max max max max max

Therefore, the infimum is attained at Dy = D and coincides with oy (D).
The extended function also verifies the good properties such as positive
homogenity, super-additivity etc. We resume these properties in the following propo-

sition.

Proposition 8.1.

(1) Let D be an adelic arithmetic R-Cartier divisor on X. For any A >0, one has
fimax(AD) = Afimax (D).

(2) Let D; and D, be two adelic arithmetic R-Cartier divisors on X. One has
/l?nsgx(bl + DZ) = /lfnsgx(bl) + /lﬁlsgx(bz)-
(3) Let D; and D, be two adelic arithmetic R-Cartier divisors on X. If D; > D,,
then fimax(D1) > fimax(D2).

(4) If D is an adelic arithmetic R-Cartier divisor on X and ¢ is an adelic arith-

metic R-Cartier divisor on SpecK, one has
AT (D +7*(0)) = AY (D) + deg(?).

(5) For any adelic arithmetic R-Cartier divisor D on X and any ¢ € Rat(X)3, one

has

(13Y (D + (p)) = 13 (D). O
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Proof. (1) The equality is trivial when A = 0. In the following, we assume that A > 0. For

any Dy € ©, one has
Jim (253 (tDo + AD) — tizj3, (Do)
= Mm (i3, (1tDo + AD) — itja, (Do)

=2 lim (2% (¢Do + D) — tjig (Do)).

By taking the infimum with respect to Dy, one obtains the result.

(2) Let Dy be an element in @. For sufficiently positive ¢, one has
Jim A5 (2tDo + Dy + Da) — 2t (Do)
> tl)i}rnoo (25 (tDo + Dy) — tsY (Do) + tLieroo A2 (tDo + D) — t2Y (Do)
> AT (Dy) 4 5T (D).

Since Dy is arbitrary, one obtains the result.

(3) Let Dy be an element in @. For sufficiently positive number ¢, one has

asy ~

Jim A (Do + Dy) — tA53,(Do) = lim i3, (tDo + D) — tiip (Do) = A, (Da).

Since Dy is arbitrary, one obtains flaex(D1) > fimmex(D2).

(4) For any Dy € ® and any sufficiently positive number t, one has
[t (tDo + D + 7°(¢)) — ttg (Do) = fip3, (tDo + D) — titz¥, (Do) + deg(?).

Passing to limit when ¢ tends to the infinity and then by taking the infimum with respect

~ asy ~asy

to Do, one obtains (i (D + 7(£)) = [t (D) + deg(?).

(5) Let Do be an element in ©. For sufficiently positive number ¢, one has
A (Do + D + (¢) — tiigyd, (Do) = fim (tDo + D) =tz (Do).
Therefore, [l (D + () = fiax (D). ]

The following is a criterion for the pseudo-effectivity of adelic arithmetic

R-Cartier divisors, which is a generalization of Proposition 6.9.

Proposition 8.2. Let D be an adelic arithmetic R-Cartier divisor. Then D is pseudo-

effective if and only if D is pseudo-effective and fisex (D) > 0. O
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Proof. Assume that D is pseudo-effective, then D is a pseudo-effective R-divisor.
Moreover, for any Dy € @, there exists ¢ € Divg(SpecK) such that D; = Do + 7%(¢) is big.
Therefore, for any ¢ > 0, the adelic arithmetic R-Cartier divisor £(Dy + 7*(¢)) + D is big.

Hence, for t > ¢ one has

(357 (tDo + D) — ta2Y, (Do) = %Y, (D1 + D) — tA2Y, (Dy) > (t — ) A% (Dy) — tR%Y (Dy)

/’Lmax max max max max max

~asy

= _Sumax(ﬁl)'
Since ¢ is arbitrary, we obtain that

Jim (a3 (tDo + D) — %Y. (Do)) > 0.

max max

Conversely, assume that D is pseudo-effective and fimix(D) > 0. If D’ is a big
adelic arithmetic R-Cartier divisor, then D + D’ is big since D is pseudo-effective and D’
is big. Moreover, one has

(D + D) =AY (D) + i (D) > 0.

A
u’max max

Hence, D + D’ is big by Proposition 6.9. Therefore, D is pseudo-effective. [ |

The results which we have obtained in Section 6.1 can be applied to the extended
function [imax(.). Let C, be the cone of all pseudo-effective adelic arithmetic R-Cartier
divisors and V = ]SRIR(X). Then the cone C, satisfies the conditions (a)-(c) of Section 6.1.
Moreover, Proposition 8.2 shows that the restriction of fimay on C. is a real-valued func-
tion. By Proposition 8.1, this function verifies the conditions (1)—(3) of Section 6.1. Thus,

we obtain the following corollary of Theorem 6.2.

Corollary 8.3. Let D be an adelic arithmetic R-Cartier divisor such that D is pseudo-
effective and that %Y, (D) = 0. If s is an element of Rat(X)X with D + (s) > 0, then

Supp(WL™) N {x € X2 | Islg,(x) < 1} = @
for any v € Mg U K(C). O
We conclude the article by the following question.

Question 8.4. Let D be an adelic arithmetic R-Cartier divisor such that D is big and
that /igx (D) =0. Assume that, for any place v € Mx U K(C), the union of all algebraic
curves lying in Supp(lllggjgx) is contained in the augmented base locus of D,, does the

Dirichlet property always hold for D? 0
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