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Introduction

The purpose of this book is to build the fundament of an Arakelov theory over adelic
curves in order to provide a unified framework for the researches on arithmetic
geometry in several directions.

Let us begin with a brief description of the main ideas of Arakelov geometry. In
number theory, it is well known that number fields are similar to fields of rational
functions over algebraic curves defined over a base field, which is often assumed to
be finite. It is expected that the geometry of schemes of finite type over Z should be
similar to the algebraic geometry of schemes of finite type over a regular projective
curve. However, some nice properties, especially finiteness of cohomological groups
(in the case where the base field is finite), fail to hold in the arithmetic setting, which
prevents using geometrical methods to count the arithmetic objects. The core problem
is that schemes over Spec Z, even projective, are not “compact”, and in general it is
not possible to “compactify” them in the category of schemes. The seminal works
of Arakelov [4, 5] propose to “compactify” a scheme of finite type over Spec Z by
transcendental objects, such as the associated complex analytic variety, Hermitian
metrics, Green functions, and differential forms etc. In the case of relative dimension
zero, the idea of Arakelov corresponds to the classic approach in algebraic number
theory to include the infinite places of a number field to obtain a product formula,
and to introduce Hermitian norms on projective modules over an algebraic integer
ring to study the geometry of numbers and counting problems. Most interestingly,
the approach of Arakelov proposes an intersection theory for divisors on a projective
arithmetic surface (relative dimension one case), which is similar to the intersection
pairing of Cartier divisors on classic projective surfaces.

The works of Arakelov have opened a gate to a new geometric theory of arithmetic
varieties (schemes of finite type over Spec Z). Inspired by the classic algebraic ge-
ometry, many results have been obtained and enriched Arakelov’s geometry. Among
the wide literature, we can mention for example the arithmetic Hodge index the-
orem by Faltings [58]] and Hriljac [87], arithmetic intersection theory of higher
dimensional arithmetic varieties and arithmetic Riemann-Roch theorem by Gillet
and Soulé [68,169], see also [67]]. Arakelov geometry also provides an alternative ap-
proach (compared to the classic Weil height theory) to the height theory in arithmetic
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geometry, see [4) 5, [139] 160, 23], (see also the approach of Philippon [122, |123]],
and [136] for the comparison between Philippon height and Arakelov height). The
Arakelov height is often more precise than the Weil height machine since the choice
of a Hermitian metric on a line bundle permits to construct an explicit height function
associated with that line bundle (in the Weil heigh machine, the height function is
defined only up to a bounded function).

These advancements have led to fruitful applications in number theory, such as
the proof of Mordell’s conjecture by Faltings [57, |59] and the alternative proof by
Vojta [146] (see also the proof of Bombieri [11] and the generalisation of Vojta’s
approach to the study of subvarieties in an Abelian variety [60]), equidistribution of
algebraic points in an arithmetic variety and applications to Bogomolov’s conjecture
(14041144, [157]), algebraicity of formal leaves of algebraic foliation [[L8]] etc.

Although the philosophy of Arakelov allows to inspire notions and results of
algebraic geometry and has already led to a rich arithmetic theory, the realisation
of Arakelov theory is rather different from that of the classic algebraic geometry
and usually gets involved subtle tools in analysis. The transition of technics on the
two sides is often obscure. For example, the abc conjecture, which can be easily
established in the function field setting by algebraic geometry tools (see [103]),
turns out to be very deep in the number field setting. Conversely, the Bogomolov’s
conjecture has been resolved in the number field setting, before the adaptation
of its proof in the function field setting by using Berkovich analytic spaces (see
[80L1149150Q]). It is therefore an interesting problem to provide a uniform fundament
for Arakelov geometry, both in the function field and number field settings, and the
adelic approach is a natural choice for this goal. We would like however to mention
that Durov [54] has proposed an approach of different nature to algebrify the Arakelov
geometry over number fields.

The theory of adeles in the study of global fields was firstly introduced by Cheval-
ley [49) Chapitre III] for function fields and by Weil [[147] for number fields. This
theory allows to consider all places of a global filed in a unified way. It also leads to
a uniform approach in the geometry of numbers in global fields, either via the adelic
version of Minkowski’s theorems and Siegel’s lemma developed by McFeat [[105]],
Bombieri-Vaaler [13]], Thunder [[142], Roy-Thunder [128]], or via the study of adelic
vector bundles developed by Gaudron [62]], generalising the slope theory introduced
by Bost [116} [18]].

Several works have been realised in the adelification of Arakelov theory. Besides
the result of Gaudron on adelic vector bundles over global fields mentioned above,
we can for example refer to [[156]] for adelic metrics on arithmetic line bundles and
applications to the Bogomolov problem for cycles. Moreover, Moriwaki [113] has
studied the birational geometry of adelic line bundles over arithmetic varieties. The
key point is to consider an arithmetic variety as a scheme of finite type over a global
field, together with a family of analytic varieties (possibly equipped with metrised
vector bundles) associated with the scheme, which is parametrised by the set of all
places of the global field. Classic objects in Arakelov geometry can be naturally
considered in this setting. For example, given a Hermitian line bundle over a classic
arithmetic variety (scheme of finite type over Spec Z), the algebraic structure of the
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line bundle actually induces, for each finite place of Q, a metric on the pull-back of
the line bundle on the corresponding analytic space.

In this book, we introduce the notion of adelic curves and develop an Arakelov
theory over them. By adelic curve we mean a field equipped with a family of absolute
values parametrised by a measure space, such that the logarithmic absolute value of
each non-zero element of the filed is an integrable function on the measure space,
with O as its integral. This property is called a product formula. Note that this notion
has been studied by Gubler [79] in the setting of height theory and is also considered
by Ben Yaakov and Hrushovski [8} 188]] in a recent work on model theory of global
fields. Clearly the notion of adelic curve generalises the classic one of global field,
where the measure space is given by the set of all places of the global field equipped
with the discrete measure of local degrees. However, this is certainly not the only
motivation for the general notion of adelic curves. Our choice is rather inspired by
several bunches of researches which are apparently transversal to each other, which
we will resume as follows (we will explain further the reason for the choice of
terminology “adelic curve”).

1. Finitely generated extensions of a number field. From a point of view of
birational geometry, we expect that the field of rational functions of an algebraic
variety determines the geometric properties of the variety. In Arakelov geometry,
we consider integral schemes of finite type over Spec Q, whose function field is a
finitely generated extension of Q. Moriwaki [[106] has developed an Arakelov height
theory for varieties over a finitely generated extension of a number field and applied
it to the study of Bogomolov problem over such a field (see [107]], see also [[108] for
a panoramic view). Burgos, Philippon and Sombra [34] have expressed the height of
cycles in a projective variety over a finitely generated extension of Q as an integral
of local heights over the set of places of the field.

2. Trivially valued field. In number theory, we usually consider non-trivial absolute
values on fields. Note that on any field there exists a trivial absolute value which takes
value 1 on each non-zero element of the field. Note that a trivial product formula
is satisfied in this setting. Although the trivially valued fields are very simple, the
corresponding geometry of numbers is rather rich, which has wide interactions with
the classic geometry of lattices or Hermitian vector bundles. In fact, given a finite-
dimensional vector space over a trivially valued field, the ultrametric norms on it
are canonically in bijection to the decreasing R-filtrations on the vector space. The
R-filtration is a key method of the works [40, [37, 39], where the main idea consists
in associating to each Hermitian vector bundle an R-filtration on the generic fibre,
which captures the arithmetic information such as successive minima or successive
slopes.

3. Harder-Narasimhan theory for vector bundles on higher dimensional varieties.
Harder and Narasimhan theory [84] is an important tool in the study of vector
bundles on a projective curve. In the geometry of Euclidean lattices, the counterpart
of Harder-Narasimhan theory has been proposed by Stuhler [138]] and Grayson [71]].
Later Bost [16] has generalised their works in the setting of Hermitian vector bundles
on the spectrum of the ring of algebraic integers in a number field. Moreover, he
has developed the slope inequalities in this framework and applied them to the study
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of algebraicity of formal schemes [[18 [19}20]. Note that the slope function and the
notion of semistability can be naturally defined for torsion-free coherent sheaves on
a polarised projective variety [141]. This allows Shatz [135] and Maruyama [102]
to develop a Harder-Narasimhan theory for general torsion-free coherent sheaves.
However, it seems that the analogue of their results in the arithmetic case is still
missing.

4. Fields of algebraic numbers, Siegel fields. The geometry of numbers for al-
gebraic (not necessarily finite) extensions plays an important role both in Diophan-
tine problems and in Arakelov geometry. Recall that the Minkowski’s theorem and
Siegel’s lemma in geometry of numbers admit an adelic version for number fields,
see [13L[105]. They also have an absolute counterpart over Q, see [128 129, [155]]. In
Arakelov geometry, a notion of Hermitian vector bundle over Q has been proposed
in the work [22] of Bost and Chen, on which the absolute Siegel’s lemma applies and
is useful in the study of tensorial semistability of classic Hermitian vector bundles.
Similarly, in the approach of Gaudron and Rémond [64]] to the tensorial semistability,
the absolute Siegel’s lemma is also a key argument. In [65]], the notion of Siegel
field has been proposed. A Siegel field is a subfield of Q on which an analogue of
Siegel’s lemma is true. In order to formulate a geometry of numbers for a Siegel
field, Gaudron and Rémond have introduced a topology on the space of all places of
such a field and a Borel measure on it.

5. Algebraic extensions of function fields. In [31]], Corvaja and Zannier have stud-
ied the arithmetic of algebraic extensions of function fields. They have characterised
the infinite algebraic extensions of function fields of a curve which still satisfy a
product formula. They have also discussed several examples of product formulas
associated with algebraic surfaces in revealing the non-uniqueness of the extension
of a product formula under finite field extensions.

The above results are obtained in various settings of arithmetic geometry. It turns
out that these settings can be naturally included in the framework of adelic curves
(see §B3.2] for details) in order to treat the geometry of various fields analogously
to that of vector bundles on projective curves. For example, on the field Q(T') of
rational functions with coefficients in Q, three types of absolute values are defined
(see for details): the valuation corresponding to closed points of Pé, the
natural extensions of p-adic absolute values, and the Archimedean absolute value
corresponding to divers embeddings of Q(7T') in C. Note that Jensen’s formula for
Mahler measure shows that these absolute values, once suitably parametrised by a
measure space, satisfy a product formula. Thus we can consider it as an adelic curve.
This is actually a particular case of polarised arithmetic projective varieties, where
the polarisation provides a structure of adelic curve on the field of rational functions
on the projective variety. Moreover, algebraic coverings of an adelic curve can be
naturally constructed (see Section[3.4), which provides a framework for the study of
the arithmetic of algebraic extensions.

Note that Gubler [[79] has introduced a similar notion of M-field and extended
the Arakelov height theory to this setting. An M-field is a field equipped with a
measure space and a family of functions parametrised by the measure space which
are absolute values almost everywhere, and the height of an arithmetic variety is
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defined as the integration along the measure space of local heights. However, our
main concern is to build up a suitable geometry of numbers while the purpose
of [79] is to extend the Arakelov height theory in a sufficiently general setting in
order to include the theory of Nevanlinna. In Diophantine geometry the geometry
of numbers is as important as a the height theory, particularly in the geometrisation
of the method of “auxiliary polynomials”. We propose the notion of adelic vector
bundles on adelic curves, which consist of a finite-dimensional vector space over the
underlying field, equipped with a measurable family of norms parametrised by the
measure space. Our choice facilites the study of algebraic constructions of adelic
vector bundles. The height of arithmetic varieties is described in a global way by
the asymptotic behaviour of graded linear series equipped with structures of adelic
vector bundles, rather than the integral of local heights.

In the framework of model theory, Ben Yaakov and Hrushovski [8,[88] also con-
sider the formalisme of a field equipped with a family of absolute value parametrised
by a measure space, which satisfied a product formula (called globally valued field in
their terminologies). Their work permits to considered classic Diophantine geometry
objects (in particular heights) in the model theory setting.

In order to set up a theory of adelic vector bundles over adelic curves, we present
in the first chapter various constructions and properties of seminormed vector spaces
over a complete valued field. Although the constructions and results are basic, the
subtleties in the interaction and the compatibility of divers algebraic constructions,
such as restriction, quotient, dual, tensor product, exterior powers etc, have not
been clarified in the literature in a systematic way. In particular, several classic
results in the functional analysis over C are no longer true in the non-Archimedean
setting. We choose carefully our approach of presentation to unify the treatment
of non-Archimedean and Archimedean cases whenever possible, and specify the
differences and highlight the subtleties in detail. A particular attention is paid to
the two constructions of tensor product seminorms: the m-tensor product and the e-
tensor product. These notions have been firstly introduced by Grothendieck [73\[72]
in the setting of functional analysis over C. It turns out that similar constructions
can be defined more generally over an arbitrary complete valued field, and they are
useful for example in the study of seminorms on exterior powers.

The orthogonality is another theme discussed in the first chapter. Classically the
orthogonality is a natural notion in the study of inner product spaces. We consider an
equivalent form of this notion, which can be defined in the setting of finitely generated
seminormed vector spaces over an arbitrary complete valued field. This reformulation
has been used in [33] to study the arithmetic positivity on toric varieties. Here
it will serve as a fundamental tool to study ultrametrically normed spaces, inner
product spaces and the construction of orthogonal tensor products. In particular, an
analogue of the Gram-Schmidt process holds for finite-dimensional ultrametrically
seminormed spaces, which plays a key role in the compatibility of the determinant
norm with respect to short exact sequences.

We also discuss extension of seminorms under a valued extension of scalars. We
distinguish three extensions of seminorms, corresponding to the three types of tensor
product. The compatibility of extension of scalars with respect to divers algebraic
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construction is also explained. These constructions are used in the pull-back of an
adelic vector bundle by an algebraic covering of the adelic curve.

Note that in the classic Arakelov theory, usually we consider a vector space over
a global field equipped with a family of norms. However, from the point of view of
birational geometry, it is natural to consider metrics which admits singularity, that
is, degenerates on a closed subscheme (which is usually the base locus of a linear
series) to a family of seminorms. Moreover, in the study of algebraicity of formal
leaves of an arithmetic foliation, the canonical “metrics” on the tangent bundle are
often seminorms. We refer the readers to [21] for more details. Motivated by these
observations, we choose to present a panoramic view on the tools about general
seminormed vector spaces which could be useful in Arakelov geometry later.

The second chapter is devoted to a presentation of metrised line bundles on a
projective scheme over a complete valued field. It could be considered as a higher
dimensional version of the results presented in Chapter 1. We use Berkovich topology
to define continuous metrics on a vector bundle. Note that in the case where the base
field is C, our definition coincides with the classic definition of continuous metric on
a vector bundle over a complex analytic space (associated with a complex projective
scheme).

The Fubini-Study metric is another important ingredient of Chapter 2. It is closely
related to the positivity of metrics on line bundles. More precisely, a continuous
metric on a line bundle over a projective scheme defined over a complete valued
field is said to be semipositive if it can be written as a uniform limit of Fubini-Study
metrics. In the case where the absolute value is Archimedean, this definition is
equivalent to the semipositivity of the curvature current of the metric. In the case
where the absolute value is non-Archimedean and non-trivial, it is equivalent to the
semipositivity condition proposed in [36, Section 6.8] and [82, Section 6]. However,
in the trivial valuation case, it seems that our formulation is crucial to study the
positivity of the metrics.

In classic Hermitian geometry, the positivity is closely related to the extension
of sections of an ample line bundle with a control on the supremum norms. We
establish a non-Archimedean analogue of the extension property, generalising the
main result of [48] to the non-necessarily reduced case.

The third chapter is devoted to the fundament of adelic curves. We first give the
formal definition of this notion and illustrate by various examples. The algebraic cov-
erings of adelic curves occupy an important part of the chapter. As mentioned above,
an adelic curve is a field equipped with a family of absolute values parametrised by
a measure space, which satisfies a product formula. Given an algebraic extension
of the underlying field, there is a canonical family of absolute values parametrised
by a measure space fibered on the initial measure space and equipped with a dis-
integration kernel. This construction is important in the height theory for algebraic
points and in the study of Siegel and Northcott properties. Contrary to the approach
of [65], we do not assume the structural measurable space of an adelic curve to
be a topological space and do not adopt the topological construction of algebraic
coverings. Although it is possible to reduce the construction to the case of finite
extensions by an argument of passage to projective limit, even for the simplest case
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of finite separable extension of the underlying field, the problem is highly non-trivial.
The main subtleties come from the measurability of the fibre integral, which neither
follows from the classic disintegration theory, nor from the property of extension
of absolute values in algebraic number theory. The difficulty is resolved by using
symmetric polynomials and Vandermonde matrix.

The analogue in the adelic curve setting of the geometry of numbers occupies the
main part of the fourth chapter. Given an adelic curve, for any finite-dimensional
vector space over the underlying field, we consider families of norms indexed by the
structural measure space of the adelic curve. Natural measurability and dominancy
conditions are defined for such norm families. An adelic vector bundle is a finite-
dimensional vector space over the underlying field of the adelic curve, equipped with
a measurable and dominated norm family. In the case where the adelic curve arises
from a global field, this notion corresponds essentially to the notion of adelic vector
bundle in the work [[62]. Note that in the classic global field case it is required that
almost all norms in the structure of an adelic vector bundle come from a common
integral model of the vector space. However, in our general setting of adelic curve, it
is not adequate to discuss integral models since the integral ring in an adelic curves
is not well defined. The condition of common integral model is replaced by the
dominancy condition, which in the global field case can be considered as uniform
limit of classic structure of adelic vector bundle.

The arithmetic invariants of adelic vector bundles are also discussed. For example,
the Arakelov degree of an adelic vector bundle is defined as the integral of the
logarithmic determinant norm of a non-zero maximal exterior power vector, similarly
as in the classic case of Hermitian vector bundle over an arithmetic curve. Moreover,
although the analogue of classic minima of lattices can not be reformulated in the
adelic curve setting, due to the lack of integral models, the version of Roy and Thunder
[128], which is based on the height function (or equivalently the Arakelov degree of
the non-zero vectors), can be naturally generalised in our setting of adelic curves.
However, it turns out that several fundamental results in geometry of numbers,
such as Minkowski’s theorems, are not true in the general setting, and the set of
vectors in the adelic unit ball is not the good generalisation of lattice points of norm
< 1. This phenomenon suggests that the slope method of Bost [16] might be more
efficient in Diophantine geometry. In fact, inspired by the Harder-Narasimhan theory
of vector bundles over curves, the notion of successive slopes has been proposed
in [138, [71] for Euclidean lattices and generalised in [16, [18] with applications to
the period and isogenies of abelian varieties, and algebraicity of formal schemes. In
the setting of adelic vector bundles on adelic curves, we establish an analogue of
Harder-Narasimhan theory and the slope method. In this sense, adelic vector bundles
on adelic curves have very similar properties as those of vector bundles on a regular
projective curve, or Hermitian vector bundles over an arithmetic curve. It is for this
reason that we have chosen the terminology of adelic curve. However, although the
successive minima and the successive slopes are close in the number field case (see
[151!44]), they can differ much in the general adelic curve setting, even for the simple
case of a field equipped with several copies of the trivial absolute value. Note that
the semistability of adelic vector bundles over such adelic curves plays an important
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role in Diophantine geometry of projective spaces, as for example in the work of
Faltings and Wiistholz [61] (although not written explicitly in the language of the
slope theory). Our general setting of adelic vector bundles helps to understand the
roles of different arithmetic invariants should play in a Diophantine argument.

The adelic curve consisting of the trivial absolute value is also closely related
to the geometric invariant theory. In the fifth chapter of the book, we explain this
link and apply it to the estimation of the minimal slope of the tensor product of
two adelic vector bundles. In fact, an ultrametrically normed vector space over a
trivially valued field can be considered as a decreasing R-filtration of the vector
space. In the geometric invariant theory, an action of the multiplicative group on
a finite-dimensional vector space over a field corresponds to the decomposition of
the vector space into the direct sum of eigensubspaces and thus determines an R-
filtration of the vector space by the eigenvalues. Therefore we can reformulate the
Hilbert-Mumford criterion for general linear groups (or products of general linear
groups) in terms of a slope inequality for adelic vector bundles on the adelic curve
of one trivial absolute value.

Bogomolov (see [126]]) has interpreted the semistability of a vector bundle over
a projective curve as an inequality linking the R-filtration and the Arakelov degree.
This result can also be viewed as a link between the geometric invariant theory and the
semistability in the theory of Harder-Narasimhan. Later Ramanan and Ramanathan
[124] have given an algebraic proof of the semistability of the tensor product of two
semistable vector bundles on a regular projective curve over a field of characteristic
0. In the number field case, Bost [1'/]] has conjectured that the arithmetic analogue of
the tensorial semistability is also true. This conjecture is equivalent to the statement
that the tensor product of two Hermitian vector bundles has a minimal slope which
is bounded from below by the minimal slopes of the two Hermitian vector bundles.

In the setting of adelic vector bundles over adelic curves, we can consider the
natural generalisation of Bost’s conjecture stating that, if the underlying base field
of the adelic curve is perfect, then the tensor product of two semistable Hermitian
adelic vector bundles is also semistable. Besides the function field case proved
by Ramanan and Ramanathan, the generalised conjecture is also true in the case
where the adelic curve is given by a perfect field equipped with a finite number of
copies of the trivial absolute value (see [143]). We prove here a weaker version of
this conjecture, showing that the minimal slope of the tensor product of two (non-
necessarily Hermitian) adelic vector bundles is bounded from below by the sum of
the minimal slopes of the two adelic vector bundles, minus three half of the logarithm
of the rank of the tensor product bundle times the measure of Archimedean places.
In particular, the conjecture is true if the base field is of characteristic zero and all
absolute values in the adelic curve structure are non-Archimedean. This result is
similar to the works [38| [3] |64, [22]] in the case where the adelic curve comes from
a number field. However, the strategy of proof is different. In fact, the common
point of the works cited above is a geometric version of Siegel’s lemma proved
by Zhang [155], which could be considered as an absolute version of Minkowski’s
second theorem, which is false for general adelic curves. Our method relies on the
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geometric invariant theory of grassmannian (with Pliicker coordinates) and combines
the technics of [38]] and [22].

The sixth chapter is devoted to the study of metrised line bundles on arithmetic
varieties over adelic curves. In the classic setting of adelic metrics such as [[156} [113]],
it was required that an adelic metric should coincides with an integral model metric
for all but finitely many places. Again the integral model metric is not adequate in our
setting of adelic curves, the suitable notions of dominancy and measurability occupy
thus an important part of the chapter. An adelic line bundle on a projective variety
is then defined to be an invertible sheaf equipped with a dominated and measurable
family of metrics parametrised by the adelic curve. In the setting of global fields,
our definition is slightly more general than the classic one, which includes the limits
of classic adelic line bundles. The analogue of some classic geometric invariants,
such as height function, essential minimum, and arithmetic volume function is also
discussed. In particular, in the definition of the arithmetic volume function, we use
the positive degree instead of the logarithmic cardinal of the small sections since the
latter is no longer adequate in the general setting. Note that the failure of Minkowski’s
first theorem brings several technical difficulties, notably the filtration by minima
and the filtration by slopes do not lead to the same arithmetic invariants, on the
contrary of the case of number fields as in [44]. Our strategy consists in introducing
a refinement of the method of arithmetic Newton-Okounkov bodies [26]], which
allows to treat the case of graded linear series equipped with filtrations which are
not necessarily additive.

In the seventh and the last chapter, we relate the asymptotic minimal slope to
the absolute minimum of the height function of an adelic line bundle, which could
be considered as a generalisation of Nakai-Moishezon’s criterion in the setting of
Arakelov geometry over an adelic curve. In the case where the analogue of a strong
version of Minkowski’s first theorem holds for the adelic curve, we deduce from the
criterion an analogue of Siegel’s lemma for adelic vector bundles on the adelic curve.
Our work clarifies the arguments of geometric nature from several fundamental result
in the classic geometry of numbers.

Limited by the volume of the monograph, many aspects are not included in the
current text. First of all, an arithmetic intersection theory should be developed in
the setting of Arakelov geometry over an adelic curve, which allows to interpret
the height of arithmetic varieties as the arithmetic intersection numbers. Secondly,
by using the adelic curve of several copies of the trivial absolute value, we expect
to incorporate the conditions and results of geometric invariant theory into the
arithmetic setting. Thirdly, the geometry of adelic vector bundles should lead to a
Diophantine approximation theory of adelic curves. Finally, the fundamental works
achieved in the monograph could be applied to the study of Nevanlinna theory of
M-field proposed by Gubler.
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Chapter 1
Metrized vector bundles: local theory

The purpose of this chapter is to explain the constructions and properties of normed
vector spaces over a complete valued field. It will serve as the fundament for the global
study of adelic vector bundles. Note that we need to consider both Archimedean and
non-Archimedean cases. Hence we carefully choose the approach of presentation to
unify the statements whenever possible, and to clarify the differences.

Throughout the chapter, let k be a field equipped with an absolute value |-|. We
assume that k is complete with respect to the topology induced by |-|. We emphasise
that |-| could be the trivial absolute value on k, namely |a| = 1 for any a € k \ {0}.
If the absolute value |-| is Archimedean, then k is either the field R of real numbers
or the field C of complex numbers. For simplicity, we assume that |-| is the usual
absolute value on R or C if it is Archimedean.

1.1 Norms and seminorms

Definition 1.1.1 Let V be a vector space over k. A map ||-|| : V — Ry is called a
seminorm on V if the following conditions [(a)|and [(b)| are satisfied:

(a) for any a € k and any x € V, one has ||lax]|| = |a| - ||x]|;
(b) the triangle inequality: for any (x,y) € V X V, one has ||x + y|| < [|x]| + [|y]].

The couple (V, ||-||) is called a seminormed vector space over k. If in addition the
following strong triangle inequality is satisfied

V(xy) e V3 x4 yll < max{lxll lIyll},

we say that the seminorm ||-|| is ultrametric. Note that the existence of a non-
identically vanishing ultrametric seminorm on V implies that the absolute value |-|
on k is non-Archimedean. Furthermore, if the following additional condition is
satisfied:

(c) for any x € V' \ {0}, one has ||x|| > O,
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the seminorm ||-|| is called a norm on V, and the couple (V, ||-||) is called a normed
vector space over k.
If (V,]|]]) is a seminormed vector space over k, then

Ny ={xeV: x| =0}

is a vector subspace of V, called the null space of ||-||. Moreover, if we denote by
7V — V/N, the linear map of projection, then there is a unique norm ||-||~ on
V/Nj. such that ||-|| = ||-||~ o #. The norm ||-||~ is called the norm associated with
the seminorm ||-||.

Definition 1.1.2 Let f : W — V be a linear map of vector spaces over k and ||-|| be
a seminorm on V. We define ||-]|s : W — Ry to be

VxeW, |xlf = Ilfl.

which is a seminorm on W, called the seminorm induced by f and ||-||. Clearly, if ||-||
is ultrametric, then also is ||-||¢. In the case where f is injective, ||-||s is often denoted
by ||-|lw—yv and is called the seminorm on W induced by ||-||, or the restriction of
[l to W

Notation 1.1.3 Let (V, ||-||) be a seminormed vector space over k. If € is a non-
negative real number, we denote by (V,|||)<e or simply by V. the closed ball
{x € V : ||x|]| € €} of radius € centered at the origin. Similarly, we denote by
(V.1 ID<e or by V. the open ball {x € V : ||x|| < €}.

Proposition 1.1.4 Assume that |-| is non-trivial. Let A € 0, 1[ such that
A < sup{la| : a € k%, |a| < 1}.

Let (V,||-l]) be a seminormed vector space over k and x be a vector in V such that
||x|| > O. There exists b € k> such that A < ||bx|| < 1.

Proof Let a be an element in k* such that 1 < |a| < 1. We take b = aP with

_ [ In(4) —In x|

- { Inal
By definition one has p < (In(2) — In||x||)/In|a|. Hence |b| = |a|® = A/||x|,
which leads to ||bx|| = |b| - ||x|| = A. Moreover, since 4 < |a] < 1 one has
In(1) < In|a| < 0. Hence In(1)/In |a| > 1, which implies that p > —In ||x||/In |a|.
Hence |b| = |alP < ||x||~", which leads to ||bx|| < 1. O

Proposition 1.1.5 Let (V, ||-||) be an ultrametrically seminormed vector space over k.

(1) If x1,. . ., x, are vectors of V such that the numbers ||x1||,. . ., ||x,|| are distinct,

.....
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(2) The cardinal of the image of the composed map

I
VANj | —= Roog ——=Rso/|K| (1.1)

is not greater than the dimension of V[N).| over k, where R denotes the
multiplicative group of positive real numbers, and |k*| is the image of k* by |-|.

Proof The statement is trivial when n = 1. Moreover, by induction it suffices to
treat the case where n = 2. Without loss of generality, we assume that ||x{|| < ||x2]|.
Since ||-|| is ultrametric, one has ||x; + x2|| < max{||xt||, [|x2]|} = ||x2|]. Moreover,

lloe2 |l = [lx1 + 22 + (=x0)|| < max{[[x; + x|, [|x1 ]}
Since ||x2|| > [|x1]|, one should have ||x;|| < ||x1 + x2]||. Therefore
llx1 + xa2ll = [zl = max{{lxi|l, |21}

By replacing V by V/N). and ||-|| by the associated norm, we may assume
that ||-|| is actually a norm. Denote by I the image of the composed map (I.1). For
each element « in I, we pick a vector x, in V \ {0} such that the image of x, by the
composed map is @. We will show that the family {x4 }4es is linearly independent
over k and hence the cardinal of [ is not greater than the dimension of V over k.
Assume that a4, . . ., @, are distinct elements of the set I and A4, ..., 4, are non-zero
elements of k. Then the values ||A1xq, ||, . ., ||dnXa, || are distinct. As the norm ||-|
is ultrametric, by @] one has

[A1Xe, + -+ + ApXe, |l = max |[|4;x;]| > 0.
ie{l,...,n}

.....

Hence A1xq, + -+ + Ay Xq,, is nON-Zero. ]

Corollary 1.1.6 Let (V, ||-||) be an ultrametrically seminormed vector space of finite
dimension over k. Then we have the following:

(1) If || is a discrete valuation (namely |k*| is a discrete subgroup of Rsg), then the
image of V \ Ny by |||| is a discrete subset of R.

(2) If || is the trivial absolute value, then the image of V by ||-|| is a finite set, whose
cardinal does not exceed dimg(V /Ny ) + 1.

1.1.1 Topology

Let (V,]|-]]) be a seminormed vector space over k. The seminorm ||-|| induces a
pseudometric dist(-,-) on V such that dist(x,y) := ||x — y|| for any (x,y) € V2.
We equip V with the most coarse topology which makes continuous the functions
(y € V) > ||x —y|| for any x € V. In other words, a subset U of V is open if and only
if, for any x € U, there is a positive number € such that {y e V : ||[y—x|| < e} C U.
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This topology is said to be induced by the seminorm ||-||. The set V equipped with
this topology forms a topological vector space. For any vector subspace W of V, the
closure of W is also a vector subspace of V. In particular, if W is a hyperplane in V
(namely the kernel of a linear form), then either W is a closed vector subspace of V
or W is dense in V. For any x € V, the pseudodistance between W and x is defined
as

dist(x, W) := inf{||x — y|| : y € W}.

Then dist(x, W) = 0 if and only if x belongs to the closure of W. In particular, the
null space of (V,]-]|) is a closed subspace, which is the closure of the zero vector
subspace {0}. Thus the topological vector space V is separated if and only if ||| is
a norm.

Proposition 1.1.7 Let (V4, ||-]l1) and (Va, ||-|l2) be seminormed vector spaces over k,
and f : Vi = V be a k-linear map. Then we have the following:

(1) If the map f is continuous, then f(Ny.|,) € Nj.||,-

(2) If there is a non-negative constant C such that || f(x)|» < C||x||1 for all x € W,
then the map f is continuous. The converse is true if either (i) the absolute value
|-| is non-trivial or (ii) dimg (V2 /N).|,,) < oo.

Proof Since N|j.|, is a closed subset of V5, its inverse image by the continuous
map f is a closed subset of Vj, which clearly contains 0 € V;. Hence f~'(N).,)
contains N).|, since N|.), is the closure of {0} in V;.

Let {xn }nen be a sequence in V} which converges to a point x € V;. One has

1/ (xn) = FOll2 = [1f (en = 2) |2 < Clloxn = x]l1,

so that the sequence { f(x,)}nen converges to f(x). Hence the map f is continuous.

Assume that f is continuous. First we consider the case where the absolute value
|-| is not trivial. The set f~!((V4, ||-|l2)<1) is an open subset of V; (see Notation.
Hence there exists € > 0 such that f='((V, ||-|l2)<1) 2 (Vi, ||-|]l1)<e. As the absolute
value |-| is not trivial, there exists a € k such that 0 < |a| < 1. Let us see that
Il £ ()l < (elal)~t|x|l; for all x € V;. If x € N.|,, then the assertion is obvious by
[@], so that we may assume that x ¢ N).||,. Then there exists a unique integer n such
that

lla"xll < e <lla™ " xll = lal*™" - [|x[]s.

Thus || f(a"x)|| < 1 and hence

£ Gl < lal™ < (ela)™ - llxlh,

as desired.

Next we assume that the absolute value |-| is trivial and dimg(V2/N).,) < co. By
[@))in Corollary [I.1.6] there exist positive numbers r and ¢ such that ||y|| < r for any
y € V, and that (V, ||-|l2)<s = Nj.|,- If f is continuous, then there exists € > 0 such
that

S W) = £V ) <s) 2 (Vi [l <e-
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Therefore one has || f(x)|l2 < (r/€)llx]|; for all x € V;. m|
Remark 1.1.8 The hypothesis of non-triviality of the absolute value or

dimg (Vo/Nj.pp,) < o0

for the sufficiency part of the above proposition is essential. In fact, if V is an infinite-
dimensional vector space over a trivially valued field &, equipped with the norm ||-||
such that ||x|| = 1 for any x € V \ {0}, then the topology on V induced by the norm
||-]] is discrete. In particular, any k-linear map from V to a normed vector space over
k is continuous. However, one can take a basis B of the vector space V (which is an
infinite set) and define a new norm ||-||” on V such that

| > e
X€EB

where ¢ : B — ]0,+co[ is a map which is not bounded. If f is the identity map
from (V, ||-||) to (V, ||-]|"), then one can not find a non-negative constant C such that
[[x]]” < Cl|x]|| forall x € V.

’
= max X),
‘ X€B, ny#0 ‘P( )

1.1.2 Operator seminorm

Let (Vi,||-|l1) and (V4, ||-]l2) be seminormed vector spaces over k. Let f : V| — V; be
a k-linear map. We say that the linear map f is bounded if there is a non-negative
constant C such that || f(x)|> < C||x||; for all x € V;. Note that if f is bounded, then

f is continuous and f(N).|,) € N, by Proposition
If f(Ny.,) € Nj.|,» we denote by || f|| the element

£ Co)ll2

xEVl\N”.Hl ”'x”l

€ [0, +00].

If the relation f(Nj.,) € Nj.|, does not hold, then by convention || f|| is defined to
be +o0. With this notation, the linear map f is bounded if and only if || f|| < +oo.

We denote by .Z(V1, V,) the set of all bounded k-linear maps from V) to V5, which
forms a vector space over k since, for (f,g) € Z(Vi,V»)* and x € V; \ Nis

" {Ilf(X)Ilz G0l
I/ + )0l il el
Il [FAE] PR e

lIxll1 lIxll1

} if ||-||2 is ultrametric,

otherwise.

The map ||-|| : Z(V1,V5) — [0,+0c0[ defined above is a seminorm, called the
operator seminorm. Moreover, from the above formula, we observe that, if ||-||> is
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ultrametric, then the operator seminorm is also ultrametric. If ||-||» is a norm, then
the operator seminorm is actually a norm, called operator norm.

In the case where either the absolute value |-| is non-trivial or dimg (V2 /N).j,) < o0,
the space -Z(V}, V») identifies with the vector space of all continuous k-linear maps
from V; to V, (see Proposition[I.1.7).

1.1.3 Quotient seminorm

Let g : V — Q be a surjective linear map of vector spaces over k and ||| be a
seminorm on V. We define ||||v-.¢ to be

VyeQ, I[yllvsg :=inf{llx]| : x €V, g(x) =y}
Then we have the following proposition:

Proposition 1.1.9 (1) ||-|lv—o is a seminorm on Q. Moreover, if ||-|| is ultrametric,
then also is ||-|lv »o-

(2) Let Ny, be the null space of |||lv . Then g_l(N”.”V_»Q) coincides with the
closure of Ker(g) with respect to the topology induced by the seminorm ||-||. In
particlar, if Ker(g) is closed, then ||-|lvo is a norm on Q.

Proof [(1)]In order to see the condition [(a)]in Definition [I.I.T} we may assume that
a # 0 since otherwise the assertion is obvious. Then

layllv»g = inf{|lx"l| - x" €V, g(x") = ay} = inf{[lax|| : x €V, g(x) = y}
= |alinf{||x]| - x €V, g(x) =y} = la| - [[yllv-o-

Fix (y,y’) € Q%. For any € > 0, we can find (x,x’) € V? such that g(x) = vy,
g(x") =y, lIxll < lIyllvso + € and [|x[| < [y’ [lvsg + €. Then g(x + x) = y + y’
and

Iy + ¥ llvoo < llx+ X"l < [lxll + X < Iyllvso + 1Y [lvsg + 26,

and hence|(b)| holds. If ||-|| is ultrametric, in a similar way we can see that ||-|ly ¢ is
also ultrametric.

[@)|Let x € Vand y = g(x). It is easy to see ||y|ly-o = dist(x, Ker(g)). Therefore

x eKer(g) & dist(x,Ker(g))=0 < |[lyllvs»o =0,

as required. O

Given a vector subspace W of a seminormed vector space (V, ||-||), the seminorm
I llvv/w on V/W is called the quotient seminorm on V/W of the seminorm ||-||
on V. For simplicity, the seminorm [|-|ly,v,w is often denoted by ||-|ly/w. If the
vector subspace W is closed, then the seminorm ||-||y,w is actually a norm, called
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the quotient norm of ||-|| by the quotient map V —» V/W. Note that the norm ||-||~
identifies with the quotient norm of ||-|| by the quotient map V —» V/N) .

Proposition 1.1.10 Let (V, ||-||) be a seminormed vector space over k and W be
a vector subspace of V. The topology on V /W defined by the quotient seminorm
coincides with the quotient topology. In particular, the quotient map V. — V /W is
continuous if we equip V /W with the quotient seminorm.

Proof Recall that the quotient topology is the finest topology on V /W which makes
the quotient map 7 : V. — V /W continuous. In other words, a subset U of V /W is
open for the quotient topology if and only if 77!(U) is an open subset of V. If we
equip V /W with the topology induced by the quotient seminorm, then the quotient
map is continuous since ||z|| < 1 (see Proposition[I.1.7). Moreover, if U is a subset
of V /W such that 7~ !(U) is an open subset of V, then, for any « € U and any xo € V
such that 7(xg) = u, there exists € > 0 such that

{xeV :|x=xl <€} ca ' (U).

Hence for any v € V/W with |[v—u]| < e, there exists x € 77! (U) such that 7(x) = v.
So U is an open subset of V /W for the topology defined by the quotient seminorm.
The proposition is thus proved. O

1.1.4 Topology of normed vector spaces of finite dimension

If V is a finite-dimensional k-vector space, then all norms on V induce the same
topology. More precisely, we have the following result (see [30] Chapter I, §2, no.3,
Theorem 2 and the remark on the page 1.15).

Proposition 1.1.11 Assume that the vector space V is of finite dimension over k. If
||-|| and ||-||" are norms on V, then there are positive constants C and C' such that
Cll-IV < Il < C’|I-Il" on V. In particular, V is complete with respect to ||-||[]

Proof Let {e;}_, be a basis of V and f : k" — V be the isomorphism given by
f(ai,...,a;) = aye; +-- -+ a,e,. Here we consider the product topology on k" and
the topology induced by any norm ||-|| on V. By Proposition [I.1.7] it is sufficient to
show that f is a homeomorphism. Since

,
larer + -+ + are,|| < max{larl,..... lar[} > lleill
i=1

! That is, for any sequence {x, }nen in V, if
hm sup ”xn —Xm ” = O,
N >+ (n,m)ENz

n>=N,m>N

then there exists x € V such that lim,,_, ||x, — x|| = 0.
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f is continuous. It remains to show that f~! is continuous.

We reason by induction on the dimension r of V. The case where r = 0 is trivial.
In the case where r = 1, as |a|/||ae;|| = 1/||e;|| for any a € k*, f~! is continuous
by Proposition

Assume that the proposition has been proved for vector spaces of dimension
< r. Let W be the vector subspace of V generated by ey,...,e,_;. By the induction
hypothesis, the map g : Kl w sending (ay,...,a,-1) € kK ltoae +---+
ar—1€,-1 is a homeomorphism. In particular, the topological vector space W is
complete. As a consequence, W is a closed vector subspace of V. By the dimension
1 case of the proposition proved above, the map f from k to V/W sending a € k to
ale,] is a homeomorphism.

In the following, we show that, if U is an open neighbourhood of (0,...,0) €
k", then there exists € > 0 such that f(U) contains all vectors x € V satisfying
|lx|]] < €. Without loss of generality, we may assume that U is the open multidisc
B, where Bs = {a € k : |a] < ¢} and ¢ > 0. Since the map g : Kl > Wisa
homeomorphism, there exists €; > 0 such that

gBsH2{yeW : Iyl <al.

Let 6’ = min{e;/(2|le,||),8}. Since the map f is a homeomorphism, there exists
& > 0 such that

fBs)2{ueV/W : |lullyw < e},

where we consider the quotient norm on V /W. We claim that
JWO)2{xeV : |lx|l <€}

with € = %min{el,ez}. In fact, if x is an element of V such that ||x|| < €, then its
class in V/W has norm < €. Hence there exists a, € Bs such that [x] = a,[e,].
Moreover, one has

1
lx = arerll < llxll + lar| - llerll < S€ +8ller|l < e

Hence there exists (aj,...,a,-1) € Bg’l such that g(ay,...,a,—1) = x — are,. Thus
(ai,...,ay) is an element in Bj such that f(ay,...,a,) = x. The proposition is
proved. O

Corollary 1.1.12 Let f : Vi — V, be a linear map of vector spaces over k, and let
-l and ||-|l> be seminorms on Vi and Vs, respectively. We assume that f(Ny.j,) C
Nj.|,, and dimg(V2/Ny.),,) < oo. Then the following conditions are equivalent:

() the map f is continuous;
(b) f~Y(Ny.1p) is a closed vector subspace of V;
(©) [l 71l is finite.

Proof “(@)={(b)]": Since f~'(N}.,) is the inverse image by f of the closed subset

Ny, of V2, if f is continuous, then it is a closed subset of V;.
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{(b)=i(c)[": The assertion is trivial when f(V;) C Nj.|,. In the following, we
assume that f(Vy) € N|.|,. We set

0 :=fWM)/(f(VD)NN|.,) = (fF(V1) + Ny /Ny, # {0}

Let ||-|lo be the quotient seminorm on Q induced by V; — f(V;) — Q and ||-||;.
By Proposition and the condition the seminorm ||-||o is actually a norm.
Moreover, we can consider Q as a vector subspace of V»/N).|,. Let ||-]] ’Q be the
restriction of ||-||7 to O, where ||-||5 is the norm associated with the seminorm |[-|,.
By Proposition [I.I.T1] there is a constant C with ||||'Q < C|lI‘llo. Thus, for any
x € Vi \ Ny, one has

ISl _ M Clifllle

<
lIx1l1 lIx1l1 llxll1

>

which implies || f|| < C.
“(c)=i(a)]’ follows from Proposition |
p

Corollary 1.1.13 Let (V,||-||) be a finite-dimensional seminormed vector space over
k. Then we have the following:

(1) Every vector subspace of V containing N).|| is closed.

(2) Let (V',||-||") be a seminormed vector space over k and f : V — V' be a linear
map of vector spaces over k such that f(N|.|) € Nj. .. Then f is continuous
and || f]| < +oo.

(3) A linear form on 'V is bounded if and only if its kernel contains N)..

Proof Let n 'V — V/Nj.; be the canonical projection map and ||-||~ be the norm
on V/N. associated with ||-||. By Proposition|1.1.10} the linear map 7 is continuous.
If W is a vector subspace of V containing N|.||, then one has W = a~Y(x(W)). By
Proposition n(W) is complete with respect to the induced norm of ||-||~ on
(W), so that (W) is closed. Hence W is also closed since it is the inverse image of
a closed subset of V/N).| by a continuous linear map.

(2)| By replacing V' by f(V), we may assume that dimy(V’) < co. Thus the
assertion follows from [(T)]and Corollary [T.T.12}

[B)|Let f : V — k bealinear form. If f is bounded, by Corollary[[.T.12] the kernel
of f is a closed vector subspace of V, hence it contains the closure of {0}, which is
Nj.j.. Conversely, if Ker(f) 2 Ny, then by [2)} the linear form f is bounded. O

Proposition 1.1.14 (1) LetV w £, Q be a sequence of surjective linear maps
of finite-dimensional vector spaces over k. For any seminorm ||-|| on V, one has

[lvow.woo = lIllvso-
(2) Let
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be a commutative diagram of linear maps of finite-dimensional vector spaces
over k such that a and f3 are surjective. Then we have the following:

(2.a) Let |||l and |||lw be seminorms on V and W; let ||-|lv: and ||-|lw+ be
the quotient seminorms of ||-|ly and ||-|lw on V' and W', respectively. If
NI ) € Ny > then (Nj-jy,) € Ny, and llgll < [ £

(2.b) We assume that f and g are injective. Let ||-|lw be a seminorm on W. Then
I-llw.vew.vsv: = |Illw.wsw veswr. Moreover, if Ker(B) € f(V), then
the equality ||-|lw.v—w . v-v = |Illw.w>w’ v:ew holds.

Proof [(I)]For ¢ € Q, one has

> >0 = inf »w = inf inf ||x
llgllv-w.w o] yew’ﬁ(y):qllyllv w ow oA [lxlv
B(y)=q a(x)=y
= inf llxllv = llgllv-o,

xeV, Bla(x))=q

as desired.

By Proposition a”'(Nj.},,) is the closure of Ker(e) in V, hence is
equal to Ker(a) + N .,,. Let y’ be an element in N .,,,. There then exists y € N.,,
such that a(y) = y’. Therefore

g(y") = gla(y)) = B(f(¥) € N|i.|iy-

since f(y) € Nj.|jy -
It remains to prove that ||g|| < ||f]|. Let x” be an element of V’. For any x € V
with a(x) = x’, one has

l8(xNlw = llgla()llw = B CDlw < IFlw < ILF1T - v

which leads to

leC)lw < A inf — Jlxllv = 1A (X"l
x€V, a(x)

x)=x’
(2.b)|Note that f(Ker(a)) = f(V) N Ker(B). Therefore, forv € V,

leW)lw,vow vy = inf{llxllw = x € f(v) + (f(V) N Ker(B))}

and

leW)llw,.wowvew =inf{|lx|lw : x € f(v) + Ker(B)},

so that the first assertion follows. Moreover, if Ker(8) C f(V), then f(V)NKer(B) =
Ker(B). Thus the second assertion holds. m]

Proposition 1.1.15 (1) Ler f : V. — W be a surjective linear map of vector spaces
over k, ||-|lv be a seminorm on'V and ||-|lw be the quotient seminorm of ||-||v on
W. If the seminorm ||-||w does not vanish, then || f|| = 1.
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(2) Let

V*ﬁ>W1

N

W

be a commutative digram of linear maps of finite-dimensional vector spaces over
k such that g is an isomorphism and dimg(Wy) = dimg(W2) = 1. Let ||-|lv, ||-|lw,
and ||-|lw, be seminorms of V, Wy and W», respectively. Then || || = || fill - lIgll
provided that fi, f> and g are continuous.

Proof [(D)] Since [|v|ly > ||f(v)|lw for any v € V, one has || f|| < 1. Let w be an
element of W such that ||w|lw > 0. Since

Iwllw = _inf  [v[ly,
vev, f(v)=w
one has Wl
v _
I= inf S > |||,

veV, fm=w || fF(V)llw

which leads to || f]| > 1.
[2)] As g is an isomorphism and dimy(W;) = dimg(W>) = 1, for any w; € Wy,
ligll - lwillw, = llg(w1)llw,, Therefore,

20w, llg(f1(v))llw,
LA TW, sup S IIWe

A1l = =
VEV\NH‘HV ”V”V VEV\N”_HV ||V||V
/10w,
= sup lgll=————=ligll - I All
VEV\NH,”V ”V”V
as required. O

Proposition 1.1.16 Let (V, ||-||lv) be a finite-dimensional seminormed vector space
over k, W be a vector subspace of V and Q be the quotient vector space V|W.
We denote by i : W — V and m : V — Q the inclusion map and the projection
map, respectively. Let ||-|lw be the restriction of ||-|lv to W and ||-||g be the quotient
seminorm of ||-|lv on Q. Then one has i(N|.|,,) S Ny, and xm(Ny.|,) S Njjio-
Moreover, the linear maps i and © induce short exact sequences

0 Ni-jlw Ny Nj.jo —>0 (1.2)

and
0——=W/Njjw —=V/N| *)Q/NH'HQ —0, (1.3)

and the induced norm (resp. quotient norm) of ||-|l;; on W/Ny.y,, (resp. Q/Ny,)
identifies with ||-||y;, (resp. ||-||é).
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Proof The relations i(N.,,,) € Nj.|, and 7(N).y,,) € Ny, follow directly from
the definition of induced and quotient seminorms. Moreover, by definition one has
Ny = Ny N W.

For any element x € V, n(x) lies in Ny, if and only if x € W + Ny, since
W + Ny, is the closure of W in V. Therefore one has

Nitig = W+ Nj )/W = Ny, /(WA N, ) = Ny /N »

which proves that (I.2) is an exact sequence. The exactness of (I.2)) implies that of
(I.3). Moreover, if x is an element of W, then

Ilxlllw = llxlw = lixllv = lllx]lly-

If u is an element in Q, then

ulll; = ullo = inf = inf v,
el =l = _inf vl =, inf vl
where 7 : V/Nj.|, — Q/Nj.|, is the linear map induced by 7. Hence |||, identifies
with the quotient norm of ||-[[;;. ]

1.1.5 Dual norm

Let (V, ||-]|) be a seminormed vector space over k. We denote by V* the vector space
Z(V,k) (where we consider |-| as a norm on k) of bounded k-linear forms on V
(which necessarily vanish on N).||), called the dual normed vector space of V. The
operator norm on V* is called the dual norm of ||-||, denoted by ||-||.. Note that in
general V* is different from the (algebraic) dual vector space VV := Homy(V, k).
One has

V* C (V/N”,”)V ={pe A0S (’DlN\H\ =0}.

Proposition 1.1.17 Let (V, ||-||) be a finite-dimensional seminormed vector space
over k. Then the map (V/Ny.))" — V" sending ¢ € (V/Ny. )" to its composition
with the projection map V. — V[N|.| defines an isomorphism between (V Nj.)"
and V*. In particular, the equality V* = V"V holds when ||-|| is a norm.

Proof By Corollary [I.1.T3] a linear form on V is bounded if and only if its kernel
contains N|.|. Therefore V* is canonically isomorphic to (V/Nj.)". o

If x is an element of V, for any @ € V* one has
la(x)| < [l - [[x]]. (1.4)

Therefore the linear form on V* sending @ € V* to a(x) € k is bounded. Hence one
obtains a k-linear map from V to the double dual space V** whose kernel contains
Ny 1t is called the canonical linear map from V to V**. The double dual norm
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[|-|l«« on V** induces by composition with the canonical k-linear map V — V** a
seminorm on V which we still denote by ||-|.. by abuse of notation. Moreover, by

(T.4) we obtain

VxeV, |x]<]|x]- (1.5)

We say that (V, ||-|) is reflexive if the k-linear map V — V** described above induces
an isometric k-linear isomorphism between the normed vector spaces (V /N, |-11™)
and (V**, || |Jss)-

The following proposition shows that, in the Archimedean case, the seminorm
|||« on V identifies with ||-||. In particular, a finite-dimensional seminormed vector
space over an Archimedean complete field is always reflexive. We will see further
in Corollary that any finite-dimensional ultrametrically seminormed vector
space over k is also reflexive.

Proposition 1.1.18 Assume that the absolute value |-| is Archimedean. Let (V,||-|])
be a seminormed vector space over k. For any x € V one has || x|| = ||x]]xx-

Proof Thisis adirect consequence of Hahn-Banach theorem. In fact, if x is a vector in
V\ N||.||, then by Hahn-Banach theorem there exists a k-linear form f : V/Nj.| — k
such that f(7(x)) = ||x(x)||~ and that | f(z(y))| < ||7(y)||~ for any y € V, where
7V — V/N). is the canonical linear map. If we set f = f om, then f(x) = ||x||
and |f(y)| < ||ly|| for any y € V. In particular, || f||. = 1. Hence

|/ (Ol
111l

llxlles > = [|xll.

Remark 1.1.19 The above proposition is not true when the absolute value |-| is
non-Archimedean. Let (V,]|-||) be a normed vector space over k. If the absolute
value || is non-Archimedean, then the dual norm ||-||. is necessarily ultrametric (cf.
Subsection [1.1.2). For the same reason, the double dual norm ||-||.. is ultrametric,
and hence cannot identify with ||| on V once the norm ||-|| is not ultrametric. In
the next section, we will establish the analogue of the above proposition in the case
where V is of finite dimension over k and |-|| is ultrametric (see Corollary [I.2.12).
We refer to [50] and [[89]] for more general results on non-Archimedean Hahn-Banach
theorem.

Proposition 1.1.20 Let (V,||-|lv) be a seminormed vector space over k, W be a
vector subspace of V and Q = V [W be the quotient space. Let ||-||o be the quotient
seminorm on Q induced by ||-|lv. Then the map Q° — V* sending ¢ € QF to the
composition of ¢ with the projection map V- — Q is an isometry from Q* to its image
(equipped with the induced norm), where we consider the dual norms ||-||p,. and
I-llv.« on Q* and V*, respectively.

Proof Note that ||v||é1 = sup ||x||‘_,l forv e O\ Ny, Thus, for ¢ € O,

x€V, [x]=v

el _ el

VEQ\N”.HQ ||V||Q xEV\N”.HV ”X”V ’

lello.. =
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as required. O

Remark 1.1.21 The dual statement of the above proposition for the dual of a re-
stricted seminorm is much more subtle. Let (V, ||-|lv) be a seminormed vector space
over k and W be a vector subspace of V. We denote by ||-||w the restriction of the
seminorm ||-|ly to W. Then the restriction to W of bounded linear forms on V defines
a k-linear map 7 from V* to W*. We are interested in the nature of the dual norm
I-llw.«. In the case where k is Archimedean, the k-linear map n : V* — W™ is
surjective and the norm ||-||w . identifies with the quotient norm of |||y . This is a
direct consequence of Hahn-Banach theorem which asserts that any bounded linear
form on W extends to V with the same operator norm (see Lemma [I.2.48] for more
details). However, the non-Archimedean analogue of this result is not true, even in the
case where V is finite-dimensional. In fact, assume that (k, |-|) is non-Archimedean
and V is a finite-dimensional vector space of dimension > 2 over k, equipped with a
norm ||| which is not ultrametric. Then the double dual norm ||-||.. on V is bounded
from above by ||-|| (see (I.3)), and there exists at least an element x € V such that
[|x]]«« < ||x|| since ||||«« is ultrametric but ||-|| is not. However, both norms ||-||««
and ||-|| induce the same dual norm on V" (see Proposition . Therefore the
quotient norm of ||-||. on (kx)" can not identify with the dual norm of the restriction
of ||-|| to kx. We will show in Proposition[I.2.35|that the non-Archimedean analogue
of the above statement is true when the norm on V is ultrametric.

1.1.6 Seminorm of the dual operator

Let (V1,]]-]l1) and (Va,]-|l2) be seminormed vector spaces over k, and f : V| — V,
be a bounded linear map. Note that f(N).|,) S Nj.j, by Proposition [I.1.7} For any
a €V}, we let f*(a) be the linear form on V; which sends x € V; to a(f(x)). Note
that for x € V; one has

I (@)@ = la(FO] < llallzy - 1F 2 < el 11 l1x]h- (1.6)

Therefore f*(a) is a bounded linear form on V;. Thus f* defines a linear map from
V) to V.
2 1

Proposition 1.1.22 Let (V1, ||-||1) and (Va, ||-||2) be seminormed vector spaces over k
and f : Vi — Vi be a bounded linear map. Then one has || f*|| < || f||. The equality
holds when ||-|l2 = |||l2,+ on Va.

Proof By (L.6) we obtain that, if « is an element of V', then one has

1/ @l < AN llellzs

Hence || f*|| < || f]|. If we apply this inequality to f*, we obtain || f**|| < ||/*I| < I f]l.
Let¢ : Vi — V(™ and 1o : V2 — V™ be the canonical linear maps. For any vector x
in Vj, one has f**(¢1(x)) = t2(f(x)). Moreover, if ||-|l2 = ||*||2,.« on V5, then



1.1 Norms and seminorms 15

[FACTE))[- KT [RACI]I

=
XV, [x[l1.e>0 [0t e xevi, x>0 NIxll

[

=71,

as required. O

1.1.7 Lattices and norms

In this subsection, we assume that the absolute value |-| is non-Archimedean. Let
o := {a € k : |a| < 1} be the closed unit ball of (k,|-|). It is a valuation ring,
namely for any @ € k \ o; one has a’! e o (see [27] Chapter 1V, §1, no.2). It
is a discrete valuation ring (namely a Noetherian valuation ring) if and only if the
absolute value || is discrete, namely the image of k™ by || is a discrete subgroup of
(Rx0, %) (see [27] Chapter IV, §3, n0.6). In this case, oy is a principal ideal domain. In
particular, its maximal ideal {a € k : |a| < 1} is generated by one element w, called
a uniformizing parameter of k. Note that, if the absolute value |-| is not discrete, then
|k*| is a dense subgroup of (R, X). This results from the facts that a subgroup of
(R, +) is either discrete or dense (cf. [32] Chapter V, §1, no.1 and §4, no.1) and that
the exponential function defines an isomorphism between the topological groups
(R, +) and (R, X).

Definition 1.1.23 Let V be a finite-dimensional vector space over k. A sub-og-
module V of V is called a lattice of V if ‘V generates V as a vector space over k
(i.e. the natural linear map V ®,, k — V is surjective) and V is bounded in V for
a certain norm on V (or equivalently for any norm on V, see Proposition[I.T.TT)). In
particular, if V is a sub-o;-module of finite type of V, which generates V as a vector
space over k, then it is a lattice in V. In this case, V is called a finitely generated
lattice of V. If V is a lattice of V, we define a function ||-||q on V as followsf]

VxeV\{0}, |x|lv:=inf{la] : a € kX, a”'x €V}, and 0|y := 0.

Clearly, if V and V"’ are lattices of V such that V' C V’, then one has ||-||¢ > ||-||4.
Note that, if the absolute value || is trivial, then o = k and the only lattice of V is
V itself.

Proposition 1.1.24 Let V be a finite-dimensional vector space over k, V be a lattice
of V and ||-|| be a norm on'V. Assume that V is contained in the unit ball of (V, ||-]|),
then one has ||-||v = ||||-

Proof Let x € V' \ {0} and a be an element of k* such that a~'x € V. One has

-1 -1
lla™ x|l = lal™ - lIx]| < 1

2 Note that, in the case where || is not the trivial absolute value, one has
inf{lal : a € kX, a”'0e V}=0.

However, this equality does not hold when |-| is trivial.
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since V is contained in the unit ball of (V, ||-||). Therefore || x|| < |a|. Thus we deduce
that
x|l < inf{la| : a € kX, a 'x € V} = x|l

In the case where the absolute value |-| is non-trivial, the balls in an ultrametrically
normed vector space are natural examples of lattices.

Proposition 1.1.25 Assume that the absolute value |-| is non-trivial. Let V be a finite-
dimensional vector space over k, equipped with an ultrametric norm ||-||. For any
€>0theballs Vee ={x €V : ||x|| € €} and Voe ={x €V : ||x|| < €} are both
lattices of V.

Proof Since the norm ||-|| is ultrametric, both balls V¢, and V. are stable by addition.
Clearly they are also stable by the multiplication by an element in o;. Therefore they
are sub-o;-modules of V. Moreover, by definition they are bounded subsets of V. It
remains to verify that they generate V as a vector space over k. It suffices to treat
the open ball case. Let {e;}!_, be a basis of V over k. Since the absolute value || is
non-trivial, there exists a non-zero element a € k such that |a| < 1. For sufficiently
large integer n € N, one has ||a"¢;|| < e foranyi € {1,...,r}. Hence V., contains
a basis of the vector space V. O

The following proposition shows that each lattice defines a norm on the underlying
vector space.

Proposition 1.1.26 Let V be a finite-dimensional vector space over k and V be a
lattice of V. The map ||-||y is an ultrametric norm on V. Moreover, V is contained
in the unit ball of (V, ||-||v).

Proof In the case where the absolute value |-| is trivial, one has V = V and the
function ||-|| takes value 1 on V \ {0} and vanishes on {0}. The result is clearly
true in this case. In the following, we assume that |-| is non-trivial. For any x € V,
let A, be the set of all a € k* such that a~'x € V. We claim that A, is non-empty
and hence || x| is finite. Let {e;}_, be a subset of V which forms a basis of V over
k. We write x in the form x = aje; + - - - + aye, with (ay,...,a,) € k”. Since k is
the fraction field of oy, there exists b € k* such that bay, . . ., ba, are all in og. Thus
bx € V and hence b™! € A,. Therefore ||| is a map from V to Rs.

Let x be an element of V and a € k*. The map b +— ab defines a bijection between
Ay and A,. Hence one has ||ax]||y = |a| - ||x]|v.

Let x and y be elements of V, a € A, and b € A,. One has {a'x, b7y} Cc V.
Note that

alx+y)=alx+aly=alx + (@ 'b)(b7y),
blx+y)=bx+b'y='a)a ' x) + b7 'y.

Since o is a valuation ring, either b™'a € vg, or a™'b € o;. Hence, either a € A,y
or b € Ay.y. Therefore ||x + ylloy < max{[|x[ly,[|yllv}.
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It remains to verify that, if ||x|[yy = O then x = 0. Assume that there exists a
non-zero element x € V such that ||x|lqs = 0. Then there exists a sequence {a, },en
in Ay such that lim,_, . |a,| = 0. However, one has a;lx € V for any n € N. This
contradicts the assumption that V is bounded.

If x is an element in V, then 1 belongs to Ay. Hence || x|l < 1. O

Definition 1.1.27 Let V be a finite-dimensional vector space over k and V be a
lattice of V. We call ||-||¢ the norm on V induced by the lattice V.

Proposition 1.1.28 Let V be a finite-dimensional vector space over k and r be its
dimension over k. Let V be a lattice of V. Assume that V is an or-module of finite
type. Then it is a free o-module of rank r.

Proof Since V is a sub-og-module of V, it is torsion-free. By [27]] Chapter VI, §4,
no.6, Lemma 1, any torsion-free module of finite type over a valuation ring is free.
Hence V is a free o,-module. Finally, since V generates V as a vector space over k,
any basis of V over oy is also a basis of V over k. Hence the rank of V over oy is r.0

Definition 1.1.29 Let (V, ||-]|) be a finite-dimensional seminormed vector space over
k. We define the default of purity of ||-|| as

dpur([l-Il) == sup  dist(In|lx]|,In [K*]),
X€V\N”.”

with
dist(In||x]||,In |*|) := inf{|In||x|| = In|a|| : a € k*}.

We say that the seminorm ||-|| is pure if dpur(||-||) = O, or equivalently, the image
of V'\ Nj. by |||l is contained in the closure of |k*| in R.o. By definition, if the
absolute value |-| is not discrete, then any seminorm on V is pure; if || is discrete,
then a seminorm ||-|| on V is pure if and only if its image is contained in that of |-|.
In the case where |-| is discrete, Moreover, for any lattice V of V, the norm ||-||y is
pure.

In the following, we study the correspondance between ultrametric norms and
lattices of a finite-dimensional vector space over k. Note that the behaviour depends
much on the discreteness of the absolute value |-|.

Proposition 1.1.30 Assume that the absolute value |-| is discrete.

(1) For any lattice 'V of V, one has (V,||-|lv)<1 = V (see Notation[I.1.3).

(2) Any lattice 'V of V is a free ox-module of rank dimy (V).

(3) Assume in addition that the absolute value |-| is non-trivial. Let ||-|| be an
ultrametric norm on 'V and let V = (V,||-|)<1. Then one has ||-|| < ||'|lv <
|@ |~ ||-||, where @ is a uniformizing parameter of k. In particular, the default
of purity of ||-|| is bounded from above by —In |@w|. Moreover, if the norm ||-|| is
pure, then ||-|ly = ||-|.
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Proof [(I)| By Proposition[I.1.26] one has V C (V. ||-|lv)<i. Let x be an element of
V such that || x|l < 1. In order to see that x € V, we may assume that x # 0. There

is a sequence {a, }ney in kX such that ;' x € V and lim,, e @, | = ||x]|y. As || is
discrete, there is n € N such that |a,| = ||x||y, so that a,, € o, because ||x||¢ < 1.
Therefore, x € a,V C V, and hence (V, ||-||v)<1 € V.

Let {ei};_, be abasis of V over k. We equip V with the norm ||-|| such that

ey + -+ + Arer|| = max{|Ay],...,[4-[}
for any (4y,...,4,) € k". For any € > 0, the ball
Vill-lD<e ={a €k : |a] < €}"

is a free og-module of rank r since oy is a principal ideal domain. Let V be a lattice.
Since it is bounded, it is contained in certain ball (V, ||-||)<e. Thus V is an o;-module
of finite type, and hence a free o;-module of rank r by Proposition

[(3)|By the definition of the uniformizing element, one has [k*| = {|@|" : n € Z}.
If x is a non-zero element in V and if A, is the set of all a € k* such that

la™"xll = lal™" - llxll < 1,

then one has
{lal - a€ Ay} ={lw|" : n€Z, |=|" > ||x]I}.

Since ||x|l¢ = inf{|a| : a € Ay}, one has ||x||y > ||x|| > |@]| - ||x|ly. Combined
with the fact that the norm [|-||, is pure, this implies the inequality dpur(||-||) <
—In|ew]|. If in addition the norm ||| is pure, ||x||4 belongs to {|@|® : n € Z}.
Hence || x|l = ||x]|. ]

Remark 1.1.31 Let V be a finite-dimensional vector space over k. We denote by
Lat(V) the set of all lattices of V, and by Nor(V) that of all ultrametric norms on V.
The correspondance (V' € Lat(V)) + |||l defines a map from Lat(V) to Nor(V).
Proposition shows that, if the absolute value || is discrete, then this map is
injective, and its image is precisely the set of all pure ultrametric norms.

Proposition 1.1.32 Assume that the absolute value |-| is not discrete.

(1) For any lattice V of V one has (V,||-|lv)<1 €V € (V,||-|lv)<1- If in addition

there exists an ultrametric norm ||-|| on V such that V = (V,||-||)<1, then one
has V = (V,||-llv)<1-
(2) Let ||| be an ultrametric normon'V and 'V = (V,||-|)<1. Then ||-|| = |||y

Proof If x is an element of V, by the relation 1x = x € V we obtain that
||x]lv < 1.Hence V C (V, |||l )<1. In the following, we prove the inclusion relation
V,I'llv)<1 € V. Let x be an element in V such that ||x||q, < 1. By definition there
exists a € kX, |a| < 1, such that a~'x € V. Since |a| < 1 one has a € 0. Therefore
x=ala'x)eV.

The second assertion of [(T)] is a direct consequence of [2)] In the following, we
prove the statement[(2)] Let x be an element of V and
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Ac={aeck* :alxeVy={ack®: |x|| <la]}.

Since the image of |-| is dense in Ry, one has ||x||q = inf{|a| : a € A} = ||x]|.
Hence [|-[|[v = ||| 0

Remark 1.1.33 Let V be a finite-dimensional vector space over k. Proposition|1.1.32]
shows that, if the absolute value |-| is not discrete, the map Lat(V) — Nor(V), sending
any lattice V' of V to the norm ||-||4, is surjective (compare with Remark|1.1.31).

Proposition 1.1.34 Let V be a finite-dimensional vector space over k and V be a
lattice of V. Let VY = Homy, (V,0x) be the dual ox-module of V. Then one has
-l = [I-llv on VY.

Proof Let f be a non-zero element of V. Assume that a is an element of k™ such
that @' f € V. Then for any x € V and any b € k* such that b~'x € V one has
a”'f(b~'x) = (ab)™' f(x) € o and hence |b| > | f(x)|/|a|. Since b is arbitrary one
has ||x|lo = |f(x)|/|a| for any x € V and hence |a| > || f||v... Since a is arbitrary
we obtain || fllav = || fllv

Conversely, suppose that the operator norm of a non-zero linear form f : V — k
is bounded from above by 1, where we consider the norm ||-||4 on V. Then for any
x € V one has | f(x)| < ||x]l < 1 and hence f(x) € og. This shows that f € VV
and hence || f|lqv < 1. Therefore the unit ball of ||-||v contains that of ||-||_..
Moreover, since the norm |- is pure, also is its dual norm ||-||4, .. Therefore, the
norm ||-||. coincides with the norm induced by its unit ball (see Propositions[T.1.30]
and[I.1.32). Therefore, ||-||4v < ||-|l,+. The proposition is thus proved. o

1.1.8 Trivial valuation case

In this subsection, we study ultrametrically normed vector spaces over a trivially
valued field. We fix a field k equipped with the trivial absolute value |-|. If V is a
vector space over k, we denote by ®(V) the set of all non-zero vector subspaces of V.
The set O(V) is equipped with the partial order of inclusion. If ||| is an ultrametric
norm on V, we denote by W(V, ||-||) the set of closed balls of V (centered at the origin)
which do not reduce to one point, namely (see Notation

WV = {(VallDer 7> 0, (ValFDer # (0}

Proposition 1.1.35 Let V be a finite-dimensional vector space equipped with an
ultrametric norm ||-||. The set Y(V, ||-||) is a totally ordered subset of ®(V), whose
cardinal does not exceed the dimension of V over k.

Proof By definition the set W(V,||-||) is totally ordered with respect to the partial
order of inclusion. In the following, we show that any element W € W(V,||-||) is
a vector subspace of V and hence belongs to @(V). Assume that W = (V, ||-||) <,
with » > 0. Since the absolute value on k is trivial, for any x € W and any a € k
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one has |lax|| < ||x|| < r. Moreover, since the norm ||-|| is ultrametric, W is stable
by addition. Hence W(V, ||-||) is a totally ordered subset of @(V). In particular, the
function dimg(-) : W(V,||-|]|) — Ny, is injective, which is bounded from above by
dimg (V). Therefore the cardinal of W(V, ||-||) does not exceed dimg (V). O

The above proposition shows that the set W(V, ||-||) actually forms an increasing
flag of non-zero vector subspaces of V. For any W € W¥(V, ||-||), let

@ (W) :=sup{r e R : W< (V,[|-|D<er }-

Then ¢ is a strictly decreasing function on W(V, ||-||) in the sense that, if W; and W»
are two elements of W(V, ||-]|) such that Wi C W», then one has ¢ . (W1) > ¢ (Wa2).
The following proposition shows that the norm ||-|| is completely determined by the
increasing flag W(V, ||-||) and the function ¢|..

Proposition 1.1.36 Let ¥ be a totally ordered subset of (V) and ¢ : (¥,2) — (R, <)
be a function which preserves strictly the orders, that is, for any (Wi, W,) € Y2 with
Wi € Wa, one has ¢(W1) > o(W>). Then there exists a unique ultrametric norm ||-|
on 'V such that Y(V, ||-])) = ¥ and ¢ = ¢.

Proof We write ¥ in the form of an increasing flagV; € ... € V,,.Fori € {1,...,n},
let a; = @(V;). Since ¢ preserves strictly the orders, one has a; > ... > a,.
Let e = {ej}jmz , be a basis of V which is compatible with the flag ¥ (namely
card(e N V;) = kg (V;) for any i € {1,...,n}). Forany j € {1,...,m}, there exists a
unique i € {1,...,n} such that e; € V; \ Vi_; (where Vy = {0} by convention) and
we let r; = e™%. Let ||-|| be the ultrametric norm on V defined as

V(AL,....Adm) €K™, JJAte1 + -+ Apep|| = max ry.
Jjed

Note that for » > 0 the ball (V, ||||)<, identifies with the vector subspace generated by
those e; with r; < r. Hence one has W¥(V,||-||) = ¥. Moreover, for any i € {1,...,n}
one has

e (Vi) =sup{t € R : V; € (V,[|[D<er } = ai = o(Vi).

Let ||-]|” be another ultrametric norm on V verifying the relations ¥(V, ||-||) = ¥

and ¢).|» = . Forany r > 0, (V,||-|I")<- = V; if and only if r € [e™%/,e”%+[, with
the convention ag = +o0 and a,,+; = —c0. Therefore one has (V, ||-|)< = (V, ||| <
for any r > 0, which leads to ||-|| = ||-||". O

Definition 1.1.37 Let V be a finite-dimensional vector space over k. A family ¥ =
{F'(V)};er of vector subspaces of V parametrised by R is called an R-filtration of
V if it is separated (F*(V) = {0} for sufficiently positive t), exhaustive (F'(V) =V
for sufficiently negative ¢) and left-continuous (the function (¢ € R) — dimg(F*(V))
is left-continuous).

Definition 1.1.38 Let V be a finite-dimensional vector space over k and ¥ be an
R-filtration on V. Let r be the dimension of V over k. We define a map Z# :
{1,...,r} — Ras follows:
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Vie{l,...,r}, Zg(@i):=sup{t € R : dim(F(V)) > i}.
By definition, for any t € R and any i € {1,...,r} one has
Z#(i) > t = dim(F (V) > i. (1.7)

Proposition 1.1.39 Let V be a finite-dimensional non-zero vector space over k and
F and G be R-filtrations on V. Let a € R such that, for any t € R one has
F(V) € G'~%V). Then one has Zg(i) < Zg(i) + a forany i € {1,...,dimg(V)}.

Proof By the relation (I.7), for any i € {1,...,dimg(V)}, if Z#(i) > ¢, then

dimg (F(V)) > i, which implies that dimg(G'~“(V)) > i and hence (still by the
relation (I.7)) Zg(i) > t — a. Therefore we obtain Z#(i) — a < Zg(i). O

Remark 1.1.40 Let V be a finite-dimensional vector space over k. There are canon-
ical bijections between the following three sets:

(A) the set of all pairs
(O=VogV1 c...cV,=V, iy >...>ﬂn)

suchthat 0 = Vp € V| € ... € V,, = V is an increasing sequence of vector
subspaces of V and 1 > ... > p, is a decreasing sequence of real numbers.
(B) the set of all R-filtrations ¥ of V.
(C) the set of all ultrametric norms ||-|| of V over k.

In the following, we explain the construction of these canonical maps.
. The associated R-filtration ¥ on V with the data (Vo C ... € Vi, p1 >

... > W) is defined by F/(V) := V; if t € i1, ;] N R, where gy = +oo and
HUn+1 = —o0 by convention.

o [B)-[(A)} One has a sequence 0 = Vo ¢ Vi € ... ¢ V, = V such that
{T’(V) : IGR} = {Vo,V1,...,Vu}. A sequence p; > ... > u, in R is given
by u; = sup{t : F1(V)=V;}fori € {1,...,n}.

o|(A) The corresponding norm ||| to the data (Vo & ... € Vi g1 > ... > )
is given by
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et ifxeVi\ Vi,
llx]l = .
0 if x =0.

¢[(O-[(A)} By Proposition[I.1.33] there is an increasing sequence
oO=V%evic...cV,=V

of subspaces of V such that ¥(V, ||-]|) = {V1,. .., V. }. A decreasing sequence of real
numbers is given by u; = ¢).|(V;) fori € {1,...,n}.

° We define a function A¢ : V — R U {400} such that
VxeV, Ag(x):=sup{teR : x € FI(V)}.
Then the ultrametric norm ||-|| on V corresponding to ¥ is given by

VxeV, |x||=e W,

. The corresponding R-filtration ¥ to the norm ||-|| is given by F'(V) =
Vol D<e -

Let ¥ be an R-filtration on V, which corresponds to an increasing flag 0 = Vy C
Vi € ... €V, =V together with a decreasing sequence u; > ... > u, of real
numbers. Note that the sets {u,. .., u,} and {Z#(1),...,Z#(r)} are actually equal,
where r denotes the dimension of V over k. Moreover, the value y; appears exactly
dimy (V;/V;-1) times in the sequence Z#(1),. .., Z#(r).

1.1.9 Metric on the space of norms

Let V be a finite-dimensional vector space over k. We denote by Ny the set of all
norms on V. If ||-||; and ||-||> are norms on V, by Proposition[T.1.11|we obtain that

sup [0 slly = Inlls]p|
seV\{0}

is finite. We denote by d(||-||1, ||-]l2) this number, called the distance between |||
and ||-||>. It is easy to see that the function d : Ny X Ny — Ry satisfies the axioms
of metric.

Remark 1.1.41 Let V be a finite-dimensional vector space over k and ||-||p be a norm
on V, which is the trivial norm if the absolute value |-| is trivial (namely ||x|lp = 1
for any x € V \ {0}). Let A be a real number in |0, 1[. If the absolute value |-| is
non-trivial, we require in addition that 1 < sup{|a| : a € k*, |a|] < 1}. We denote
by C the annulus {x € V : 4 < ||x]lo < 1}. Note that one has C = V' \ {0} when || is
trivial. For any norm ||-|| on V, the restriction of the function In||-|| to C is bounded,



1.1 Norms and seminorms 23

and the norm ||-|| is uniquely determined by its restriction to C (this is a consequence
of Proposition[I.1.4]when |-| is non-trivial). Thus we can identify Ay with a closed
subset of Cp,(C), the space of bounded and continuous functions on C equipped with
the sup norm. In particular, Ny is a complete metric space.

Proposition 1.1.42 Let V be a finite-dimensional vector space over k, and ||-||, and
|||l be norms on V.

(1) Let U be a vector subspace of V, ||-|lu.1 and ||-||u.2 be the restrictions of ||-||;
and ||-|l2 to U, respectively. Then one has d(||-lu, 1, I|-lu,2) < d(lll1, II-|l2)-

(2) Let W be a quotient vector space of V, ||-|lw.1 and ||-|lw 2 be quotient norms of
lI-lls and ||l on W, respectively. Then one has d(||-llw 1, ll-llw,2) < d(l[-[l1, Il |l2).

Proof [(T)]follows directly from the definition of the distance function.
[@)]1t is sufficient to show that

|1l =10 llxlhw | < -l R

for x € W\ {0}. Clearly we may assume that ||x|jw 1 > ||x|lw 2. For € > 0, one can
choose s € V such that [s] = x and ||s|l2 < e€||x]l2,w. Then

0 <Inllx|lw,1 = In|lxllw2 < In|lsl —In(e™¢|Is]l)
<

= (In|lslly = In|ls|2) + € < d(|I-[l1,[I]2) + €,
as desired. O

Proposition 1.1.43 Let V and W be finite-dimensional vector spaces over k, ||-|lv.1
and ||-|lv.2 be norms on'V, and ||-|| be anorm on W. Let ||-||1 and ||-||» be the operator
norms on £ (V,W), where we consider the norm ||-|lw on W, and the norms ||-|ly 1
and ||-|lv 2 on V, respectively. Then one has

d([l-ll 1) < d(ll-lv 15 [1-llv,2)- (1.8)

In particular, one has
d(ll-Ilv. 1. IFllv.2.4) < d(ll-[lv.1-1Ilv.2), (1.9)
Moreover, the equality in holds when both norms ||-||v .1 and ||-|lv 2 are reflexive.

Proof For (L8, it is sufficient to show
In||flli = In | fll2| < d(l-llv,1,Illv,2)

for f € Z(V,W)\ {0}. Clearly we may assume that || f||; > || f]l>. By definition one

hae lf Ol £l
X)|lw X)llw
———— and |[fla= sup ——,

xevvioy llxllv,i xevvioy 1xllv.2

/1 =
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so that, for € > 0, one can find x € V' \ {0} such that e™¢|| f|l; < [|f()llw/llx]lv.1-
Therefore,

0 <Inlfll - In|if]l < In (ew) Cn (M)

llxlv,1 lx[lv,2
=(Inllxllv2 —In|lxllv,1) + € < d(['llv,1; |Illv.2) + €

as desired.
In order to obtain (I.9), it suffices to apply (I.8) to the case where (W, ||-||) =
(k,|-]). If in addition both norms ||-||y/,; and ||-||v,2 are reflexive, then one has

d(-Ilv.1, - lv.2.9) 2 dUl- v 1 IHv.20) = d- v v 2)-

Hence the equality holds. O

1.1.10 Direct sums
Let .# be the set of all convex and continuous functions ¢ : [0, 1] — [0, 1] such that
max{t,1 —t} < Y (t) for any ¢ € [0, 1].

A~
1

-

max{z, 1 -1}

|
|
|
|
|
|

1

2

Let ||-]] be a norm on R2, where we consider the usual absolute value |-|., on R. We
say that ||-|| is an absolute normalised norm if ||(1,0)|| = ||(0,1)|| = 1 and if

V(&) €R% G = 1(xlos Y1)

By [14, §21, Lemma 3], the set of all absolute normalised norms on R? can be
parametrised by the functional space . (see [[133]] for the higher dimensional gen-
eralisation of this result). If ||-|| is the absolute normalised norm corresponding to
Y €., one has

|x|

1, I = (x| + Iyl)lﬁ(m)'

In particular, one always has

llCe, I = max(|x oo, [Yleo) (1.10)
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Conversely, given an absolute normalised norm ||-|| on R?, the corresponding function
in .77 is
(t € [0,1]) — |I(z,1 —1)]|. (1.11)

For example, the function ¥(¢) = max{t,1 —t}, t € [0, 1] corresponds to the
norm (x,y) — max{|X|e,|y|w} on RZ If p > 1 is a real number, the function
Yp(t) =P +(1 - PPt € [0,1] belongs to .¥; it corresponds to the £P-norm
(x,) = (|x[P + [y|P)! /P

Given a function ¢ in ., or equivalently an absolute normalised norm on RZ, for
any couple of finite-dimensional seminormed vector spaces over k, one can naturally
attach to the direct sum of the vector spaces a direct sum seminorm, which depends
on the function .

Lemma 1.1.44 Let a, b, a’ and b’ be real numbers such that 0 < a < a’ and
0 < b < b'. We assume in addition that a + b > 0. If Y is a function in .7, then

7

’+b')

a
+h (=) <@+ b 112
@+ by (=) <@+ (1.12)
Proof For any t € [0,1], the value (¢) is bounded from below by z. Moreover,
one has (1) = 1. The function ¢ — ¥(t)/t on ]0, 1] is non-increasing. In fact, for
0 < s < t, by the convexity of the function  one has

— 1 — _ 1=
W):‘/’(i—ss " 1—;S) < i—ss'm“ 1—2‘/’“)
< i—s O 11_t¢(5)=£';0(5)-

- S N - S N

In particular, one has

@+ b (=) <@+ ——).

Moreover, the function from [0, 1] to itself sending ¢ € [0, 1] to /(1 —¢) also belongs
to .. By the above argument, we obtain that the function ¢ +— (1 — )/t is also
non-increasing. Therefore

’

b,)s(a'+b')¢(1— b )

a’ +b

@+ bW (——) =(@+bw(1--
The inequality (I.12) is thus proved. O

Proposition 1.1.45 Let (V,||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector spaces over k. For any € &, let |-|ly, : VO W — Ry be the map
such that ||(v,w)lly = 0 for (v,w) € Ny, ® Ny, and that, for any (x,y) €
(Ve W)\ (Nj.jy & Njj-j ),

e )y == (||| + ||y||)¢’(%)'
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Then ||-|ly is a seminorm on' V& W such that Ny, = Ny.|,, ® N, - Moreover, for
any (x,y) € VX W one has

max {{|x[l, [[y[1} < [1Ce, ¥y < llxll + [yl (1.13)

Proof By definition, for any (x,y) € V @ W and any « € k, one has

ll(ax,ay)lly = lal - 1(x, y)lly-

Moreover, for (x,y) € Nj.,, © N|.|w» one has ||(x,y)|ly > 0. Thus it remains to
verify the triangle inequality.

Let (x1,y1) and (x2, y2) be two elements in V & W such that (x| + xp, y; + y2) does
not belong to Ny, ® N, - One has

[1(x1 + 2x2, y1 + y2)lly = (lx1 + 220l + |ly1 + y2 | (),
where
_ llx1 + x2]
llx1 + x| + lly1 + y2l

Since [lx; +x2 || < [lxi|l + [lx2 ]l and [[y1 + y2ll < [[y1ll + [Iy2[l, by Lemma]l.1.44]one
obtains that ||(x1 + x2,y1 + ¥2)ly is bounded from above by

(leaF+ Tl ll + Myl + 20D (),

with

_ llxll + [lxa] _ (] L Il + Ilyzll)‘1
el + ezl + {lyall + 12l x ]l + llxeal

if ||x1|| + ||x2]] > 0, and v = 0 otherwise. If ||x;]| > O, let

-1
Sl iy
el + [yl [lc1
otherwise let s = 0. Similarly, if [|xz]| > 0, let
-1
L el el
2l + {12l [l

otherwise let ¢ = 0. In the case where ||x1]| and ||x;|| are both > 0, one has

, {Ilylll ||y2||} Iyl + Nyl {”)’1” IIszI}
min < <max | ——-, ——¢,

X =X
el N2 ll ) Ml + ez el llx2l

and therefore min{s,7} < v < max{s,7}. By the convexity of the function ¢ we

obtain _ 3
YY) < u(s) + ().
s—1 s—1

Note that
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vt xll + Myl s=v _ X2l + lly2ll
s=t Nl + el + Iyl + 20l s =2 fall+ ezl + lyF+ Dyl

Thus we obtain the triangle inequality ||(x1 +x2, yi+y2)lly < |1, YO lly +11(x2, y2) |l -
We now proceed with the proof of the inequalities (I.13)). The second inequality
comes from the fact that ¢ takes values < 1. The first inequality is a consequence of

Lemma|[[.1.44] In fact, by (I.12), when ||x|| > O one has

llx]
lIxI[ +0

el = el + 0w (=== ) < )l

Similarly, one has ||| < ||(x,y)|l,. The proposition is thus proved. m|

Definition 1.1.46 The seminorm ||-||,, constructed in the above proposition is called
the y-direct sum of the seminorms of V and W.

Proposition 1.1.47 Let ||-|| be an absolute normalised norm on R, Then the dual
norm |||, is also an absolute normalised norm, where Homg (R?, R) is identified with
R? by using the isomorphism 1 : R> — Homg(R2,R) given by «(x, y)(a, b) = ax + by.

Proof Let (x,y) be an element of R?. One has (recall that |-|., denotes the usual
absolute value on R)

+ by
Iyl = sup  1EFEle
©0.0xa.per? @bl

Since ||-|| is an absolute normalised norm on R?, from the above formula we deduce
that ||(x, Y)[l« = ||(|x]cos |¥|c0)|I+ for any (x,y) € R?. Moreover, by (T.T0) one has

|a|°0 |a|oo
I(LO). = sup ———s0 = T =
0,02 ber @bl ozacr [I(a0)

Similarly, ||(0, 1)||. = 1. Therefore, ||-||. is an absolute normalised norm on R?. O

Definition 1.1.48 Let ¢ be an element of ., which corresponds to an absolute
normalised norm ||-|| on R2. The above proposition shows that the dual norm ||-||, is
also an absolute normalised norm. We denote by i.. the element of .¥ corresponding
to this dual norm. Note that ¢ is actually given by

{/lt+(l—/l)(l —t)}
¥ (1) '

Yi(t) = sup
A€]0,1]

The following proposition studies the dual of a direct sum seminorm.

Proposition 1.1.49 Let (V,||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector spaces over k, Y be an element in ., and ||-|ly be the Wy-direct sum of ||-|lv
and ||-|lw-. Let ¥ € . such that yy(t) = max{t,1 —t} for any t € [0,1].

(1) Assume that the absolute value |-| is non-Archimedean. Then the dual norm
Illy,« identifies with the yo-direct sum of ||-|lv . and ||-|lw .
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(2) Assume that the absolute value |-| is Archimedean. Then the dual norm ||-||y «
identifies with the yr.-direct sum of ||-|lv.. and ||-|lw

Proof Since the null space of the seminorm ||-|| is Ny, ® N.|,, » We obtain that a
linear form (f,g) € V¥ @ W" vanishes on N , if and only if it belongs to V* & W™.
In other words, one has (V & W)* = V* & W™,

[(D)]Let (f,g) be an element in V* & W*, one has

Il = sup L9 +e0l

(s,t)eVeWw ”(S,t)”w

max{|[s|lv, It |lw }>0
ma s t
< swp SOOI o1 il gl ).

X
oevew  max{[lslly, llzllw}
max{[slv. it lw }>0

where the first inequality comes from (T.13) and the fact that the absolute value ||
is non-Archimedean. Moreover, one has

lf(s) +gO) _
Wl > e i, Vv

Similarly, one has

Il > sup  LOTEON_
IEW\N”.”W ”(07 [)”l//
Therefore [|(f,8)lly,« = max{[[fllv.s llgllw,}.
Let ||-|| be the absolute normalised norm on R? corresponding to i and let
|IIl- be its dual norm. For any (s,7) € V & W, one has ||(s,?)lly = ll(IIsllv, l£llw)Il.
Let (f,g) be an element in V* & W*. One has

ICf. )l = sup 1/ () + 801

(s,1)EV BW [1Cs, )l
max{|ls|lv,lt|lw }>0

ILF1lvs - llslly + 11gllw .« - llzllw
< sup = 1AL 1lv s g llw )l
(s,1)eVOW IClsiv, Nz lw)ll

max {|[sllv, lltllw }>0

Moreover, since k = R or C, by Hahn-Banach theorem, for any a > 0, there exists
s € V such that ||s|ly = a and that f(s) = || f|lv.. - ||s|lv. Similarly, for any b > 0,
there exists t+ € W such that ||¢t|lw = b and g(¢t) = ||gllw .« - ||#llw. Therefore the
inequality in the above formula is actually an equality. O

Proposition 1.1.50 Let f : V — V' and g : W — W’ be surjective linear maps of
[finite-dimensional vector spaces over k. Let ||-|ly and ||-|lw be seminorms on'V and
W, and let ||-||y: and ||-|lw+ be the quotient seminorms of ||-|ly and ||-|lw on V' and
W', respectively. Then the quotient seminorm ||-|lvew y.vew-»v-ew’ of |I-lvew u
on V' ® W’ coincides with ||-|lv ew’ .
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Proof 1t is sufficient to see that

Ny veew w = 1) lvew w.vew »view’

for all x” € V" and y’ € W’ with ||x'|ly» + [|[y]lw» > 0. Let x € Vandy €¢ W
with f(x) = x" and g(y) = y’. Then, as [[x|lv > ||x'[lv- and [|yllw > [[y"[lw, by
Lemma|l.1.44] one has ||(x’, y")|lv:ew’.y < |[(x,¥)llvew, g, so that

1" Y)lvvew .y < 1Y) lvew w.vew—vew:

Let us consider the converse inequality. We choose sequences {x,},en and
{Yn}new in V and W such that f(x,) = x', g(yn) = ¥, limpeo [ Xnllv = [1x"llv-
and limy, oo [|ynllw = 1y llw--

We assume that || x’||y+ + ||y’ |lws > 0. Then as || x,|lv + ||yxllw > O for sufficiently
large n and ¢ is continuous, one has

1" YD)V ew.u

X"l )
X"l + 11y llw-

(1% )

(X"l + 11y llw )y (

IxXnllv + llynllw

nll_{l(}o (X, y)llvew,w = (X", ) IVew v, vew>v:ew:,

Jim ([l [lv + Ilynllw)tﬁ(

as required. Otherwise, as

0 <X, Y)lvew,u.vew-view: < [(xn, y)llvew .y < [xullv + llynllw

and lim,, . ||Xx|lv + ||yallw = O, one has

1", ) lvew y,vew-»view: =0,
as desired. O

Remark 1.1.51 Let ¢ be an element of 7. Let {i/,,} | be a sequence of functions
given in the following ways:

Ya € R, Yi(a) = a,
a
a+h (—) ifa+b>0,
V(a,b) € RZ, Ya(a,b) = ( W a+b
g 0 ifa=b=0,
v(al’ LIRS ’an) € R;O’ Wn(al, e 7an) = wZ(lpn*](dh ce . aanfl)’ al’l)'
Let (Vi, I)ll1), - - - » (Vi |I-l) be finite-dimensional normed vector spaces over k. If
we define
Gers - x)lly = W (llx -l lln)

for (x1,...,x,) € V1 & --- @ V,, then, by Proposition [1.1.45] it yields a norm on
Vie---eV,.
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‘We assume that

Yap,aaz € Ryo,  Ya(aryn(az,az)) = ya(¥a(ay, az), as). (1.14)
Then it is easy to see that ¥, (ay,. . .,a,) = ¥vo(Yi(ay,. . .,a;)Yn-i(ais1, - - . ,a,)) for
i € {1,...,n—1},sothatthe construction of the norm ||-||, is associative. If we assume
Ya(a,b) = Ya(b,a) for all (a,b) € R in addition to (T.T4), then Y, (a,. . .,ay) is
symmetric, that is, for any permutation o, Y,(ap(1), - - - om)) = Yalai,...,an),

which means that its construction is order independent.

1.1.11 Tensor product seminorms

Let V and W be seminormed vector spaces of finite dimension over k. On the tensor
product space V ®; W there are several natural ways to construct tensor product
seminorms. We refer the readers to the original article [[73] of Grothendieck for
different constructions. In this subsection, we recall the m-tensor product and the
e-tensor product. We refer to the book [131]] for a more detailed presentation in the
Archimedean case.

Definition 1.1.52 Let (V1, ||-|l1), - - - s (Vii, ||]ln) be seminormed vector spaces over k.
Wedefineamap ||| : Vi®k: - @V, — [0, +oo[ suchthat, forany ¢ € V| Q- - - @ Vj,,

N N
Il := inf { DUl o= Y x @0 x;”}. (1.15)
i=1 i=1

Note that ||-||, is a seminorm on V; ® - - - ® Vj,. For example, the triangle inequality
can be checked as follows: for ¢,y € V| ®; - - - ®; V, and a positive number €, we
choose expressions

N M
¢=Z]:x§')®~~®x§:) and zﬁzz;yy)@---@yg)
i= Jj=

such that
N It . M o .
DUl 1 < el + € and Il 1yl < g lle + €.
i=1 j=1

Then, as

N M
<p+w=inl)®---®x5f)+2y§’)®---®yﬁf>,
i=1 =1

one has
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N M
o+ wlle < D Il 1l + D I 13l < Dl + e + 26,
i=1 j=1
as desired. We call ||-||; the w-tensor product of the seminorms ||-||1,. . ., ||||n-

Any element ¢ in the tensor product space V| ®x - -- ® V,, can be considered
as a multilinear form on Vl* X -+ X Vr. In particular, if ¢ is of the form x; ®
-+ ® Xp, the corresponding multilinear form sends (fi,..., f,) € V] X --- X V' to
Ji(x1) - fu(xn) € k. For any ¢ € V| ®; - - - ®; Vj,, viewed as a k-multilinear form
onVl*X---xV,’[,let

lells := sup leCfis- - o)l

Groodievescxvy Il = 1 fallns
Vie(l,...,n}, fi0

Then ||-||s is a seminorm on the tensor product space V| ®; - -- ® Vj,, called the
e-tensor product of seminorms ||-||1,...,]||:|lx. It is a norm once the seminorms
[Ill15- -, ]Il are norms. Similarly to the dual norm case, if the absolute value |-|
is non-Archimedean, then the e-tensor product ||-|| is ultrametric. By Proposition
[@]in the next section, we obtain that, in the case where all V; are of finite type over
k, the e-tensor product of ||-||1,. . ., |||, identifies with that of ||-||1 s« - - ||*|lr -

Remark 1.1.53 Let (V, ||||1) and (V3, ||-||2) be seminormed vector spaces over k. Let
||| be the operator seminorm on the vector space .Z(V}",V2), where we consider
the dual norm ||||; . on V;* and the double dual seminorm ||-||2,.. on V5. One has a
canonical k-linear map from V| ®; V; to Z(V;*, V) sending x ® y € V| ®; V; to the
bounded linear map (@ € V") — a(x)y. We claim that the seminorm on V; & V2
induced by ||-|| and the above canonical map identifies with the e-tensor product ||-||s
of ||-||; and ||-||. In fact, for any ¢ € V| ®; V; one has

lle(fD)ll2, le(f1, )
llell = = sup  —————— = |l¢ls.
sevavor  Mlle pevevioy Ll Rl
AeV\{0}
In particular, if ||-||2 = ||-||2..+ on V3, then the &-tensor product norm ||-||- identifies

with the operator seminorm if we consider tensors in V| ®x V5 as k-linear operators
from (V' [|-[l1.+) to (Va, [|-I2).

Proposition 1.1.54 We keep the notation of Definition|(1.1.52] If ||-|| is a seminorm

onVy ® -+ ® Vi such that ||x; ® - - - ® xu|| < ||x1ll1 - - |xnlln for any (xi,...,x,) €
Vi X -+ XV, then one has ||-|| < ||'|lx. In particular, the seminorm ||-||s is bounded
from above by ||-||z. Moreover, if |||I1,- . ., |||ln are norms, then ||-|| is also a norm.

Proof Let ¢ be an element of V| ® - - - ® V,,. If ¢ is written in the form

N
¢:inl)®~-®x§:),
i=1
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where x](.i) € V; forany j € {1,...,n}, then one has

N N
1 1 1 1
el < Y It @ - @xi Il < Y bVl -+ 1k -
i=1 i=1

Therefore we obtain ||-|| < ||-||z. Note that, for any (xy,...,x,) € V) X --- XV, one
has
x ... x
||X1 ® .. ® xn”g - Sup |ﬁ( l)l |fl’l( n)|
GireotireVixesvyy Il === L falln s
Vie{l,...,n}, fi#0
=[x lltee = o llnges < il - - 11X -
Therefore, one has ||-||s < ||||z- If the seminorms ||-||; (¢ € {1,...,n}) are norms,
then ||| is a norm and hence ||-|| is also a norm. O

Remark 1.1.55 From the definition we observe that the e-tensor product and -
tensor product are commutative. Namely, if V| and V;, are finite-dimensional normed
vector spaces over k, then the canonical isomorphism V; @, Vo — V, ®; V; is an
isometry if we consider e-tensor products or m-tensor product norms on both sides.
The e-tensor product and the w-tensor product are also associative. Namely, if V/,
V, and Vj are finite-dimensional normed vector spaces over k, then the canonical
isomorphisms (V1 ®; V2)®r V3 — Vi@ Va@r V3 and Vi @, (Vo @1 V3) — Vi@ Vo Ry V3
are both isometries.

Remark 1.1.56 Let (V1, [|]l1), - - ., (Vii, ||||) be finite-dimensional seminormed vec-
tor spaces over k. From the definition, we observe that, if (uy,...,u,) is an element
of Vi X ---xV,, then one has

lug ® - ® unlle = Il ”l** T ”un”n** (1.16)
If the seminormed vector spaces (Vi, [|*[l1), - - ., (Vi, ||-]l) are reflexive, by (I.16)
and Proposition|1.1.54] we obtain that, for any (i, ...,u,) € V| X --- X V,,, one has

n
[ [l =l @+ @ unlls < llur @ -+ @ eyl
i=1

Moreover, by definition one has ||u; ® - - - ® up ||l < ||u1lly - - - [|un|l;- Therefore
lur @ - @ uplle = llu1 ® - - @ upllx = llurlli - - - llunlln. (1.17)

In particular, if Vj,...,V,, are seminormed vector spaces of dimension 1 over k (in
this case they are necessarily reflexive), then their e-tensor product and m-tensor
product norms are the same. We simply call it the fensor product of the seminorms

-l 1l
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Proposition 1.1.57 Let (V,||-|l1),- - -, (Va, I:ln) be finite-dimensional seminormed
vector spaces over k. Let ||-||«.x and |||« = be respectively the n-tensor product and
the g-tensor product of the dual norms ||-||1«,...,||"|ln,«. The e-tensor product of
I-llis- - -5 ||l identifies with the seminorm induced by the dual norm |||« .. on
(Vi ®k -+~ & V)" by the natural linear map Vi @ - ® Vp — (V] & - ® V)"
If the absolute value || is Archimedean, then the n-tensor product of ||||1,. .., ||:|lx
identifies with seminorm induced by the dual norm ||-||s.¢ . on (V" ® - - ® V,;)* by
the natural linear map Vy ®y + - & Vyy — (V] & - & V)"

Proof Let ¢ be an element in V| ®; - - - ® V,,, which can also be viewed as a k-
multilinear form on V" X - - - X V7 or a linear form on V" & - -- ® V,;. Let @ be an
elementin V| ® - - - & V,. If « is written in the form

o= Z ) g...q i)

where f(’) € V7, then one has ¢(e) = >N (£, ..., £\7) and hence

N
le(@)l < D17 KD
i=1

Thus we obtain

o(@)] B lo(£ ™, 1)
SE N 0 e NN Ul

Therefore ¢ is a bounded linear form on (V;"® - - -® ;1\, [|-l+.2) and [[@[ls 7« < [l
For any (fi,...,fn) € (V] \ {0}) x--- X (V; \ {0}) one has

lo(i®- @ f)l _ _leCf- oSl lelfi-. oo fo)l
”fl ®®fn”*,7r ”fl ®®fn”*,7r g ”fl”l,* ”fn”n,*

Therefore one has ||¢||z < ||¢||+.x,« The first assertion is thus proved.
If |-| is Archimedean, any finite-dimensional normed vector space is reflexive.

< llelle-

By the first assertion, the dual norm of the w-tensor product of ||-||1,...,]|-||, is the
g-tensor product of ||-||1 ., . . ., ||-|ln.. By taking the double dual seminorm we obtain
that the m-tensor product of ||-||;,. . ., |||, identifies with the seminorm induced by
““*a* o

Proposition 1.1.58 Let V and W be seminormed vector spaces over k, and Q be a
quotient space of V, equipped with the quotient seminorm. Let Vjy be the kernel of the
projection map V- — Q. Then the canonical isomorphism (V @, W)/(Vy & W) —
Q& W is an isometry, where we consider the n-tensor product seminorms on V@, W
and Q Q W, and the quotient seminorm on (V @, W)[(Vy ®; W).

Proof Let y be an element of Q ®; W. One has
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N N
1l = inf { 3" llll - lvill s N €Ny = Y ai @ i)
i=1

i=1

N
= inf inf inf >l - llyill = inf gl
NeN ()N, QN (x)N evN peVew
ON, ewN  [xil=ai B lpl=y
wzzf\;]ai®yi

Remark 1.1.59 We consider the e-tensor product analogue of the above proposition.
Let f be an element of V ®; W, viewed as a k-bilinear form on V* x W*. Then its
image g in Q ®; W corresponds to the restriction of f to Q* X W*. By Proposition
the dual norm on Q* of the quotient seminorm identifies with the restriction
to O of the dual norm on V*. Therefore, one has ||g||s < || f]|e. However, in the case
where the absolute value || is Archimedean, in general the inequality

< inf
Iglle < _inf U7l

flo*xw+=g

is strict. In fact, this problem is closely related to the extension property of the
normed vector space V*, which consists of extending a linear operator defined on a
vector subspace of V* and valued in another seminormed vector space while keeping
the operator seminorm. In the case where the linear operator is a linear form (namely
valued in k), it is just a consequence of Hahn-Banach theorem. However, in general
the extension property does not hold, except in the cases where dimg (V) < 2 or the
norm on V comes from a symmetric semipositive bilinear form (see §I.2.1] for the
notation). We refer the readers to [92] [132]] for more details.

In the case where the absolute value || is non-Archimedean, any dual norm is
ultrametric, we will give a proof for the g-tensor product analogue of Proposition

[1.1.58] by using the ultrametric Gram-Schmidt process (see Proposition[1.2.36).

Proposition 1.1.60 Let (V,||-|lv) and (W, ||-|lw) be seminormed vector spaces over
k, Vo be a vector subspace of V and ||-|lv, be the restriction of ||-||v to Vp.

(1) Let |||l be the m-tensor product of ||-|lv and ||-|lw, |||lx,0 be the m-tensor
product of ||-|lv, and ||-|lw. Then the seminorm |||z, is bounded from below by
the restriction of ||| to Vo ®x W.

(2) Let |||l be the e-tensor product of ||-|lv and ||-|lw, and ||-||c.0 be the &-tensor
product of ||-|lv, and ||-|lw. Then the seminorm ||-||¢,0 is bounded from below by
the restriction of ||-||e to Vo @« W.

Proof [(T)| Let ¢ be an element of Vy ®, W. By definition, for any writing of ¢ as
Zf\il x; ® y; with {x1,...,xy} € Wy and {y1,...,yn} € W, one has

el < D Ml - yilhw.

N
i=1

Therefore [|¢llx < [l¢llx.0-
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We consider the canonical linear map V* — V sending a bounded linear form
on V to its restriction to Vp. Note that for any f € V* one has || fllv,.« < [If]lv .+
where fj is the restriction of f to Vj. Therefore, for any element ¢ of V ®x W, viewed
as a bilinear form on Vj X W* or as a bilinear form on V* X W* via the inclusion
Vo®r W C Ve, W, one has

le(fo0,8)I le(f, )l
lelleo=  sup ———"— >  sup e = [
oevexwe 1fvellglw.s = 7 grevexws 1fllv.sligliw .«
£#0, g#0 f#0,8#0
Proposition 1.1.61 Let n be a positive integer and
{Vill-Iv)Yio,  and AW II-lw) Y,
be finite-dimensional seminormed vector spaces over k. For any j € {1,...,n}, let

fi : Vi = W; be a bounded k-linear map. Let f : Vi ® -+ - @V, = W1 & - & W,

be the k-linear map sending x; ® - - - ® x,, to fi(x1) ® - - - ® fu(xn).

(1) We equip the vector spaces Vi ® -+ Q V,, and Wi ®y, - - - & Wy, with the -
tensor product seminorms of {|-|lv;};_, and of {I|llw; };_,, respectively. Then
the operator seminorm of f is bounded from above by || fil| - - - || full-

(2) We equip the vector spaces Vi ®; - -+ & V,, and Wi Q - - - @ W,, with the &-

tensor product seminorms of {||-|lv, ]’.‘:1 and of {||-|lw; ]’.’:1, respectively. Then

the operator seminorm of f is bounded from above by || f{'|| - - - || £,/ |-

Proof [()]Let ¢ be an element in V; ® - - - ® V,,, which is written as
N . .
Q= inl)®-~'®x£,l)
i=1

where xj(.i) €V, forany j € {1,...,n}. By definition, one has

N
@)= fithe & filx).
i=1

Therefore

N
1F@) e < D NACD I, -+ 1 faxiD)llw,

i=1
n N ] )
< (TT080) 250 - 1.
i=1 i=1

Thus || f(@)ll= < [/l [ fall - Nl

@]Let ¢beanelementin V| ®y- - -®, V;,, which can be viewed as a multilinear form
on Vi X --xV,;. Then the element f(¢) € W| & - - - & W, viewed as a multilinear
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formon Wi x---x W, sends (B1,...,B,) € Wi x---x W t0 o(f{(B1),- - -, [y (Bn))-
Thus for (B1,. .., B8n) € (W} \ {0}) X --- x (W,; \ {0}), one has

f @B Bl _ lellll A BV s - L (B)llv,
B1lw - 1Bullw, e 181 Iwy = B llw, .«

< llellellAM-- 1A,

so that [| f(©)lls < llellell /Il -- - [1f71] as required. a

1.1.12 Exterior power seminorm

Let V be a vector space over k and r be the dimension of V over k. For any i € N, we
let A’V be the i™ exterior power of the vector space V. It is a quotient vector space
of V&,

Definition 1.1.62 Let ||-|| be a seminorm on the vector space V and ||-||, be the
n-tensor power of ||-|| on V® . The i?* n-exterior power seminorm of ||-|| on AV is by
definition the quotient seminorm on A’V of ||-||, induced by the canonical projection
map V& — A’V sending x; ® --- ® x; to x; A - -+ A x;, denoted by [|-||: , or simply
by ||-||i. Similarly, the e-tensor product seminorm ||-||. on V® induces by quotient
a seminorm on AV, called the i -exterior power of ||-||, denoted by ||-|| AL-
Proposition 1.1.63 Let (V,||-||) be a seminormed vector space over k and i be a
natural number. For any (x1,. . .,x;) € Vi one has

lxr A Axillae < Dlee A Axllae < Dl ).

Proof The first inequality follows from Proposition[I.1.54]
Note that x; A --- A x; is the image of x| ® - -- ® x; by the canonical projection
map V& — A!V. Therefore one has

ot A Axillae < llxr @ - @ xille < il - |l
where ||-||, denotes the w-tensor power of ||-|. O

Proposition 1.1.64 Let V and W be seminormed vector spaces over k and f : V —
W be a bounded k-linear map. Let i be a positive integer. The k-linear map f induces
by passing to the i"* exterior power a k-linear map A f : A'V — A'W.

(1) If we equip A'V and N'W with the i n-exterior power seminorms, then the
operator seminorm of A' f is bounded from above by || f||'.

() If we equip A'V and A'W with the i'" e-exterior power seminorms, then the
operator seminorm of A* f is bounded from above by || f*||'.

Proof Let us consider a commutative diagram:
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®i
V®i N W®i

.

AV ——= AIW
A'f

By in Proposition|1.1.14] we obtain ||A’ f]| < || £®/||. Thus the assertions follow
from Proposition[T.1.61] mi

1.1.13 Determinant seminorm

Let V be a finite-dimensional vector space over k. Recall that the determinant of V
is defined as the maximal exterior power A"V of the vector space V, where r is the
dimension of V over k. It is a quotient space of dimension 1 of V®". We denote by
det(V) the determinant of V.

Definition 1.1.65 Assume that the vector space V is equipped with a seminorm ||-||.
We call the determinant seminorm of ||-|| on det(V) and we denote by ||-||ge; the 7-
exterior power seminorm of ||-||, that is, quotient seminorm induced by the n-tensor
power seminorm on V&,

Proposition 1.1.66 (Hadamard’s inequality) Let (V,||-||) be a finite-dimensional
seminormed vector space of dimension r > 0 over k. For any n € det(V),

(171l det =inf{||)€1||"-||xr|| D =X /\.../\xr}_

In particular, the determinant seminorm is a norm if and only if ||-|| is a norm.

Proof If n is written in the formn = x; A - - - A x;-, where x,. .., x, are elements in
V, then it is the image of x; ® - - - ® x,- by the canonical projection V& — det(V).
Therefore one has ||7]|get < ||x1]| - - - ||x+]]. Thus we obtain

lIllaee < inf {[lxill-- 10l : p =0 A= Ax )

In the following, we prove the converse inequality. It suffices to treat the case
where n # 0. By definition one has

N N
Illaec = inf { - Dl s = 2 A a0},
i=1

i=1

,,,,,,,,,,

Let {ej}]’.:l be a basis of Vand g = e¢; A--- Ae,. Forany i € {1,...,N}, there
exists @; € k such that x}l) Ao A D
assume that all a; are non-zero and that

= a;no. Without loss of generality, we may
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(1)“...

1 . .
R T Py (Ve

|ai] ie{l.N) |ail
Note that one has

772(111+~-+61N)T]0=(1+%+~~+a—N)xgl)/\'”/\xi]),
ai ai

and
a an 1 1
1 2 SO )
ai aj
[25) N
1 1 i i
< T+ 2]+ 2P < D
@ & i=1
The proposition is thus proved. O

Remark 1.1.67 Let (V, ||-||) be a non-zero finite-dimensional normed vector space
over k. Let r be the dimension of V over k. Proposition [I.1.66] shows that

inf{M:(xl,...,xr)eVr,xl/\---/\xrth}:1. (1.18)
lxr A= A Xy ldet

If the infimum is attained by some (ey,...,e,) € V”, then {e; I_, is called an
Hadamard basis of (V,||-]|). By convention, the empty subset of the zero normed
vector space is considered as an Hadamard basis.

Corollary 1.1.68 Let V be a finite-dimensional seminormed vector space over k and
W be a vector subspace of V. The canonical isomorphism (see [28|] Chapter 111, §7,
no.7)

det(W) ® det(V/W) — det(V) (1.19)

has seminorm < 1, where we consider the determinant seminorm of the induced
seminorm on det(W) and that of the quotient seminorm on det(V /W), and the tensor
product seminorm on det(W) ® det(V /W) (see Remark|1.1.56).

Proof Let {xi,...,x,}beabasisof W and {yi,. ..,y } beelements in V\ W whose
image in V /W forms a basis of V/W. By Proposition|1.1.66|one has

lxe Ao Axn Ayt A A ymllaes < el llxall - yall- == lymll-

Note that if we replace each y; by an element y; in the same equivalent class, one
has
XA AXg AYIA AV =X A AXg AY[ A= Ay,

Hence we obtain
et Avs A Ayt A Aymll < el Al (I Hm]ll-

Therefore, for any € det(W) and n’ € det(V /W) one has
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<t T )
A m e < intlle ) (el
XU AXn=1] 1A Alym =0’

which leads to, by Proposition|1.1.66} the inequality |7 A 7’ |lget < |[7ldet - 1177 ||det.O

Proposition 1.1.69 Let (V,||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector spaces over k, and n and m be respectively the dimensions of V. and W over
k. We equip V ® W with the n-tensor product seminorm ||-||z. Then the natural
k-linear isomorphism det(V ®, W) = det(V)®" ®; det(W)®" is an isometry, where
we consider the determinant seminorm of ||-||x on det(V &, W) and the tensor product
of determinant seminorms on det(V)®™ ®; det(W)®".

Proof Let ||-||’ be the seminorm on det(V)®" ® det(W)®" given by tensor product
of determinant seminorms. By Proposition[I.1.58] the seminorm ||-| identifies with
the quotient of the m-tensor power on (V ®; W)®"" of the seminorm ||-|| on V ®; W.
In other words, ||-||” identifies with ||| det. O

Proposition 1.1.70 Let (V,||-||) be a finite-dimensional seminormed vector space
over k and r be the dimension of V over k. Let i be a positive integer. Then the

. r-1
canonical k-linear isomorphism det(A'V) — det(V)®(i—l) is an isometry, where we
consider the i m-exterior power seminorm on A'V.

Proof Consider the following commutative diagram

veil) Pt der(v)ye(ii

(AV)*) —— det(AV)

By definition, if we equip vei(?) with the n-tensor product seminorm, then its
quotient seminorm on (A’ V)®(§) identifies with the m-tensor product of the m-
exterior power seminorm. Moreover, by Proposition the quotient seminorm
on det(A?V) (induced by p3) of the tensor product of the -exterior power seminorm
identifies with the determinant seminorm of the latter. Still by the same proposition,
the quotient seminorm on det(V)®(?:ll) induced by p; identifies with the tensor
power of the determinant seminorm. Therefore the natural isomorphism det(A’V) —

det(V)@’(ﬁll ) preserves actually the seminorms by using in Proposition|1.1.14} O

1.1.14 Seminormed graded algebra

Let R. = B, o Ry be a graded k-algebra such that, for any n € N, R, is of
finite dimension over k. For any n € N, let ||-||, be a seminorm on R,. We say
that R, = {(Rp, |||ln)}nen is @ seminormed graded algebra over k if the following
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submultiplicativity condition is satisfied: for any (1,m) € N? and any (a,b) € R,, X
R,,, one has
lla - bllnsem < llalln - 1Bl

Furthermore, we say that R, is of finite type if the underlying graded k-algebra R, is
of finite type over k.

Let M. = P,z My be a Z-graded k-linear space and & be a positive integer. We
say that M, is an h-graded R.-module if M, is equipped with a structure of R,-module
such that

V(n,m) e NXZ, V(a,x) € Ry XM,, ax € Myjim.

Let M, be an h-graded R,-module. Assume that each homogeneous component M,,
is of finite dimension over k and is equipped with a seminorm ||-|[»s,, . We say that
M, = {(Mm, -1l Mm)}mEZ is a seminormed h-graded R,-module if the following
condition is satisfied: for any (n,m) € N x Z and any (a, x) € R, X M,,, one has

la - XM < Nalln - 11 x1lag,, -

We say that an h-graded R.-module M., is of finite type if the underlying h-graded
R.-module M, is of finite type.

Proposition 1.1.71 Let R, = {(Ry, ||-|ln)}nen be a seminormed graded algebra over
k. Let I, be a homogenous ideal of R, and R, := R,/ I..

(1) Let ||-||;, be the quotient seminorm on R), induced by ||-||n and R, — R),. Then
R = {(R., Il }next forms a seminormed graded algebra over k.

() Let M, = {(My,, ||-la1,, )} men be a normed h-graded R,-module and f, : M, —
N. be a homomorphism of h-graded modules over R,[qWe assume that I, -N, = 0
and f, © My, — Ny, is surjective for all m € Z. Let ||||n,, be the quotient
seminorm on Ny, induced by ||-||p1,, and fn. Then N. = {(Np, ||I-IN,,) }men
forms a seminormed h-graded R’-module.

Proof First let us see the following:
V(n,m) e NXZ, (a’,y) € Ry X N, Nla” - YNy < M@l - 1Yl (1.20)

Indeed, for a fixed positive number €, one can find a € R, and x € M,, such that

lal =a’,  llalln <ella’lly,
Jm(x) =y, xlla,, < e€llylln,,-

Then, as f,(a-x)=a’ -y,

2
a" - YN <N Xlbtg < Nalln - Ixllag,, < e™la’lly - 11Vlln,.

3 That is, for each m € Z, f;,, : M,;, — N, is a k-linear map such that f;,j, . (a - x) = [a] - fin(x)
forall a € R,, and x € M,,.



1.1 Norms and seminorms 41

which implies (1.20) because € is an arbitrary positive number. Applying (1.20) to
the case where M, = R, and N, = R/, one has
V(n,n') eN? V(a,b)eR, xR, |la -V .., <ldl,-I&'ll,,. (1.21)

n’ n+n’

Thus [(T)]is proved, so that[(2)]is also proved by (1.20). O

1.1.15 Norm of polynomial

Let k[ X] be the polynomial ring of one variable over k. For f = a, X" +---+a; X +
ap € k[X], We define || f]| to be

Il fIl := max{lanl,. .., lail,|aol}.
It is easy to see that ||-|| yields a norm of k[ X] over k.
Proposition 1.1.72 For f,g € k[X], one has the following:

(1) If the absolute value of k is Archimedean, then

/gl < min{deg(f) + 1,deg(g) + L}HI /Il - llgll.

where the degree of the zero polynomial is defined to be —1 by convention.
(2) If the absolute value of k is non-Archimedean, then || fg|| = || fI| - lIgll-

Proof Clearly we may assume that f # 0, g # 0 and deg(f) < deg(g). We set

f=a,X"+---+a1 X + ay,
g=bu X"+ -+ b1 X + by,
fg=cromX™™M + -+ 1 X + ¢,

where n = deg(f) and m = deg(g). Then
] = Z aibj,
(i.)eAd)

where
Al) = {(i,j):i+j=l,ie{O,...,n},je{O,...,m}},

so that, as card(A()) < n + 1, one has

Z lai| - |b;] < (n+ DIfIl - llgll (Archimedean case),
lc1| < 4 G.0eAw)

max {|a;| - |b;[} < Il -llgll (non-Archimedean case).
(i,/)eA()
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Thus and the inequality || fg|| < ||f]l - |lgl|l in the non-Archimedean case are
obtained.
Finally let us consider the converse inequality in the non-Archimedean case. We
set
@ =minfi:la| =[£I} and B=min{j: b = lgl}.

Note that if i + j = & + g and (i, ) # (a,f), then |a;| - |b;| < || f|| - llg|l because
either i < @ or j < B. Therefore, |cq+p| = || ]| - |lgll by Proposition|I.1.5|and hence
78l = 111 - llgll- o

1.2 Orthogonality

The orthogonality of bases plays an important role in the study of finite-dimensional
normed vector spaces. In the classic functional analysis over R or C, the orthogonality
often refers to a property related to an inner product. This property actually has an
equivalent form, which has an analogue in the non-Archimedean case. However, in a
finite-dimensional normed vector space over a non-Archimedean valued field, there
may not exist an orthogonal basis. One can remedy this problem by introducing an
approximative variant of the orthogonality. This technic is useful in the study of
determinant norms.

1.2.1 Inner product

In this subsection, we assume that the absolute value |-| is Archimedean. In this case
the field k is either R or C and we assume that |-| is the usual absolute value.

Let V be a vector space over k. A map (,) : VXV — k is called a semidefinite
inner product on V if the following conditions are satisfied:

() (x,ay + bz) = a{x,y) + b{x,z) for all (x,y,z) € V> and (a, b) € k.
(i) (x,y) = (y,x) for any (x,y) € V?, where (y,x) is the complex conjugation of

(. x).
(iii) (x,x) € Ryp forany x € V.

If {(x,x) > 0 for any x € V' \ {0}, we just say that (,) is an inner product. Namely,
an inner product means either a scalar product or a Hermitian product according to
k = R or C. Note that the semidefinite inner product (,) induces a seminorm ||-|| on
V such that ||x|| = (x,x)!/? for any x € V.

Proposition 1.2.1 Let V be a vector space over k, {,) be a semidefinite inner product
on'V and ||-|| be the seminorm induced by ().

(1) For any x € Ny and any y € V one has (x,y) = (y,x) = 0.
(2) The semidefinite inner product {,) induces by passing to quotient an inner
product (,)~ on V[N such that
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V(xy) eV ([xLIyD™ = (xy),

where [x] and [y] are the classes of x and y in V[N, respectively. Moreover,
one has (||la||*)? = (@, @) for any a € VN

(3) Assume that V is of finite dimension over k. For any bounded linear form f on V
there exists an element y in V such that f(x) = (y,x) for any x € V. Moreover,
the element y is unique up to addition by an element in N).).

Proof By Cauchy-Schwarz inequality, one has |{x,y)|> < ||x||> - [ly]|> = O.
Hence (x,y) = 0. Similarly, {(y,x) =0
[@)|By[(T)]and the properties [(D)] and [(ii)] of semidefinite inner product, we obtain
that, if x, x’, y and y” are vectors in V such that x — x” € N and y —y’ € N|.;, then
(x,y) = (x’,y’"). Therefore the semidefinite inner product (,) induces by passing to
quotient a function
YT (VN X (VN — k.

From the definition it is straightforward to check that (,)~ is a semidefinite inner
product and (@, @)~ = (||e|~)? for any a € V/Nj.y. It remains to verify that (,)~
is definite. Let x be an element in V such that ([x],[x])~ = 0. Then one has
(x,x) = ||x||*> = 0. Hence ||x|| = 0, namely x € Nj.j.

@] Since f is a bounded linear form, it vanishes on N).. Hence there exists a
unique linear form f : V/Nj.; — k such that fox = f, where 7 : V. — V/Nj|
is the projection map. Moreover, by Riesz’s representation theorem for usual finite-
dimensional inner product space, there exists a unique 8 € V/N) such that f(a) =
(B,a)~ for any a € V/N).. Hence we obtain that the equivalence class § equals the
set of y € V such that f(x) = (y,x) forany x € V. O

Let V be a finite-dimensional vector space over k equipped with a seminorm ||-|.
We say that the seminorm ||-|| is Euclidean (vesp. Hermitian) if k = R (resp. k = C)
and if the seminorm |[|-|| is induced by a semidefinite inner product. Note that if a
seminorm ||-]| on V is Euclidean (resp. Hermitian), then also is its dual norm on
V*. In fact, if (,) is a semidefinite inner product on V and ||-|| is the corresponding
seminorm, then it induces (by Riesz’s representation theorem) an R-linear isometry
¢ (VN 1) = (VA I|l«) such that

V(xy) e Vi dlxD) = (x).

Moreover, for a € k and x € V one has t(ax) = a t(x). Then the dual norm on V* is
induced by the following inner product (, ).:

V(e )€ (V)2 (@f) = (Ha)l(B)~.

Remark 1.2.2 Let i : [0,1] — [0, 1] be the function t > (1> + (1 — 1))/ If V
and W are finite-dimensional vector spaces over k equipped with semidefinite inner
products, then the direct sum seminorm ||-]|, on V @ W as constructed in ! is
induced by the semidefinite inner product on V @& W defined as <(x, ), (x",y")
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(x,x") + (y,¥’). The seminorm |[|-||, is called the orthogonal direct sum of the
seminorms on V and W corresponding to their semidefinite inner products.

1.2.2 Orthogonal basis of an inner product

In this subsection, we assume that the absolute value |-| is Archimedean. Let V be
a finite-dimensional vector space over k equipped with a semidefinite inner product
(,). Let ||-|| be the seminorm induced by (,). We say that a basis {ey,...,e;} of V

is orthogonal if (e;,e;) = 0 for distinct indices i and j in {1,...,r}. If in addition
(ei,e;) = 1foranyi € {1,...,r} such thate; € V'\ Nj.|, we say that {e,...,e,} is
an orthonormal basis. Note that, if {e,. .., e, } is an orthogonal basis, then
r
V(o d) €K e+ 4 el = Y1 -l (122)

i=1

Moreover, by the Gram-Schmidt process, there always exists an orthonormal basis
of V (cf. the proof of Proposition[1.2.30).

The following proposition provides an alternative form for the orthogonality
condition of a basis in a finite-dimensional vector space equipped with a semidefinite
inner product.

Proposition 1.2.3 Let V be a finite-dimensional vector space over k, equipped with
a semidefinite inner product (). Let {e;}!_, be a basis of V. Then it is an orthogonal
basis if and only if the following condition is satisfied:

V(A,...,A) k™, |ldter+---+ Aeer|| = {r{lax }llxll-el-ll. (1.23)

teql,..., r
Proof 1f {e;}!_, is an orthogonal basis of V, then by (I.22) we obtain that the
inequality (L.23) holds. Conversely, assume given a basis {e;}!_, of V which verifies

the condition (T:23). Then for any (4;,...,4,-1) € k"=, one has

ldrer + -+ Ar_1er—1 +er]l = ller]l,
which implies that e, is orthogonal to the vector subspace generated by ey, ...,e,_;.
Indeed, ||(x€)e; + e, || > |le.|| for € > 0, which implies that €||e;||> + 2{e;,e,) > 0,

and hence +(e;,e,) > 0 by taking the limit when € — 0, as required. Therefore by
induction we obtain that the basis {e;} _, is an orthogonal basis. m]

1.2.3 Orthogonality in general cases

In this subsection, we consider a general valued field (k, |-|), which is not necessarily
Archimedean. Let V be a finite-dimensional vector space over k and ||-|| be a semi-
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norm on V. We say that a basis {e;}_, of V is orthogonal if for any (ay, . . .,a,) € k"
one has
larer + -+ +arer|| > max |lae]l.
ie{l,..., }

If in addition ||¢;|| = 1 forany i € {1,...,r} such that ¢; € V '\ N}, we say that the
basis {e;}/_, is orthonormal. We have seen in Proposition that this definition
is equivalent to the definition in when the absolute value |-| is Archimedean
and the seminorm ||-|| is induced by a semidefinite inner product.

The existence of an orthogonal basis in the non-Archimedean case is not always
true. We refer the readers to [120, Example 2.3.26] for a counter-example. Thus we
need a refinement of the notion of orthogonality.

Definition 1.2.4 Let (V,||-||) be a finite-dimensional seminormed vector space over
k, and @ € ]0,1]. We say that a basis {ey,...,e,} of V is a-orthogonal if for any
(A1,...,4,) € k" one has

ldrer + -+ Arer|| > amax {|4] - ller]l.. ... |4-] - ller]l}-

Note that the 1-orthogonality is just the orthogonality defined in the beginning of
the subsection. We refer the readers to [[120, §2.3] for more details about this notion.

Proposition 1.2.5 Let (V,||-||) be a finite-dimensional seminormed vector space over
k, a be an element in 10,1], and e = {e;}!_, be an a-orthogonal basis of (V,||-|]).
Then the intersection of e with N\.| forms a basis of N| ..

Proof Without loss of generality, we assume that e N N = {ey,...,e,}, where
n € N, n < r. Suppose that N, is not generated by e N N, then there exists an
element x = Ajey + - - - + A,-¢, in N which does not belong to the vector subspace
of V generated by e N V.. Therefore there exists i € {n+1,...,r} such that 4; # 0.
Since the basis e is a-orthogonal, one has

0 =1lx|l > ald:] - le:]l >0,
which leads to a contradiction. O

Proposition 1.2.6 Let (V,||-||) be a finite-dimensional seminormed vector space over
k, @ € 10,1] and e be an a-orthogonal basis of V. Let e’ be a subset of e and W be
the vector subspace of V generated by all vectors in e’.

(1) The set e’ is an a-orthogonal basis of W with respect to the restriction of ||-|| to
w.

(2) The image of e N (V\ W) in V/W forms an a-orthogonal basis of V /W with
respect to the quotient seminorm of ||-||. Moreover, for any x € e N (V \ W),
the quotient seminorm of the class of x is bounded from below by «||x||. In
particular, if @« = 1, namely e is an orthogonal basis, then for any element
x € eN(V\ W), the quotient seminorm of the class of x in V |W is equal to || x||.
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Proof Assume that e’ = {ej,...,e,}. Since W is generated by the vectors in
e’, {e,...,e,} is a basis of W. Since e is an a-orthogonal basis of V, for any
(A1,...,4,) € k" one has

[drer + -+ + Anenll > amax{| 1] - [lell,. ... ] - llenll}.

Therefore {ey,...,e,} is an @-orthogonal basis of W.

[2)] Assume that e’ = {ey,...,e,} and e N (V \ W) = {ens1,...,e-}. It is clear
that the canonical image of e N (V \ W) in V/W forms a basis of V/W. It remains
to show that it is an @-orthogonal basis. Let ||-||” be the quotient seminorm of ||-||
onV/W.Foranyi e {n+1,...,r}, let y; be the canonical image of ¢; in V/W. Let
(A1,...,4,) be an element in k”. Since e is an a-orthogonal basis of (V, ||-|), for any
(A1,...,4,) € k" one has

lrer s+ drerll >0 _max |4l lledl > max 14 flei].

~~~~~~~~~~~~~

Therefore, for any (A,41,...,4,) € k"~" one has (note that y; = [e;])

lAnciynsr +--+ 43" >0 max || -llell > max 4] |yl
ie{n+l,..., r} ie{n+l,..., r}

Hence {y;}]_,,, is an a-orthogonal basis of V /W. The first inequality also implies
that ||y;]|” = a|lei|| foranyi € {n+1,...,r}.ffa = 1,foranyi € {n+1,...,r} one
has

lyill” > lleill > lly:ll’s

which leads to the equality ||y;||” = |le;]|- O

The following proposition shows that, in the Archimedean case, any finite-
dimensional normed vector space admits an orthogonal basis. In general case, for
any a € ]0,1[, any finite-dimensional normed vector space admits an @-orthogonal
basis.

Proposition 1.2.7 Let (V,||-||) be a finite-dimensional normed vector space over k.
Then we have the following:

(1) For any a € 10, 1], there exists an a-orthogonal basis of V.

(2) Any Hadamard basis of V is orthogonal (see Remark[I.1.67).

(3) If the field k is locally compact and the absolute value || is not trivial, then V
admits an Hadamard basis, which is also an orthogonal basis.

Proof [(T)} [2)] By Proposition[I.1.66] we can choose a basis e = {¢;}/_; such that

ledll---llerll -1
ller A Aerll

We claim that e = {e;}/_, is a-orthogonal. Let (1,. .., 4,) be an element in k" and

x=A1e; +---+ Are.. Foranyi € {1,...,r}, by Proposition|l.1.66| one has
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lledll---lle-ll _ 0! llell - -~ llei—tll - l1xIl - lleistll - - llexl
S .
llex A -+ Aell ley A---eit Ax Aegrr Ao+ Aep|

Therefore one has ||x|| > a|A;| - ||e;:]|. Since i € {1,...,r} is arbitrary, we obtain that
{ei}_, is an @-orthogonal basis. A similar argument also shows that an Hadamard
basis is necessarily orthogonal.

[(3)|We assume that k is locally compact and |- is not trivial. Then, as V is locally
compact, there is ag € k> such that (V,||-||)<|q,| is compact. By Proposition if
we choose A with A < sup{|a| : a € k*, |a| < 1}, then, for any x € V' \ {0}, there is
b € k* such that 2 < ||bx|| < 1. Here we set

C={xeV : Aao| < llx[l < laol},

which is a compact set in V. For (x1,...,x,) € (V \ {0})", there are by,...,b, € k*
such that A < ||b;x;|| < 1 for all i, so that (agbx1,...,a0b,x,) € C" and

l(aobixi) A -+ Aaobyx )l llxg Ao A x|

llaobyx1l| - - - llaoby x| el el
Hence the function
llxy A= A x|l
lloen [ -« {2l

attains its maximal value on (V '\ {0})", which is equal to 1. The proposition is thus
proved. O

(X1, ) —

Remark 1.2.8 (1) In the case where || is trivial and ||-|| is ultrametric, there is an

orthogonal basis e for ||-|| by Proposition [1.2.30} Thus, by Proposition [1.2.23] e is
an Hadamard basis of (V, ||-|]).

(2) We assume that k is an infinite field and the absolute value |-| is trivial. Fix a
map A : P'(k) — [3,1]. Let  : k> \ {(0,0)} — P'(k) be the natural map. We set

A if x # (0,0),
Vx c kz, “-x”,l = (ﬂ'(.x)) 1 X ( )
0 if x = (0,0).
It is easy to see that ||-||; satisfies the axioms of norm: (1) |lax|x = |a| - [|x]|1; (2)
lx + ylla < lIxlla + Ivlla; B) llxlla = 0 & x = 0. Choosing an infinite subset
S ={l1,0,. .., n,. ..} of P1(k), we consider A given by
1 I\n —
A = {5 +(3)" if¢eSads=g,
1 otherwise.
Then A(P!(k)) C ]%, 1], and for any € > 1/2 there is ¢ € P!(k) with A({) < e.
Obviously {||x||; : x € k?} is an infinite set, which means that (2) in Corollary
does not hold without the assumption that the norm is ultrametric. Moreover, let us

see that there is no orthogonal basis for ||-||;. Indeed, we assume that {e},e;} is an
orthogonal basis for ||-||;. By the property of A, there is x € k2 \ {(0,0)} such that
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[[x]lx < min{||e |1, le2ll1}. If we set x = ae| + bey with (a, b) # (0,0), then

lx|la > max{|al - |le1]l, D] - [e2]la} > min{][ey]la, le2]l2}
which is a contradiction.

Corollary 1.2.9 Let (V, ||-||) be a finite-dimensional seminormed vector space over k.
Forany a € )0, 1|, there exists an a-orthogonal basis of (V, ||-||). If the absolute value
|| is non-trivial and (k,|-|) is locally compact, then (V,||-||) admits an orthogonal
basis.

Proof 1f the absolute value |-| is non-trivial and (k,|-|) is locally compact, let & be
an element in ]0, 1], otherwise let @ be an element in ]0, 1[. Let W be the quotient
vector space V/Nj.|, equipped with the quotient norm ||-||~. By Proposition
the normed vector space (W, ||-||”) admits an a-orthogonal basis {x;}" . For any
i € {1,...,n}, let ¢; be an element in the class x;. We also choose a ba51s {e] }J et ]
of Nyj.j. Hence {e, | becomes a basis of V. For any (41,...,4,) € k" one has

[trer + -+ Arepl| = |41 x1 + - + Apxy||” 2 @ _e{ﬂlﬂax }Mil ™
1

,,,,,,

=a max |- lell =a max [4]-[le]l.
e{l,...,n} ie{l,....,r}

Lemma 1.2.10 Let (V, ||-||) be a finite-dimensional seminormed vector space over k,

and a € 10,1]. If e = {e;}_, is an a-orthogonal basis of V and zf{ev}r | I8 its dual
basis, then, for any i € {1,...,r}, e; ¢ N|.| ifand only if e} € V*, and in this case
one has

< llefll - llegll < @7t (1.24)

Proof The hypothesis that ¢; ¢ N actually implies that e’ vanishes on N || | since

N is generated by e N N (see Proposmon .By Corollarym e) belongs
to V*. Conversely, if ¢; belongs to N} then ¢, is not a bounded linear form onV

since it takes non-zero value on e; € N..
The first inequality of ([.24) comes from the formula (I.4) in In the
following, we prove the second inequality. For any (41,...,4,) € k" one has

e/ (lier + -+ Arep) = A

Hence

|4i] T
lle/lle = sup l <a el

Aendyyekr A1+ + Arep ||

where the inequality comes from the hypothesis that the basis {e;}]_, is @-orthogonal
(sothat ||[d1e) + -+ -+ Arer || = || - |leil]). O

Proposition 1.2.11 Let V be a finite-dimensional seminormed vector space over k
and a € 10,1). If {e;}/_, is an a-orthogonal basis of V and if {e/}!_, is the dual
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basis of {e;}!_,, then {e}'}!_, N'V* is an a-orthogonal basis of V*. Moreover, {e;}!_,

i=1
is an a-orthogonal basis of (V,||||+«) and one has

allell < lleills < lleqll- (1.25)

Proof By Propositionand Lemma the cardinal of {¢;}/_, N'V*, which
is equal to that of {e;};_; N (V \ Ny ), is dimg(V*) = dimg(V/N).). Therefore
{e/}I_, N V*is a basis of V*.

Consider ¢ = aje) +---+a,e) in V*. As £(e;) = a; we get that

|ai]
€l > = > alail - lle]|I.
lle:ll
for any i € {1,...,r} such that ||¢;|| # 0, where the second inequality comes from
Lemma(1.2.10 This implies that {¢;'}_; N V* is an a-orthogonal basis of V*.
Let x = Ad1e; + -+ + A,¢, be an element in V. Without loss of generality, we

assume that e N N = {en11,. .., e, }. By definition, for i € {1,...,n} one has
lef (DI |4
x> : = . (1.26)
lle/ Il lleflls

By Lemma|1.2.10} one has 1 < |l¢}'|l. - [le;|| < @' and hence
lxll > @l - [leill = @il - [l€i]]ss (1.27)

where the last inequality comes from (T.3). Fori € {n + 1,...,r} one has |||« =
|lei |l = 0. Hence
Xl > @ max 4] - [l |,
ie{l r}

.....

which shows that {e;}/_, is an a-orthogonal basis of (V, ||-||..). Moreover, (T.27) also

implies that ||e;||«« > alle;]| fori € {1,...,n}, which, joint with the relation
Vie{n+1,....r}, el = llells =0,

leads to the first inequality of (I.23). The second inequality of (I.23)) comes from

[@3). o

Corollary 1.2.12 We suppose that the absolute value |-| is non-Archimedean. Let
(V1) be a finite-dimensional seminormed vector space over k. Then the double dual
seminorm ||-||.. on 'V is the largest ultrametric seminorm on 'V which is bounded from
above by ||-||, and one has ||-|| < dimg(V)||-||«x. If the seminorm ||-|| is ultrametric,
then one has |||« = ||-||.

Proof We have seen in Remark that the double dual seminorm |||« is
ultrametric, and in the formula (T.3) of that it is bounded from above by ||-|.
Let ||-||” be an ultrametric seminorm on V such that ||-||” < ||-||. We will show that
I-II” < |I]l+« and ||-]] < 7]|*||«+» Where r is the dimension of V over k.
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Let @ € 0, 1[. By Proposition|1.2.7] there exists an a-orthogonal basis {e;}!_, of
(V,|I]l)- For any vector x = dje; + - - - + A,e, in V one has

Alxl’ <o max |4l llell < @ max }I/lil el < [l

------------

where the second inequality comes from (I.25) and the third inequality follows
from the fact that {e;}!_, is an a-orthogonal basis for ||-||.. (see Proposition|1.2.11).
Moreover, by the triangle inequality one has

-
2 2 2
a’llx]| < @ E (il -lledll < ra” max 4] - leill < rllx]..
12
i=1

{L...r}
Since a € ]0,1[ is arbitrary, we obtain ||-||" < |||« and ||-|| < r||-||«+. The first
assertion of the proposition is thus proved.
If ||-|| is ultrametric, it is certainly the largest ultrametric norm bounded from
above by ||-||. Hence one has ||-|| = ||-||s«- O

Remark 1.2.13 In Corollary [1.2.12] the constant dimg(V) in the inequality ||-|| <
dimy (V)| is optimal. We can consider for example the vector space V = k"
equipped with the £!-norm

V(ai,....a;) € k", (ar,....an)llp = lai] +- -~ + |ay].
Then its double dual norm is given by
V(ai,...,a;) € k", |l(ar,....ar)llp . = max{lail,. .. lar|}.
In particular, one has [|(1,..., Dllp = rl[(1,. .., Dllpt w-

Proposition 1.2.14 Let (V,||-||) be a finite-dimensional seminormed vector space
over the field k.

(1) The seminorm ||-|| and its double dual seminorm |||« induce the same dual
norm on the vector space V* of bounded linear forms.

(2) If W is a quotient space of dimension 1 of V, then the seminorms ||-|| and ||-||««
induce the same quotient seminorm on W.

Proof [(I)] The Archimedean case follows from Proposition[I.1.18] It suffices to treat
the case where the absolute value || is non-Archimedean. Since ||-||. is ultrametric,
by Corollary[I.2.12] one has ||l = [|[l«,ex = I|*[lxs,-

[@)] 1f the kernel of the quotient map V' — W does not contain N, then the
quotient seminorm of ||-|| on W vanishes because dimg W = 1. The quotient semi-
norm of ||-|l.. on W also vanishes since we have observed in the proof of |(1)| that
Nj. = Nj.J..- In the following we treat the case where the kernel of the projection
map V — W contains N|.|, or equivalent, the quotient seminorms of ||-|]| and |||,
on W are actually norms. Since W is of dimension 1, any norm on W is uniquely
determined by its dual norm on WV, Let ||-||w be the quotient norm on W induced
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by ||-]|. By Proposition|1.1.20} the dual norm ||-||w . identifies with the restriction of
|||l to WY (viewed as a vector subspace of V*). By (1), the norm ||-|| identifies with
the dual norm of ||-||... As a consequence, ||-||w coincides with the quotient norm of

Proposition 1.2.15 We assume that the absolute value |-| is non-Archimedean. Let
VI-D be a finite-dimensional seminormed vector space over k and let r be the
dimension of V. Then the quotient seminorm of the e-tensor product seminorm ||-||¢
on V& by the canonical quotient map V®" — det(V) identifies with the determinant
seminorm on det(V) induced by ||-||. In particular, ||-|| and ||-||«« induce the same
determinant seminorm on det(V).

Proof Denote by ||-|lger, the quotient seminorm on det(V) of the e-tensor product
seminorm on V® . We have seen in Proposition that the e-tensor product
seminorm is always bounded from above by the m-tensor product seminorm. There-
fore, one has ||-||der, < ||*]lder. Moreover, if ||-|| is not a norm, then the seminorm ||-||get
vanishes. Hence the seminorm ||-||¢er, also vanishes. To prove the first assertion of
the proposition, it remains to verify the inequality ||-||gec < ||-|ldet, in the case where
[|-]] is a norm.

Consider a tensor vector ¢ in V®", which is also viewed as a k-multilinear form
on (VV)". By definition, one has

_ |(p(fl’ . -’fr)|
lelle = sup TE e

Giontyevrvy Al LA Nl
Vie{lr}, fi#0

Let a € 0,1, {x;}/_, be an a-orthogonal basis of V, and {x;'}/_, be its dual basis
of VV. Assume that ¢ is written in the form

0= Z ar(xi, ® -+ ®x;,),
I=(itsosiv)e {1yer )"

where a; € k. Then one has

V(i .ni) € (Lo e(x),. . x)) = ag,....i,)-
In particular,
. . lag,....i,)|
Vi) € (r)s gl > 5 GRS

el - Nl 1l

Note that the canonical image 7 of ¢ in det(V) is
( Z Sgn(o-)a((r(l),“.,o'(r)))xl A A Xy,
o€C,

where S, is the symmetric group of order r, namely the group of all bijections from
theset {1,...,r} toitself, and sgn(-) : S, — {1} denotes the character of signature.
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Hence

lxr A A X ldess

(1.28)

el el
oS,

where the inequality follows from (I.18). Since the absolute value |-| is non-
Archimedean, one has

llaer < Nlle = locall == e Il Hle fhe =< 17 < lleplloa™,

where the second inequality comes from Lemma[I.2.10] Since & € ]0, 1[ is arbitrary,
the first assertion is proved.

We proceed with the proof of the second assertion. By Proposition [I.2.14] the
seminorms ||-|| and ||-||«. induce the same dual norm on V*, and hence induce the
same e-tensor product seminorm on V® . Therefore, by the first assertion of the
proposition, we obtain that they induce the same determinant seminorm on det(V).O

Remark 1.2.16 In the above proposition, the non-Archimedean assumption on the
absolute value is essential. In the Archimedean case, the inequality (T.28) only leads
to a weaker estimate ||-|lget < 7!||*||det,» Where |||lger, is the quotient seminorm on
det(V) induced by the e-tensor product seminorm.

Definition 1.2.17 Let (V,||-||) be a finite-dimensional seminormed vector space over
k and r be the dimension of V over k. We denote by ||-||¢er, the quotient seminorm
of the e-tensor power of ||-|| on V®" by the canonical projection map V& — det(V),
called the e-determinant seminorm of ||-|.

Proposition 1.2.18 We assume that the absolute value |-| is Archimedean. Let (V, ||-||)
be a finite-dimensional seminormed vector space over k and let r be the dimension
of V/Ny. over k. Then the g-determinant norm of the dual norm |||l on det(V*)
is bounded from below by (r!)_l||-||;e[’*, where ”'”(;et,* is the dual norm of the
determinant of the norm ||-||~.

Proof By Corollary one has V* = (V/Nj.)". Moreover one has ||-||. = ||-]|7.
Hence, by replacing (V,[|-[) by (V/Nj.,|I-I”), we may assume without loss of
generality that ||-|| is a norm.

Let ¢ be an element in VV®". Viewed as a k-multilinear form on V", one has

B lo(x1,. . .hx0)]
o = sup e
(craeexpyev\ oy ]l flx ]

lle

Let {e;}/_, be a basis of V and {e)}!_, be its dual basis of V. Assume that ¢ is
written in the form

0= Z ar(e] ®---®e)),
I=(itsonip) {1}
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where a; € k. Then for any (iy, . . .,i,) one has
o(eiy,...,ei) =ag,. i)

In particular,

lele > 77—
T el llea, |

Note that the canonical image 7 of ¢ in det(V) is

( Z sgn(o)ary,..., O'(r))) ey Ao
oeC,
Therefore,
||77||det,* = Sgn(o-)a(o‘(l) ,,,,, o) ||€1/ ARRRIA e>/||det,*
TES,
en(@) 1
= sgn(0)a(o(1), .., e T
< @O T e A N ey e
oG,
llell-- - llerl
< rlflells,g —————————-
© ller A=< A erllae
By (L.I8), we obtain ||7]lget,+ < !||¢l+.s. The proposition is thus proved. m]

Proposition 1.2.19 Let {(V}, ||| j)};.’=1 be a finite family of finite-dimensional semi-
normed k-vector spaces and let a be a real number in 10,1]. Forany j € {1,...,d},
let {eg’)}:z | be an a-orthogonal basis of V;. Then

i

d
ele-ed® (.. i) e [ n
j=1

form an a®-orthogonal basis of Vi ® - - - ® V4 for the s-tensor product norm |||\
of {IIll; ]‘.1:1. Moreover, if ||-|| is an ultrametric norm on Vi Qy, - - - ® Vy such that

lx1 ® -+ @ xgll < ot e - - - M| xalla, e
forany (xq,...,xq) € Vi1 X -+ X Vy, then ||-|| < ||I||&-

Proof Let
d
T = Z ai., ..., idegll)®--~e()

id

be a tensor in Vi ®y - - - ® Vy, where a;, . ;, € k. We consider it as a k-multilinear
form on V}/ x --- x V. For any j € {1,...,d}, let {gaf’)}:z] be the dual basis of

{e}" | and assume that
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P : " N
ey v =1en

By Proposition |1.2.11 {golg)}:zl is an a-orthogonal basis of VU)»*. For any
(i1,...,1q) € H;.izl{l,. . .,n;.} we have T(gogll),. . .,cpf.j)) = aj,....i,» which leads
to
laiy,....i| 1 d
[ m— et i 1€l e - el e
||<P,-1 ”l,* T ||<P,-d ”d,*

d 1 d
=a |ai1,..4,id| : ”efl) ® e ® egd)”é"

where the second inequality follows from (T.24) and the equality comes from Re-
mark [T.1.56] This completes the proof of the proposition because

1 d 1 d
e @@ el = llel 1ee - el s

vanishes once (iy,...,i4) ¢ H;lzl{l,. . .,n}} (see Lemma |1.2.10). Moreover, if ||-||

is an ultrametric norm on V| ®y - - - ® V; such that
lxr ® -+ @ xgll < [1xrl1 e - = - [[Xalla,ex
for any (x1,...,xq) € Vi X --- X Vg, then

71 < max lai,

1 Q- ® gij)“
(i] ..... id)GH;:l{l,...,nj}

N

1 —-d
max i+ 1€ 1 ey llae < @7

(i1seesia) ENTS {1505}

.....

By Proposition|1.2.7} for any « € ]0, 1], there exist @-orthogonal bases of Vy,. ..,V

respectively. Hence ||-]| < [|*]le. O
Corollary 1.2.20 Assume that the absolute value |-| is non-Archimedean. Let
{Vi 1]l j)};l:1 be a finite family of finite-dimensional seminormed vector spaces over
k, and ||-||¢ be the e-tensor product of the seminorms ||-||1,...,||-|lq. Then the dual

norm ||-||e « coincides with the e-tensor product of the dual norms ||-||1 .4 - - -, |||l

Proof Let a be an element of 0, 1[. For j € {1,...,d}, let {elg)}?il be an a-
orthogonal basis of V; over k (see Proposition |1.2.7) and {¢;'},’, be the dual
basis of {el@j)}?‘:f], and assume that {gog")}:li] N VJf“ = {gplg)}:zl. Note that for any
(il’~ . -’id) € de-zl{l,. . .,}’lj},

1 d
el @@ elPlle = ller, o+ llei, lla,u # 0

if and only if (i,...,iz) € H?zl{l,. ..,n’}. Therefore,
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(1) (d)
i ® @6 Yy i)l (o)
forms a basis of the vector space of bounded linear forms on (V} ® - - - ®« Vi, |||le)»
which shows that (Vi & - -+ ® V)" = V[ ® -+~ & V.

Let ||-||” be the e-tensor product of ||-||1 .. ., |||lz,«. By definition, for any T in
Vi @ -+ ® V}, one has

T(si,...,s
irlr= s Tt
(S1eees8a)EVI XXV g ”51”1,** ce ”sd”d,**
min{||s [l1,-... [Isq lla }>0
T(s1,...,54
= Gbesal gy
(815002850 EVI XXV Is1® - ®s4qlls
min{||sy |l1,--., [Isq [|la }>0

where the second equality comes from (I.16). Conversely, if T is of the form y; ®
- @Yy, where (Yq,...,0q) € Vl* X X V;, then

|f (W1, 0a)l
ITllew = sup == < llls - Wala.s-
feVi®r @k Vya ”f”s
lf lle#0
By Proposition|[1.2.19] we obtain [|-[|¢. < |||’ 0

1.2.4 Orthogonality and lattice norms

In this subsection, we assume that the absolute value || is non-Archimedean and we
denote by oy the valuation ring of (k,|-|). Let V be a finite-dimensional vector space
over k and let r be the dimension of V.

Proposition 1.2.21 Let V be a lattice of V which is an ox-module of finite type (and
hence a free o-module of rank r). Then any basis of V over oy is an orthonormal

basis of (V,||*||lv).

Proof Let {e; ir=1 be a basis of V over o;. Note that an element ajey + - - - + a,e,
of V (with (ay,...,a,) € k") belongs to V if and only if all a; are in o. Let
x = Aje; + -+ + A,¢e, be an element of V. If a is an element of k¥ such that a~'x
belongs to V, then one has a~'; € oy and hence |A;| < |a| forany i € {1,...,r}.
Therefore max{|4/,. .., |4} < ||x]l¢. Conversely, if j € {1,...,r} is such that

[4;] = max{|A],...,[4,]} >0,
then one has /li/lel € oy foranyi € {1,...,r}. Hence /lelx €V and

X[l < 14;] = max{|],....[4]}.
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Proposition 1.2.22 Assume that the absolute value |-| is non-trivial. Let A € 10,1]
be a real number such that

A <sup{la] : a € k*, |a| < 1}. (1.29)

Then, for any ultrametric norm ||-|| on V there exists a lattice of finite type V of V,
such that ||]| < [|-llyy < 7]l

Proof Let a € ]0,1[ such that 1/a < sup{|a| : a € k*, |a| < 1}. Let {e;}]_, be
an a-orthogonal basis of V (the existence of which has been proved in Proposition
[I.2.7). By Proposition[I.1.4] by dilating the vectors e;,i € {1,...,r}, we may assume
that A/@ < ||e;|| < 1 for any i. Let V' be the free ox-module generated by {e;}]_,. It
is a lattice of V. Moreover, by Proposition|[I.2.21] {e;}/_, is an orthonormal basis of
(V,|I*|lv). In particular, for any vector x = aje; + - - - + a,e, in V, one has

X = max |aq;| = max |a;i|-|leill = ||x|-
lally = _max lail > max il -flell > lx]

.............

Moreover, by the a-orthogonality of {e;}!_, one has

.....

The proposition is thus proved. m]

1.2.5 Orthogonality and Hadamard property

We have seen in Proposition [I.2.7] that an Hadamard basis of a finite-dimensional
normed vector space is necessarily orthogonal. The converse of this assertion is also
true when the absolute value || is non-Archimedean.

Proposition 1.2.23 We assume that the absolute value |-| is non-Archimedean. Let
VL I-ID be a finite-dimensional seminormed vector space over k, and let r be the
dimension of V over k. If a is an element in 10, 1] and if {x;}_, is an a-orthogonal
basis of V, then one has

llxt A Axell = @ flxall - - lxe Il (1.30)
In particular, if ||-|| is a norm, any orthogonal basis of V is an Hadamard basis.

Proof If N is non-zero, then the interserction of {x;}!_, with N} is not empty
(see Proposition [I.2.5) and hence the inequality (I.30) holds. In the following, we
assume that ||-|| is a norm. Note that the case where V = {0} is trivial. Hence we
may assume that r > 0. Let {x;}!_, be an a-orthogonal basis of V. Let {y;}_, be
an arbitrary basis of V and A = (a;j)ie(1,....r}, jeq1,....r} € k" be the transition
matrix from {x;}!_, to {y;}/_,, namely y; = Z;zl ajjxj forany i € {1,...,r}. By
the a-orthogonality of the basis {x;}!_, one has
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il

la;i| < @ .
N Il 1

Thus, by the assumption that the absolute value || is non-Archimedean, one has

el Myl

Iye Ao Ayell = [det(A)] - [lxy A A x|l < @7 ———
el - fle

Sl A A x|

and hence
e Ao Axll i A Al

Il el Iyl llyell
Since the basis {y;}_, is arbitrary, by Proposition [1.1.66| (see also Remark [1.1.67)

we obtain that

X A A
[l -l l

The proposition is thus proved. O

r

Remark 1.2.24 The Archimedean analogue of Proposition [1.2.23] is not true in
general. One can consider for example the case where V = R? equipped with the
norm ||-|| such that ||(a, b)|| = max{|al|,|b|}, where || is the usual absolute value on
R. Let e; = (1,0) and e, = (0, 1). The basis {ej, e2} is orthonormal. However,

lley A eall = H%(el +e2) A %(61 - ez)“ = %

Therefore {ej, e;} is not an Hadamard basis.

The following proposition shows that the Archimedean analogue of Proposition
[I.2.23]is true provided that the norm is induced by an inner product.

Proposition 1.2.25 Let (V, ||-||) be a finite-dimensional normed vector space over k.
Assume that the absolute value |-| is Archimedean and that the norm ||-|| is induced
by an inner product. Then any orthogonal basis of V is an Hadamard basis.

Proof The field k is locally compact, therefore V admits an Hadamard basis e =
{ei}!_,, which is necessarily an orthogonal basis (see Proposition [1.2.7). Without
loss of generality, we may assume that e is an orthonormal basis. Let e’ = {¢;}!_, be
another orthonormal basis. There exists a unitary matrix A such that e’ = Ae. One
has | det(A)| = 1 and hence

lef A~ A elllaer = ller A -~ Aepllaer = 1= 1]l llef .

Therefore the basis {e;} _, is also an Hadamard basis. Thus we have proved that any
orthonormal basis is an Hadamard basis. If {x;}!_, is an orthogonal basis, and if
e; = ||x;||"'x; foranyi € {1,...,r}, then {¢; i_ is an orthonormal basis of V, which
is an Hadamard basis. We then deduce that {x;}]_, is also an Hadamard basis. O
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Proposition 1.2.26 We assume that the absolute value |-| is trivial. Let (V,||||) be
an r-dimensional (r € Nsq), ultrametrically normed vector space over k, which
corresponds to an increasing sequence

0O=VycVic...cV, =V

of vector subspaces of V and a decreasing sequence uy > ... > [, of real numbers
as described in Remark[[ 140
(1) A basis {xj}]r.:l of V is orthogonal if and only ifcard({xj}]’.:1 NV;) = dimg(V;)

foranyi € {1,...,n}.
(2) Let a be an element of 10, 1] such that

Vie {1’ . .’n}’ a > e‘(ﬂi‘ﬂiﬂ)/r’

where pn+1 = —co by convention. Then any a-orthogonal basis of (V,||-||) is
orthogonal.

Proof [(1)]Note that the restriction of ||-|]| on each V; \ V;_; is constant and takes e ™/
as its value fori € {1,...,n}. Let

Al <...< A

be the increasing sequence of positive real numbers such that e™¢ appears exactly
dimy (V;)—dimg (V;_;) times. Let {x; }Jr.:1 be a basis of V such that ||x; || < ... < |[x]l.

For each i € {1,...,n}, the cardinal of {xj},’.:l N'V; does not exceed dimg(V;), so
that ||x;|| > A; forany j € {I,...,r} and hence
r r
l_lllxjH > l_l/lj.
j=1 j=1
Moreover, if the equality card({xj}r NV;) = dimg(V;) holds for any i € {1,...,n},

then the basis {xj}’ | isan Hadamard basis, and hence is an orthogonal bas1s (by
Proposmon 1.2 ) If there exists anindex i € {1,...,n} such that card({x; }].=1 N
Vi) < dimg(V;), then there exists an element

x=A4x1+ -+ Ax

of Viandaj € {1,...,r}suchthat A; # Oand x; € V\ V;. As ||x|| < p; < [|x;]|, the
basis {x; }Jr is not orthogonal

Let {eJ}’ be an @-orthogonal basis of (V,||-||). Without loss of generality,
we assume that ||el|| . < ||ey]|. One has

el llerlly € {As. s A} = {e,. .. e} (131)

Moreover, since
card({ej};=1 NV;) < dimg(V;)
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for any i € {1,...,n}, one has |l¢j|| > A; for any j € {1,...,r}. Therefore, if the
strict inequality ||e;|| > A; holds for some j € {1,...,r}, then, by (I.31), one can
find m such that m > j, |le;|| > A,, and /lm/ljfl = eMi7Hi+1 for some i, so that, by our
assumption,

||€j|| > /lJ(/lm/l]_l) — /lje,ui—lliﬂ > /lja—r.

Therefore,

r r
[ [heell > o™ [ [ae=aller n--- Aerllae
=1 =1

This contradicts Proposition [1.2.23| Therefore one has |le;|| = A; for any j €
{1,...,r} and hence, for each i € {1,...,n}, the cardinal of {ej};zl NV is equal to
dimy (V;), which implies that {e; }Jr.:1 is an orthogonal basis. : O

1.2.6 Ultrametric Gram-Schimdt process

In this subsection, we consider a refinement of Proposition First we recall the
spherically completeness of a metric space.

Definition 1.2.27 We say that a metric space (X,d) is spherically complete if, for
any decreasing sequence

Bi2B,2---2B, 2By 2

of non-empty closed balls in X, one has ()", B, # @. A normed vector space
(V,|I]l) over k is said to be spherically complete if (V, ||-||) is spherically complete
as a metric space. If (k, |-|), viewed as a normed vector space over k, is spherically
complete, we say that the valued field (k, |-|) is spherically complete.

Remark 1.2.28 If (k,|-|) is a discrete valuation field, then (k, |-|) is spherically com-
plete by [134} Proposition 20.2]. In particular, any locally compact non-Archimedean
valued field is spherically complete.

Lemma 1.2.29 Let (V,||||) be an ultrametrically normed vector space of finite di-
mension over k. Then we have the following:

(1) Let W be a vector subspace of V over k. If W equipped with the restriction ||-||w
of |||l to W is spherically complete, then, for x € V, there is w € W such that
dist(x, W) = ||x — w]|.

) If (V,|I|l) has an orthogonal basis {e;}._, and (k,|-|) is spherically complete,
then (V, ||-|) is also spherically complete.

Proof Fora €V and § € Ry, we set
B(a;6) :={x eV : ||x—al| <6}

As [|-]| is ultrametric, we can easily see that
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B(a;8) = B(d’;9) (1.32)

for all § € Ryg and a,a’ € V with ||ja — d’|| < 6.

We can choose a decreasing sequence {0, }, , of positive numbers and a
sequence {wy}”  in W such that ||x — wy|| < 6, and lim,, 6, = dist(x, W). As
B(x;6,) N W = B(wy;6,) N W by (L.32), {B(x;6,) N W} yields a decreasing
sequence of non-empty closed balls in W. Thus, by our assumption, there is w €
Moy B(x56,) N W, so that ||x — w|| < d, for all n, that is, [|x — w]|| < dist(x, W), as
required.

[@)|Note that ||aje; + - - - + are,|| = max{|ai| - le1]l,. ... |ar| - [le-||}, so that
B(a;6) = Bi(ar;6/llerlDer + - - + Bi(ar; 6/llerl)er
fora=aje; +---+aye, € Vand o € Ry, where
Bi(4;6)={tek : |t-1 <5}
for 1 € k and 6’ € R. Therefore the assertion follows. |

In the case of an ultrametrically normed finite-dimensional vector space, Proposi-
tion[I.2.7]has the following refined form. This could be considered as an ultrametric
analogue of Gram-Schmidt orthogonalisation process.

Proposition 1.2.30 Let (V, ||-||) be an ultrametrically seminormed k-vector space of
dimensionr > 1. Let

O=wevichc...cV. =V (1.33)

be a complete flag of subspaces of V. Fix a real number « such that

o e 10,11, if (k,|-|) is spherically complete,
10,1[, otherwise.

Then there exists an a-orthogonal basis e of V such that, for any i € {1,...,r},
card(V; Ne) =i.

Proof 1f a basis e of V is such that, for any i € {1,...,r}, card(V; N e) = i, we say
that the basis e is compatible with the flag (1.33).

We begin with the proof of the particular case where ||-|| is a norm by induction
on r, the dimension of V over k. The case where r = 1 is trivial. Assume that the
proposition holds for all vector spaces of dimension < r, where r > 2. Applying the
induction hypothesis to V,._; and the flag 0 = V € V| € ... C V,_; we get a basis
{e1,...,e,_1} of V,_; compatible with the flag such that, forany (1;,...,4,_1) € k"~

.....

I drer + -+ Ar_repi]l > @'/? cmax 1A el (1.34)
1
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Let x be an element of V \ V,._;. The distance between x and V,._; is strictly positive
since V,_; is closed in V (see Proposition [I.I.TT]). Hence there exists y € V,_; such
that

llx — yll < @ 2dist(x, V,_)). (1.35)

In the case where a = 1 and (k, |-|) is spherically complete, the existence of y follows
from Lemma [1.2.29] We choose e, = x — y. The basis {ej,...,e,} is compatible
withthe flag0=VoCc Vi C...C V. =V.

Let (4y,...,4,) be an element of k. We wish to find a lower bound for the norm
of z = A1e; + -+ - + Are,. By (I.35) we have that

Izl > |4, - dist(x, Ve_1) > @'?|,] - |ler]l.

This provides our lower bound when ||, ¢, || = ||[d1e1 + -+ A —1ep—1]|. If || A€, || <
[[A1e1 + -+ + A—1e,—1|| then we have

Izl = e+ + A_reri |

because the norm is ultrametric (see Proposition[I.1.5). By the induction hypothesis
(T.34) we have that ||z]| > a|A;| - ||e;|| for any i € {1,...,r — 1}. This completes the
proof of the proposition in the case where ||-|| is a norm.

We now consider the general seminorm case. Let W be the quotient vector space
V/N).;. Foreachi € {0,...,r}, let W; be (V; + N).|)/N}.. Applying the particular
case of the proposition to (W, ||-|| ™), we obtain the existence of an a-orthogonal basis
e of W such that card(e N W;) = dimg (W;). We set

I={ie{l,...,r} : Wisy ¢W;} and J={je{l,....r}: Wiy =Wj}.

If i € I, then there is a unique element u; € e N (W; \ W;_;), so that we can choose
e; € V; such that the class of ¢; in V/N||.|| is u;. If j € J, then we can pick up
ej € (NjyNV;)\Vj_1.Indeed, as V; \ V;_; # @ and V; C V;_; + N}, we can find
xeVi\Vi_i,y € Vi_jande; € N withx = y+e;,andhence e; € (N NV;)\V,_1.

By construction, e := {e;}!_, satisfies card(V;Ne) = ifori € {0,...,r}. Inparticular,
e forms a basis of V.
Let us see that e is a-orthogonal. For any (1j,...,4,) € k", if we let x =

Adiey + -+ -+ Arer and u = ;¢ A;u;, then one has

where the inequality comes from the a-orthogonality of e, as required. O

Corollary 1.2.31 Let (V, ||-||) be an ultrametrically seminormed vector space of finite
dimension over k. If (k,|-|) is spherically complete, then (V,||-||) has an orthogonal
basis. In particular, (V,||-||) is spherically complete.

Remark 1.2.32 Assume that the absolute value |-| is Archimedean. Let V be a finite-
dimensional vector space over k and ||-|| be a seminorm on V which is induced by
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an inner product. Given a complete flag
O=WecVichc...cV.=V

of V, the Gram-Schmidt process permits to construct an orthogonal basis e of V
such that card(e N'V;) =i forany i € {l,...,r}, along the same line as in the proof
of Proposition [I.2.30] The main point is that the field & is locally compact, and
hence the distance in (1.35)) is actually attained by some point in V,._;. For a general
seminorm, even though an orthogonal basis always exists, it is not always possible
to find an orthogonal basis which is compatible with a given flag.

Proposition [I.2.30] and the usual Gram-Schmidt process lead to the following
projection result.

Corollary 1.2.33 Let V be a finite-dimensional vector space over k equipped with a
seminorm ||-|| which is either ultrametric or induced by a semidefinite inner product.
Let Viy be a vector subspace of V. For any a € 0, 1] there exists a k-linear projection
'V — Wy (namely rt is a k-linear map and its restriction to V) is the identity map)
such that ||| < a~'. If (k,||) is non-Archimedean and spherically complete, or if
||| is induced by a semidefinite inner product, we can choose the k-linear projection
7 such that ||x|| < 1.

Proof We first consider the ultrametric case. By Proposition[I.2.30] there exists an e
orthogonal basis e = {e;}!", of V such that card(e N'Vp) = dim(Vp). Without loss of
generality, we may assume thatenVp = {e;}!" |, wherem = dimy (Vo). Letn : V — W
be the k-linear map sending Ajeq + - -+ Ape, € Vo djeg + -+ - + Anen € V. Since
the basis e is @-orthogonal, one has

[Aier + -+ Anenll > a {nlnax }||/li€i|| 2 alldier + -+ Anenl,
tel,..., n

which implies that ||7]| < &'

If (k,|-]) is non-Archimedean and spherically complete, or if ||-|| is induced by an
inner product, we use the existence of an orthogonal basis e such that card(e N Vp) =
dimg (Vp). By the same agrument as above, we obtain the existence of a linear
projection 7 : V. — V; such that ||x|| < 1. O

Corollary 1.2.34 Let V be a finite-dimensional vector space over k and ||-||; and ||-||2
be two seminorms on V. We assume that |||, < ||-|l» and that the seminorm ||-|| is
either ultrametric or induced by a semidefinite inner product. If there exists a vector
x € Vsuch that ||x|ly < |lx|l2, then one has ||-|I] 4, < II:ll3 4o, o1 det(V/Ny,) \ {0},
where ||-||{ denotes the quotient seminorm of ||-|ly on V/Nj.,.

Proof The condition |||l; < |||l implies that Ny, € Ny.j,- In particular, for any
x €V, if we denote by [x] the class of x in V/N).||,, then one has

Nl = Tl LT = lxlle
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Therefore, by replacing V by V /N1, ||-[l1 by [|-||{, and [|-||> by [|-]|7’, we may assume
without loss of generality that ||-||; is a norm. Moreover, the case where ||-||; is not
a norm is trivial since the seminorm ||-||; get Vanishes. Hence it suffices to treat the
case where both seminorms ||-||; and ||-||, are norms.

Let A = ||x|l2/]lx|li > 1. We first consider the ultrametric case. By Proposition
for any a € ]0, 1] there exists an @-orthogonal basis {e;}/_, of (V,]|-|l2) such
that e; = x. Hence See Proposition [I.2.23|for the first inequality

llet A= Aerllager = @ lerll- - - llerll2

> A" el -+~ llelli = Aa"lleg A=+ A erlli et

Since @ € ]0, 1] is arbitrary, one has ||-||2,det/||*[|1,det = 4 > 1.
The Archimedean case is very similar. There exists an orthogonal basis {e;}_,
of (V,||-||) such that e; = x. We then proceed as above in replacing a by 1. O

Proposition 1.2.35 Let V be a finite-dimensional vector space over k, equipped with
a seminorm ||-|ly, which is ultrametric or induced by a semidefinite inner product. Let
(W, |- llw) be a seminormed vector space over k. For any k-vector subspace Vy of V,
the k-linear map L (V,W) —» £ W, W), sending f € L (V,W) to its restriction to
Vo, is surjective, and the operator seminorm on £ (Vy, W) coincides with the quotient
seminorm induced by the operator seminorm on £ (V,W). In particular, the dual
norm on Vy identifies with the quotient of the dual norm on V* by the canonical
quotient map V* — V.

Proof For any f € £ (V,W), the operator seminorm of fly, does not exceed that of
/- Inthe following, we show that, for any linear map g € .Z’(Vp, W) and any « € 10, 1[,
there exists a k-linear map f : V — W extending g such that «| f|| < ||g|l- By
Corollary there exists a k-linear projection 77 : V — Vj such that ||7|| < o™
Let f = g om. Then || f|| < @ '||g||. The proposition is thus proved. m|

Proposition 1.2.36 Let V and W be finite-dimensional seminormed vector spaces
over k, Vy be a k-vector subspace of V, and Q be the quotient vector space V [V.
We assume that, either the absolute value |-| is non-Archimedean, or the seminorm
on 'V is induced by a semidefinite inner product. Then the canonique isomorphism
(Ve W)/ (Vor W) — Qi W is an isometry, where we consider the e-tensor product
seminorms on V&, W and Q®; W, and the quotient seminorm on (VW) /(Vo®; W).

Proof We have seen in Remark that, for any f € V ® W viewed as a k-
bilinear form on V* x W*, its restriction to Q* X W* has an e-tensor product norm not
greater than that of f. In the following, we consider an element g € Q ®; W, viewed
as a k-bilinear form on Q* ®; W*. We will show that, for any « € 0, 1[, there exists a
k-bilinear form f on V*x W* extending g such that || f||. < @~!||g]|s. By Proposition
the dual norm on Q* identifies with the restriction of the dual norm on V*. By
Corollary there exists a k-linear projection 7 : V* — Q* such that ||7|| < ™!
(in the non-Archimedean case, we use the fact that any dual norm is ultrametric).
We let f be the k-bilinear form on V* x W* such that f(£,n7) = g(n(£),n). Then for

(&,n) € (V*\ {0}) x (W* \ {0}) one has
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IfEml _ lg@@ml _ i lg(@(E).m)

= <a <aiglle-
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The proposition is thus proved. O

Corollary 1.2.37 We assume that the absolute value |-| is non-Archimedean. Let
V,I-1D be a finite-dimensional seminormed vector space over k and r be the dimen-
sion of V over k. Let i be a positive integer. Then the canonical k-linear isomorphism
det(A'V) — det(V)@’(tl1 ) is an isometry, where we consider the i™ g-exterior power
seminorm on A'V.

Proof Consider the following commutative diagram

vei() P dey(v)2(iid)

(AV)2() — = det(AV)

By Proposition if we equip vei() with the e-tensor product seminorm, then
its quotient seminorm on (AiV)®(:) identifies with the e-tensor product of the e-
exterior power seminorm. Moreover, by Proposition [I.2.T5] the quotient seminorm
on det(A?V) (induced by p3) of the tensor product of the g-exterior power seminorm
identifies with the determinant seminorm of the latter. Still by the same proposition,
the quotient seminorm on det(V)®(¥:l1 ) induced by p; identifies with the tensor
power of the determinant seminorm. Therefore the natural isomorphism det(AV) —

det(\/)c’z’(g:ll ) is actually an isometry by using (1) in Proposition|1.1.14 O

Corollary 1.2.38 We assume that the absolute value |-| is non-Archimedean. Let
V- D be a finite-dimensional normed vector space over k and i be a positive
integer. Then the i g-exterior power norm on A'V is the double dual norm of the
i m-exterior power norm.

Proof By definition, the i e-exterior power norm ||-|| AL On AV is ultrametric and is
bounded from above by the i 7-exterior power norm. By Corollary(1.2.12} ||-|| AL

is the largest ultrametric norm bounded from above by the i 7-exterior power norm
|Illz: - In particular, one has ||-[[5: ., > ||-]|5: and hence
us 7T £

s e < Ilnd e ger < IFlla et

By Corollary |1.2.37} one has |||z gt = llllzi e and hence the above inequalities
are actually equalities. By Corollary [T.2.34, we obtain [|-lx: = [I-llz: .- O

Proposition 1.2.39 Assume that |-| is non-Archimedean. Let V and W be finite-
dimensional seminormed vector spaces over k and n and m be respectively the
dimensions of V.and W over k. We equip V ®x W with the e-tensor product seminorm
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Ille. Then the natural k-linear isomorphism det(V &, W) = det(V)®™ @ det(W)®"
is an isometry, where we consider the determinant seminorm of ||-||s on det(V @, W)
and the tensor product of determinant seminorms on det(V)®™ ®; det(W)®".

Proof Let ||-]|’ be the seminorm on det(V)®™ ® det(W)®" induced by tensor product
of determinant seminorms. By Propositions [1.2.36] and [I.2.15} the seminorm ||-||’
identifies with the quotient of the &-tensor power seminorm on (V &, W)®"" of ||-||..
Therefore, by Proposition [1.2.15]the seminorm ||-||” identifies with ||- || et i

Proposition 1.2.40 Let V be a finite-dimensional vector space over k and ||-|| be a
seminorm on V. We assume that the seminorm ||-|| is either ultrametric or induced
by a semidefinite inner product. For any vector subspace W of V, the canonical
isomorphism

det(W) ® det(V/W) — det(V)

is an isometry, where we consider the determinant seminorm of the induced seminorm
on det(W) and that of the quotient seminorm on det(V /W), and the tensor product
seminorm on the tensor product space det(W) Q. det(V /W) (see Remark .

Proof By Proposition if the seminorm ||-|| is not a norm, then either its
restriction to W is not a norm, or its quotient seminorm on V /W is not a norm. In
both cases, the seminorms on det(W) ®; det(V /W) and on det(V) vanish. Therefore
we may assume without loss of generality that ||-|| is a norm.

Let f : det(W) ®, det(V/W) — det(V) be the canonical isomorphism. We have
seen in Corollary[T.T.68]that the operator norm of f is < 1. Since f is an isomorphism
between vector spaces of dimension 1 over k, to prove that f is an isometry, it suffices
to verify that || f]| > 1.

We first treat the case where the norm ||-|| is ultrametric. By Proposition
for any a € ]0,1[, there exists an a-orthogonal basis e = {e;}/_, of V such that
card(e N W) = dimg(W). Without loss of generality, we assume that {ej,...,e,}
forms a basis of W, and e;,+1,. .., e, are vectorsin V\ W.Foranyi € {n+1,...,r},
let ¢; be the image of ¢; in V/W. By Proposition [1.2.23] one has

llet A--- Aerllae = a” - llell - llexll = a"[lexll - - [lenll - [[€ns1ll - - - llex |l
> «a

r”el ARRRAN en“del ' ”En+l AN /\Er”det,

where the last equality comes from Corollary [I.1.68] Therefore the operator norm
of f is bounded from below by a”. Since a € ]0, 1] is arbitrary, one has || f|| > 1.
For the Archimedean case where the norm ||| is induced by an inner product,
by the classic Gram-Schmidt process we can construct an orthonormal basis e of V
such that card(e N W) = dimy(W). By Proposition [I.2.23] e is an Hadamard basis.
We then proceed as above in replacing @ by 1 to conclude. O

In Proposition [T.2.40} the assumption on the seminorm is crucial. In order to
study the behaviour of the determinant seminorms of an exact sequence of general
seminormed vector spaces, we introduce the following invariant.
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Definition 1.2.41 Let (V,||-||) be a finite-dimensional seminormed vector space over
k.Let H(V,||-||) be the set of all normes ||-|, on V /N which are either ultrametric
or induced by an inner product, and such that ||-||, > ||-||~. We define A(V, ||-]|) to be
the number (if ||-|| vanishe, by convention A(V, ||-||) is defined to be 1)

mprMAa:Hﬂh€7ﬂVJHD}€[L+mL

-1l

where [|-||n,der and ||-[|5,, are respectively determinant norms on det(V /N).|) induced

by the norms ||-||, and ||-||~. By definition, one has A(V,||-]l) = A(V/Ny.pi |I-I™).
Moreover, if ||-|| is ultrametric or induced by a semidefinite inner product, then
AWV, I-ID = 1.

Proposition 1.2.42 Assume that |-| is non-Archimedean. Let (V,||-||) be a finite-
dimensional seminormed vector space over k. One has

AV, [l < dim(V/Np) sup (Inflafl = Inllxll..).  (1.36)
xEV\N”.”

In particular, In A(V, ||-||) < dimg(V/Nj.) In(dimg (V /Ny ).

Proof By replacing (V,||-|) by (V/Ny.p,|IlI7), we may assume without loss of
generality that ||-|| is a norm. Let

A= sup (Il - Inllx]..).

xeV\{0}
By definition one has ||:|| < e!||-|l«. Note that the norm e*|-||.. is ultrametric.
Therefore A
er s, do
AV, I < S <

Illaee 7
where r is the dimension of V over k, and the equality comes from Proposition
[[.2.T5] The inequality (I.36) is thus proved. The last inequality results from (T.36)

and Corollary [1.2.12] mi

Proposition 1.2.43 Let (V, ||-||) be a finite-dimensional normed vector space over k.
For any vector subspace W of V, the norm of the canonical isomorphism

f:det(W) ® det(V/W) — det(V)
is bounded from below by

AW, - Iw)AV /W, I-llvyw)
AWV, -1

> AWV, ID

where ||-|lw is the restriction of the norm ||-|| to the vector subspace W and ||-|lv jw
is the quotient norm of ||-|| on the quotient space V |W.
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Proof Let |||, be a norm in H(V,||-||). Let ||-|ln,w and ||-||n,v;w be respectively
the restriction of ||-||;, to W and the quotient norm of ||-||;, on V/W. By Proposition
[I.2:40] the canonical isomorphism

det(W, [|-lln,w) ® det(V /W, lI-lln,vjw) —> det(V, [|llv,n)
is an isometry. Hence

-lndet N-llnw deell I, v /wdet 1
== : > — AW IW)AV WL -l yw)-
e N Fllwaedll v wae AT

Since ||-|ln € H(V,||-||) is arbitrary, we obtain the lower bound announced in the
proposition. mi

Corollary 1.2.44 Let (V, ||-|lv) be a finite-dimensional seminormed vector space over
k, W be a vector subspace of V, ||-|lw be the restriction of ||-|lv to W, and ||-|lv jw be
the quotient of ||-|lv on V/W. One has

AW, - lw)AV W -lvyw) < AVLTHID. (1.37)
In particular, AW, ||-llw) < AV, |I-[]) and AV /W, [|-llv/w) < AV, [[-]D.

Proof By Proposition[I.1.16] we can assume without loss of generality that ||-||y is
a norm. By Corollary if we denote by f : det(W) ® det(V/W) — det(V)
the canonical isomorphism, then ||f|| < 1. The inequality (I.37) thus follows
from Proposition Finally, by definition one has A(W,||lw) > 1 and
AV /W, |-llv/w) > 1, thus we deduce from the last two inequalities stated in
the corollary. O

Remark 1.2.45 Let (V, ||-||) be a finite-dimensional normed vector space over k. We
assume that the dimension r of V /N is positive. In the case where the absolute value
|| is non-Archimedean, Corollary [I.2.12] provides the upper bound A(V, ||-||) < r
This result is also true in the Archimedean case (which follows from the existence
of an orthogonal basis, see the beginning of §I.2.8]for details). However, as we will
see in the next subsection (cf. Theorem [[.2.54)), in the Archimedean case one has a
better upper bound A(V, ||-||) < r"/2.

1.2.7 Dual determinant norm

Let (V,]|-||) be a finite-dimensional seminormed vector space over k. We denote
by [|-|l;,, the determinant norm on det(V/N).) induced by ||-[|~, and denote by
115 det.r the dual norm of [|-]|,,- Let |||l det be the determinant norm on det(V*) =
det(V/N“ 1)* of the dual norm ||-||. on V*. The purpose of this subsection is to
compare these two norms. We denote by 6(V, ||-||) the ratio
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115,
AR e —

I lle,get

In the case where there is no ambiguity on the seminorm ||-|| on V, we also use the
abbreviate notation §(V) to denote §(V, ||-||). By definition, if 77 is a non-zero element
in det(V/N).) and if n" is its dual element in det(V*), then one has

SV = lmllgee N7 Nl (1.38)

In particular, one has (see Proposition[T.2.15)

(VLD = 6(V/Ny, [1-17) = 6(VE 1]l (1.39)
Proposition 1.2.46 Let (V,||-||) be a finite-dimensional seminormed vector space
over k. One has 6(V,||-||) = L
Proof By (1.39) we may assume without loss of generality that ||-|| is a norm.

Let {e;}!_, be a basis of V, and {e;}/_, be its dual basis. One has
ey A A€ laers = ller A+ Aerllgy.

Therefore

SV = ller A=~ Aerllaen - lley A--- A e) Il det

<llerll =< llerll - lle I -~ lle s,

where the inequality comes from Proposition [I.1.66 If the basis {e;}]_, is a-
orthogonal, where @ € ]0,1[, by Lemma [1.2.10| one has 6(V, IID~" < a7". Since
for any « € ]0, 1 there exists an a-orthogonal basis (see Proposition[1.2.7), one has
UARIERS mi

Proposition 1.2.47 Let (V,||-||) be a finite-dimensional seminormed vector space
over k. Assume that the absolute value || is non-Archimedean, or the seminorm ||-||
is induced by a semidefinite inner product. Then one has 6(V, ||-]|) = 1.

Proof By (1.39) we may assume without loss of generality that ||-|| is a norm.

We first treat the case where the absolute value |-| is non-Archimedean. Let a €
10, 1] and {e;}!_, be an a-orthogonal basis of (V, |-||) (see Proposition for the
existence of an -orthogonal basis). Then the dual basis {e’ }I_, is @-orthogonal with
respect to the dual norm ||-||. (see Proposition [[.2.T1). In particular, by Proposition
[[L2.23] one has

ller A== Aerllde

lexll-- - llerll

lley A A el e

lley Il - lle I

r
= ’

r

Therefore

||€1 ANEA e””tIelt < g2 1 =2r

(V.11 = < <a,
’ lley A=Al e el -~ llerll - eyl - -~ llex Il
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where the last inequality comes from Lemma Since «a is arbitrary, one has
(V. I < L.

The proof of the Archimedean case is quite similar, where we use the existence
of an orthogonal basis, which is also an Hadamard basis (see Proposition [T.2.25).
We omit the details. O

The following Lemma is the Archimedean counterpart of Proposition|[T.2.35](see
also the comparison in Remark [T.T.2T).

Lemma 1.2.48 Assume that the absolute value |-| is Archimedean. Let (V,||-|lv) be
a finite-dimensional seminormed vector space over k, W be a vector subspace of V,
and ||-||w be the restriction of the seminorm ||-|ly to W. Then the map F : V* — W¥,
which sends ¢ € V* to its restriction to W, is surjective. Moreover, the quotient norm
on W* induced by the dual norm ||-|lv . coincides with the norm |||lw .

Proof Let y be an element in W*. If ¢ is an element in V* which extends ¢, then
clearly one has ||¢|lv.. > ||y|lw .. Moreover, by Hahn-Banach theorem, there exists
@o € V* which extends ¢ and such that ||¢ollv « = |[|¢|lw . Therefore, the map F is
surjective and the quotient norm on W" induced by ||-||v . coincides with ||-|lw .. O

Proposition 1.2.49 Let (V,||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector spaces over k, Vo be a k-vector subspace of V and ||-||v, be the restriction of
||-|lv on Vo. Denote by ||-||e and ||-||x the e-tensor product and the n-tensor product
of the seminorms ||-||v and ||-|lw, respectively.

(1) Assume that, either the absolute value || is Archimedean, or the seminorm |||y
is ultrametric. Then the g-tensor product ||-||z,0 of ||-|lv, and ||-|lw identifies with
the restriction of ||| to Vo ®x W.

(2) Assume that the seminorm ||-||y is either ultrametric or induced by a semidefinite
inner product. Then the nt-tensor product ||-||,0 of ||-llv, and ||-|lw coincides with
the restriction of ||| to Vo @, W.

Proof Let ¢ be a tensor in Vp ® W, viewed as a bilinear form on Vi x W*. By
definition, one has

oloo=  sup el
rovoan Tl gl
fo#0, g#0

Since the absolute value || is Archimedean or the norm ||-||y is ultrametric, by Propo-
sition[I.2.35](for the ultrametric case) and Lemmal|T.2.48|(for the Archimedean case),
the norm |||l identifies with the quotient of ||-||y . by the canonical surjective map
vVt — VO*. Therefore, one has

lo(fo, ) _ lp(f,8)I
sup —_— = sup —_—
tr)evesw 1follvos - lIglw.s (r.gyevexws L llv - ligliw .
Jo#0, g#0 f+0, g#0

which shows [[¢]le.0 = [l¢lle-
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We have already seen in Proposition [1.1.60|[(D)| that ||-||r,o is bounded from
below by the restriction of ||| to Vo ® W. Let T be an element of Vy ®; W,

which is written, as an element of V ®; W, in the form 7 = Zfi | Xi ® yi, where

{x1,...,xn} € Vand {yi1,...,yn} € W. By Corollary [1.2.33] for any a € ]0, 1,
there exists a linear projection 7, : V — Vj such that ||, || < @™'. Since T belongs

to Vo ® Wonehas T = Zf\i | Ta(X;) ® y;. Moreover,

N

-1
ITlox < > lzaCellve - 1yillw < @™ > lxilly - llyilhw.

i=1 i=1
Since @ and the writing T = Zf\il X; ® y; are arbitrary, we obtain ||T||o.x < ||T||. O

Proposition 1.2.50 Let (V, ||-|lv) and (W, ||-|lw ) be seminormed vector spaces over k,
and ||-||x be the n-tensor product norm of ||-||y. We assume that ||-||\w is ultrametric.
For any (x,y) € VX W, one has ||x ® yllz = [Ixlv - lyllw-

Proof By definition on has ||x ® || < |[x]lv - [|y|lw. It then suffices to show that,

for any writing of x ® y as
N

in ® i,

i=1

with (x1,...,x,) € V' and (yy,...,y,) € W", one has

N
el - Dyl < il = [yillw-
i=1

Therefore we may assume without loss of generality that V and W are finite-
dimensional vector spaces over k. Consider the k-linear map £ from W* to V sending
peWto

N
e =" o).
i=1

We equip W* with the dual norm ||-||w . and consider the operator norm of £. On
one hand, one has

le = sup NeOlv g, leON Dy
eew0y lellws  pewgor  llellw .

= [Iyllw.ee - lxllv = Iyllw - [1x[lv,

where the last equality comes from Corollary|1.2.12|and the hypothesis that |||y is
ultrametric. On the other hand, one has
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le(yi)xi + -+ o(yn)xn llv
l€ll = sup
PEW\{0} llellw,«

& LGl - llxilly _ <
< sup T < S il - Dyl =

N
[1x: 1l - 1lyillw,
pew 1 = llellw . —

i=1 i

where the last equality follows from Corollary and the hypothesis that ||-||w
is ultrametric again. The proposition is thus proved. O

The following result provides a variant of Proposition[T.2:43] Note that it gener-
alises (by using Proposition [I.2.47)) Proposition [T.2.40}

Proposition 1.2.51 Let (V, ||-||) be a finite-dimensional normed vector space over k.
Assume that the absolute value || is Archimedean or the norm ||-|| is ultrametric.
For any vector subspace W of V, the norm of the canonical isomorphism

[ det(W) ® det(V/W) — det(V)
is bounded from below by

SW, [I-llw)s(V/W, IIllvw)

-1
ST > 5V

where we consider the restriction ||-|lw of the norm ||-|| to the vector subspace W and
the quotient norm ||-|lyjw of ||-|| on the quotient space V /W. In particular, one has

max {SW, |I-lw). 6(V/W. lI-llvw)} < (V. II-I))-

Proof Let ||-|ly,w be the quotient norm on V/W induced by ||-||y. By Proposition
the dual norm ||-|lyw. coincides with the restriction of the norm ||-||, to
(V/W)Y. Moreover, by Lemma (for the Archimedean case) and Proposition
(for the non-Archimedean case), the quotient norm on WV induced by ||-||.
identifies with the dual norm ||-||w . Let & and S8 be respectively non-zero elements
in det(W) and det(V/W). Let ¥ € det(W") and B € det((V/W)Y) be their dual
elements, i be the image of @® by the canonical isomorphism det(W)®det(V /W) —
det(V), and iV be the image of ¢ ® B" by the canonical isomorphism det(W") ®
det((V/W)Y) — det(V"Y). Then " is the dual element of 7.

By Proposition[T.T.68] one has

177 Ml et < lle*llwe.et - 1B llv/w s ger-

Hence by (1.38) one has
SW, I-lw)o(V/W, |I-llvyw) 17" Il det - 17 ldet
o(V, 111D o lw xdecllllw.get - 1Bllv/w.aedllBYlIv /w «.det

171l det
<
lellw get - 11Bllv/w det

=71
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Finally, by Corollary[I.1.68] we obtain
SW.[I-lw)s(V/W. II-llvyw) < 6(V, I

Since 6(W, ||-|lw) and 6(V /W, ||-|lv,w) are > 1 (see Proposition [1.2.46]), we obtain
the last inequality. O

Corollary 1.2.52 Let V be a finite-dimensional vector space over k and ||-|| be a
norm on V. We assume that, either the norm ||-|| is ultrametric or the absolute value
|| is Archimedean. If W\ and W, are two k-vector subspaces of V, then the canonical
isomorphism

det(Wl) ® det(Wz) — det(W1 N W) ® det(W; + W) (1.40)
induced by the short exact sequence
O——WinW) ——Wi&oW, —= W+ W, ——=0

has operator norm < min{6(Wy),5(W»)}/6(W N W>), where in the above formulae
we consider the restricted norms on the vector subspaces of V. In particular, if ||-||
is an ultrametric norm, then the linear map (1.40) has norm < 1.

Proof Consider the short exact sequence
0O——=WinW, —= W, ——=W; /(W nW,;) ——0.
By Proposition the canonical element 7 in
det(W)Y ® det(W; N W>) ® det(G)

has norm < 6(W1)/8(W1NW,)8(G), where G denotes the vector space Wy /(W NW;)
equipped with the quotient norm ||-||.
Similarly, consider the short exact sequence

0——=W, — =W+ W, ——= (W; + W)/W, ——=0.
By Corollary[I1.1.68] the canonical element 1" in
det(W>)" ® det(G')" ® det(W; + W>)

has norm < 1, where G’ denotes the vector space (W + W,)/W, equipped with the
quotient norm ||-||g-. Therefore we obtain

l7 ®n'll < 8(Wy)/6(Wi N Wy).

Let f : G — G’ be the canonical isomorphism. One has || f(x)|l¢: < ||x||g for
any x € G. In particular, the canonical element of det(G) ® det(G’)" has norme > 1.
We deduce that the canonical element of
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det(W))" ® det(W>)" ® det(W; N W) @ det(W; + W)

has norm < 6(W;)/8(W; N W,). By the symmetry between W; and W,, we obtain
the announced inequality. O

Remark 1.2.53 We assume that the absolute value |-| is non-Archimedean. The result
of Corollary[1.2.52]is not true in general if the norm ||-| is not ultrametic. However,
we can combine the proof of Corollary [I.2.52] and Proposition [I.2.43|to show that
the canonical isomorphism (I.40) in Corollary [T.2.52]has an operator norm bounded
from above by
min{A(W1),A(W2)}
AW NW>)

The same argument also works in the Archimedean case.

1.2.8 Ellipsoid of John and Loéwner

We assume that the absolute value |-| is Archimedean. Let V be a finite-dimensional
vector space over k, equipped with a norm ||-||. In this subsection, we discuss
the approximation of the norm ||-|| by Euclidean or Hermitian norms. Note that
Proposition[I.2.7] provides a result in this direction. Let {e;}/_, be an orthonormal
basis of V. Let (,) be an inner product on V such that {e;}!_, is orthogonal with
respect to the inner product, and that (e;, ¢;) = r foranyi € {1,...,r}.If ||-||; denotes
the norm on V induced by the inner product {, ), then forany x = dje1+- - -+A,e, € V

one has

|/11|2+...+|/1 |2 1/2
() T < max(i i ) < Dl

Liely =
-
and [lx]l < [l + -+ 14 L <P (AP + 14 P) 2 = Dl
The works of John [91]] and Léwner provide a stronger result on the comparison
of inner product norms and general norms. We refer to the expository article of Henk
[86] for the history of this theory. For the convenience of the readers, we include the
statement and the proof of this result.

Theorem 1.2.54 (John-Lowner) Let V be a non-zero finite-dimensional vector

space over k, equipped with a norm ||-||. There exists a unique Euclidean or Hermi-
tian norm ||-||; bounded from above by ||-|| such that, for any Euclidean or Hermitian
norm |-l satisfying ||-|ln < |||l one has |||ln,ae < IIll7,der- Moreover, forany x €'V,

one has || x|, < ||x|| < r'/?||x||n, where r is the dimension of V over k.

Proof We fix an arbitrary inner product (,)’ on V and denote by ® the vector space
(over R) of all endomorphisms of V which are self-adjoint with respect to the inner
product (,)’. Recall that a k-linear map u : V — V is said to be self-adjoint with
respect to (,)’ if and only if
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V(xy) €V (u(x),y) = (xu(y).

Let O be the set of all positive definite self-adjoint operators. Since any pair of
self-adjoint operator can be simultaneously diagonalised by a basis of V, we obtain
that ®7 is a convex open subset of ® and that the function log det(-) is strictly concave
on OF,

Let B={x € V : ||x|]| < 1} be the unit ball of the norm ||-||. For any u € ®*, let
B, ={x €V : (x,u(x))’ < 1}, which is the unit ball of the Euclidean or Hermitian
norm ||-]|, on V defined as

VeV, |x]I2 = (xu(x)).
Let @ be the set of all u € ®* such that B, 2 B. Then for any uy € @y, the set
O(ug) := {u € Qg : det(u) > det(ug)}

is a convex and compact subset of @. In fact, from the concavity and the continuity
of the function log det(-) we obtain that the set ®(u) is convex and closed. Moreover,
the condition B,, 2 B for u € ®g implies that the set ®(ug) is bounded in ®. Therefore
the restriction of the function det(-) to @ attains its maximal value at a unique point
up € @0.

Let (,) be the inner product on V such that

V(x,y) eVXV, (xy)=(xu(y).

We call it the John inner product associated with the norm ||-||. The corresponding
Euclidean or Hermitian norm ||-||; is called the John norm associated with ||-||.
In the following, we prove the relation

VxeV, lxly < Ixll < r'2xlly

under the supplementary assumption that the unit ball B is the convex hull of finitely
many orbits of the actionof {a € k : |a| =1} on V.

Without loss of generality, we assume that (,)’ = (,). For any x € V such that
||x]] <1, let ¢ : ® — R be the linear functional which sends u € O to {x,u(x)). If
u 'V — V is a self-adjoint linear operator such that ¢, («#) < O for any x € B such
that (x, x) = 1, then one has Tr(«) < 0. In fact, the condition

VxeB, (xx)=1= ¢,(u)<0

implies that Id + eu € @ for sufficiently small &€ > 0O (here we use the supplementary
assumption that the convex body B is spanned by a finite number of orbits). Therefore
one has det(Id + eu) < det(Id) = 1, which leads to Tr(u) < 0. Therefore, the linear
form Tr(-) lies in the closure of the positive cone of ®¥ generated by ¢, () (x € B,
(x,x) = 1), namely there exist a sequence of elements {x, }, <y in

Bn{xeV : {(xx)=1}
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and a sequence {4, },,>¢ of real numbers such that

Tr(u) = ) A n, () (1.41)

neN

for any u € ©. If we apply the identity to u = Id, we obtain

r= Z/ln<xmxn> = Z An. (142)

neN neN

Let y be an element in V such that {y,y) = 1. We apply the identity (T.4T) to the
linear map u(x) = (y, x)y, and obtain

1= Al 02,

neN

Thus there should exist n € N such that |(x,, y)|. > r~'/? since otherwise we have

1 1
1<Z;/ln=;-r=1,

where the first equality comes from (I.42), which leads to a contradiction. Since the
unit ball B = {x € V : ||x|| = 1} is invariant by the multiplication by any A € k
with || = 1, we obtain that, for any y € V such that (y,y) = 1, there exists x € B
such that Re(y, x) > r~1/2.

We claim that the unit ball B = {x € V : ||x|| < 1} contains the set of all x € V
such that (x,x) < 1/r. In fact, if xg € V is a point such that (xg, x9p) < 1/r and that
|[x]] > 1, we can choose an R-affine function f : V — R such that f(xg) = 0 and
that f(x) < O for any x € B. Note that Re(, ) defines an inner product on V, where V
is viewed as a vector space over R if k£ = C. By Riesz’s theorem there exists y € V
such that

VxeV, f(x)=Re(y,x)+ f(0).

Without loss of generality, we may assume that (y,y) = 1. One has
1
0 = f(x0) = Re(y,x0) + £(0) < (3, )"/*(x0, x0) /> + f(0) = G + f(0).

Hence f(0) > —r~'/2. However, the above argument shows that there exists x € B
such that Re(y, x) > r~'/2. Hence one has

0> f(x) = Re(y, x) + f(0) > 0,

which leads a contradiction.
Since B C {x € V : {x,x) < 1}, one has ||x||; < ||x|| for any x € V. Moreover,
the relation
{xeV :{(xx)y<l/r}CcB={xeV :|x|| <1}
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implies that ||x|| < r'/2||x||y. The theorem is thus proved under the supplementary
hypothesis.

For the general case, we can construct a decreasing sequence of norms {||-||,; }nen
such that each unit ball {x € V : ||x]||, < 1} verifies the supplementary hypothesis
mentioned above and that the sequence

l1x1ln

ozxev |Ixll

converges to 1 whenn — +oo. Foreachn € N, let ||-||,,.7 be the John norm associated
to the norm ||-||,,. If we identify the set of Euclidean or Hermitian norms on V with
®*, we obtain that these John norms actually lies in a bounded subset of ®. Therefore
there exists a subsequence of {||-||,..7 }nen Which converges in ®, whose limite should
be the John norm associated with ||-|| by the uniqueness of the John norm. Without
loss of generality we may assume that {||-||,.,7 }nen converges in ®. By what we have
established above, for any n € N one has

VxeV, xlls < lIxll < r'?[xll,.
By taking the limit when n — +o00, we obtain the result announced in the theorem.o

Remark 1.2.55 Let (V, ||-||) be a finite-dimensional normed vector space over R or C
(equipped with the usual absolute value). Since (V, ||-]|) is reflexive (see Proposition
, we deduce that the dual norm ||-||; . is the unique norm on V" which is
bounded from below by ||-||. and such that the corresponding determinant norm
II|l.7.%.det is minimal. In particular, one has

1117 det
AWVY ) = ===
I Il et
Similarly, one has
Illz.a
INANE < (1.43)

[ llget

where ||-||z is the unique Euclidean or Hermitian norm on V which is bounded from
below by ||-|| and such that |||z gec is minimal (called the Lowner norm of ||-|)),
which is also equal to ||-||._s .. Theorem[1.2.54|then leads to

max{A(V, [l-]l), A(VY, I1]l.)} < dimy(V)ime(V)/2 (1.44)

We denote by A(V,||-||) the constant ||n||z.det - |7 ]17,x.det» Where 1 is an arbitrary
non-zero element in det(V), and " is its dual element in det(V"). With this notation,

by (1.38) in §1.2.7 one has
AWV AW D = AV DSV, 1D (1.45)

Note that one has ||-||; < ||| by definition. Hence we obtain
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I, det S Il det

AWV, = Z s
“lldet

=AWV, 1D, (1.46)
ll-117.det
where the first equality comes from Proposition(1.2.47| Therefore the relation
leads to A(VY, ||“|l+) = 6(V,||]]). Since §(V,||-||) and A(V,]|-||) are both invariant by
duality, one obtains

SV, 1) < min{A(V, [I-1D, AV, [I-[1.)}

. (1.47)
max{A(V, |-, AV |1} < AV I-ID-

VA/AN

Remark 1.2.56 We can deduce from Theorem[I.2.54]a similar result for seminorms.
Let (V,||-[) be a finite-dimensional seminormed vector space over k. Let ||-||; be
the John norm associated with ||-||~. It is induced by an inner product on V/N)..
Let ||-||; be the seminorm on V given by the composition of [|-||; with the canonical
projection V. — V/||-||. It is a seminorm induced by a semidefinite inner product.
Moreover, the following inequalities hold

-l < 1111 < dimg (V/Ny. D 211l

1.2.9 Hilbert-Schmidt tensor norm

In this subsection, we assume that the absolute value |-| is Archimedean.

Let V and W be finite-dimensional vector spaces over k, equipped with semidef-
inite inner products. For f € Homg (V*, W), the adjoint operator f* : W — V* of f
is defined by (f(@),y) = {(a, f*(y)). for all @ € V* and y € W. Note that the adjoint
operator f* exists for any f because the product (, ). on V* is positive definite. We
can equip Homy (V*, W) with the following semidefinite inner product (, )us:

Y f,g € Homp(V*,W), {(f,gdus := Tr(f" o g).

This semidefinite inner product defines a seminorm on Homg (V*, W), which induces
by the canonical linear map V ® W — Homy (V*, W) a seminorm ||-||ys on V ®k W,
called the orthogonal tensor product of the seminorms of V and W, or Hilbert-
Schmidt seminorm. Note that if {x;}"" | and {y; sz , are respectively orthogonal basis
of V.and W, then {x; ® yj}ic(1,....n}, je(l,...,m} is an orthogonal basis of V & W with
respect to (, )is. Moreover, for x € V and y € W one has

llx® yllas = llxll - Iyl (1.48)

In particular, if V and W are both of dimension 1 over k, then the orthogonal tensor
product seminorm on V ®; W coincides with the e-tensor product and the nw-tensor
product seminorms. In this case we just call it the tensor product seminorm.

The dual norm on V*®;, W* of the Hilbert-Schmidt seminorm on V®; W coincides
with the orthogonal tensor product of the dual norms on V* and W*. Moreover, the
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orthogonal tensor product is commutative, namely the isomorphism from V ®; W to
W ®x V given by the transposition is actually an isometry under orthogonal tensor
product seminorms. Similarly, the orthogonal tensor product is associative. More
precisely, given three finite-dimensional vector spaces U, V and W over k, equipped
with semidefinite inner products, the natural isomorphism from (U ®; V) ®; W to
U ® (V ® W) is an isometry for orthogonal tensor product seminorms.

The following assertion, which is similar to Proposition [I.2.36] studies the quo-
tient norm of the orthogonal tensor product.

Proposition 1.2.57 Let V and W be finite-dimensional seminormed vector spaces
over k, Vy be a k-vector subspace of V, and Q be the quotient vector space V [V,
equipped with the quotient seminorm. We assume that the seminorms of V and
W are induced by semidefinite inner products. Then the canonical isomorphism
Ver W)/ (Vo @ W) — O Q W is an isometry, where we consider the orthogonal
tensor product seminorms on 'V ®, W and Q Qi W, and the quotient seminorm on
(V& W)/(Vo & W).

Proof By the Gram-Schmidt process we can identify the quotient space Q with the
orthogonal supplementary of Vp in V. Let e = {e;}"" | be an orthogonal basis of V
such that card(e N Vp) = dimg(Vp). Then the projection V — Q defines an isometry
between Q and the vector subspace V; of V generated by e \ Vp. Let f = { f]}J”; , be
an orthogonal basis of W. Then the basis e ® f = {e; ® fj} j)e{1,...n}x{1,....m} Of
V ® W is orthogonal. Moreover, one has

card((e ® f) N (Vo & W)) = dimg(Vp @ W).

Thus (e \ Vp) ® f forms an orthogonal basis of O ® W equipped with the quotient
seminorm (where we identify Q with VOL). Hence the quotient seminorm on Q ®; W
identifies with the orthogonal tensor product seminorm. O

Proposition 1.2.58 Let (V,||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector space over k, Vo be a k-vector subspace of V and ||-|lv, be the restriction
of ||-llv on Vy. We assume that the absolute value |-| is Archimedean and that the
seminorms |||y and ||-|lw are induced by semidefinite inner products. Let ||-|| be
the orthogonal tensor product of ||-|lv and ||-|lw, and ||-||o be the orthogonal tensor
product of |||lv, and ||-|lw. Then ||-|lo identifies with the restriction of ||-|| to Vo & W.

Proof Note that ||-]|, identifies with the orthogonal tensor product of ||-|ly . and
I|lw > and ||-||o.. identifies with the orthogonal tensor product of ||-||,.« and [||lw ..
Moreover, by Lemma [1.2.48| ||-|lv, . identifies with the quotient norm of ||-||. by
the canonical surjective map V* — V. By Proposition [1.2.57, we obtain that
IIllo.« identifies with the quotient norm of ||-||. by the canonical surjective map
V* @ W* — V; & W*. Therefore, by Proposition [1.1.20} ||-[|o is the restriction of
||-]] to Vo @ W. O

The following proposition compares g-tensor product to orthogonal tensor prod-
uct.
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Proposition 1.2.59 Let V and W be finite-dimensional vector spaces over k, equipped
with semidefinite inner products. Let ||-||s and ||-|lus be respectively the e-tensor
product seminorm and the orthogonal tensor product seminorm on 'V ®; W. Then
I-lle < Il-llas < min{dimy(V*), dimg (W)} 72||-||.

Proof Without loss of generality, we may assume that dimy (V*) < dimg(W™). Let ¢
be an element of V ®; W, viewed as a k-linear map from V* to W.Let 4} > ... > A,
be the eigenvalues of the positive semidefinite operator ¢* o ¢. By definition, the
Hilbert-Schmidt seminorm of ¢ is ||¢||gs = (A1 +. . . +4,-)'/2. Moreover, the operator
seminorm of ¢ is /li/ 2 In fact, if @y, . . ., @, are eigenvectors of ¢* o ¢ of eigenvalues
A,..., 4., respectively, then for any (ay,...,a,) € k" one has

(plajay + ...+ arap ), o(a1a) + ... + ara;))

.
={o"(plarar + ...+ ara;)),a1a1 + ...+ a,ra,) = Z |ai|2/li.
i=1

Therefore one has [l¢|l- < ll¢llus < Vrllelle. o

By using the duality between the e-tensor product and m-tensor product (see
Proposition[I.1.57), we deduce from the previous proposition the following corollary.

Corollary 1.2.60 Let V and W be finite-dimensional vector spaces over k, equipped
with semidefinite inner products. Let ||-||x and ||-|lus be respectively the n-tensor
product and the orthogonal tensor product norms on'V ®; W. Then one has

I-lle = [I-llas = min{dimg (V*), dimg (W)}~ ||-||..

The following proposition expresses the Hilbert-Schmidt norm of endomorphisms
in terms of the operator norm.

Proposition 1.2.61 Let V be a vector space of finite dimension r over k, equipped
with an inner product (,). Let f : V. — V be an endomorphism of V. Then one has

r

(ffms=), inf |f-egl?

= geEndy (V)
i=1 T(g)<i-1

where ||-|| denotes the operator norm on Endy (V).

Proof Let {e;}/_, be an orthonormal basis of V consisting of the eigenvectors of the
self-adjoint operator f*o f.Foranyi € {1,...,r}, let A; be the eigenvalue of f* o f
corresponding to the eigenvector e;. Without loss of generality, we may assume that
A1 = ... > A,. Since the self-adjoint operator f* o f is positive semidefinite, one
has 4, > 0. By definition, one has (f, f)us = Xi_; 4;. In the following, we prove
that, forany i € {1,...,r}, one has

inf —g|* = ;.
A gl =
rk(g)<i-1
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Let m be the orthogonal projection of V to the vector subspace generated by
{e1,...,e;—1}. Then the endomorphism f o 7 has rank < i — 1. Moreover, since
any orthogonal projection is self-adjoint, one has

(f=f)(f-fm)=(f —nf W - fm)= [ f+nf fn-nff-ffr

In particular, the linear endomorphism (f — f7)*(f — fn) sends an element ae; +
--++aye,inVtoa;de;+- - -+a,Ae,. Hence the operator norm of (f— fn)*(f - fn),
which is equal to the square of the operator norm of f — fm, is A;.

It remains to prove that, for any k-linear endomorphism g € Endg (V) of rank
< i—1,one has ||f — g||> > A;. Let W be the vector subspace of V generated by
{e1,...,e;}.Since g hasrank < i — 1, one has Ker(g) "W # {0}. Let x be a non-zero
vector in Ker(g) N W. One has

I = )N = £ = (FO), £(x)) = (7 (), 2.

Since x € W, one obtains ||(f — g)(x)||> > A;||x||>. Therefore || f — g||> > A;. The
proposition is thus proved. |

Proposition 1.2.62 Let V be a finite-dimensional vector space over k, equipped with
a semidefinite inner product {,), r be the dimension of V, and ||-||qer be the quotient
seminorm of the orthogonal tensor product seminorm on V" by the canonical
quotient map V& — det(V). Then one has ||-|laec = (r)'?|||lder-

Proof 1f the seminorm associated with the semidefinite inner product on V is not a
norm, then both seminorms ||-||qet and ||-||qe¢ Vanish. It then suffices to treat the case
where (,) is an inner product.

Let ¢ be an element in V®”. Let {¢;}!_, be an orthonormal basis of V. We write
¢ into the form

¥ = Z al(€i1®"'€ir)'

oec,

where S, is the symmetric group of order r. Hence the Cauchy-Schwarz inequality
leads to

< (r)'"lellus,

oeC,
where ||-||lus denotes the orthogonal tensor product norm on V", The equality is

attained when ¢ is of the form ¥, cc. sgn(c)eq (1) ® - - - ® ex (). The proposition is
thus proved. O

Proposition 1.2.63 Let V and W be finite-dimensional seminormed vector spaces.
We assume that the seminorms of V. and W are induced by semidefinite inner products.
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Let n and m be respectively the dimensions of V.and W over k. We equip the tensor
product V Q W with the orthogonal tensor product seminorm ||-||lus. Then the
canonical isomorphism det(V @, W) — det(V)®™ ® det(W)®" is an isometry, where
we consider the determinant of the Hilbert-Schmidt seminorm on det(V ®; W), and
the tensor product ||-||" of determinant seminorms on det(V)®™ @ det(W)®".

Proof The assertion is trivial when at least one of the seminorms of V and W is not
a norm since in this case both seminorms ||-||gs,der and ||-||” vanish.

In the following, we assume that V and W are equipped with inner products. Let
{e;}, and { fJ}j"; , be respectively orthonormal bases of V and W, which are also
Hadamard bases (by Proposition [1.2.25). Then {e; ® fj}( je{1....n}x{l.....m} is an
orthonormal basis of V ®;, W. By Proposition[I.2.23] it is also an Hadamard basis.
Hence one has

n m

/\

i=1 j=

’
=1= .
HS,det

(1 Ao Aew)® @ (fi Avee A fon)®"

(e: ® f7)
1

The proposition is thus proved. O

1.3 Extension of scalars

In this section, we suppose given a field extension K of k equipped with a complete
absolute value which extends |-| on k. By abuse of notation, we still use the notation
|| to denote the extended absolute value on K. We can thus consider K as a normed
vector space over k, which is ultrametric if and only if the absolute value |-| on k is
non-Archimedean.

Let (V,||-||) be a finite-dimensional seminormed vector space over k. We consider
the natural K-linear map from Vg = VQ; K to Z(V*,K) which sends x®@a € V@, K
(with x € V and a € K) to the k-linear map (f € V*) — af(x). We equip V*
with the dual norm and £ (V*, K) with the operator norm, which induces by this
natural K-linear map a seminorm on V ®; K denoted by |||k, and called the
seminorm induced by ||-|| by e-extension of scalars. Note that the seminorm ||-||x ¢
is necessarily ultrametric if k is non-Archimedean. Moreover, if (K, ||) is reflexive
as normed vector space over k (this condition is satisfied notably when K /k is a
finite extension), then the seminorm ||-||x_ . is the e-tensor product of ||-|| and the
absolute value on K (viewed as a norm on the k-vector space K), see Remark[T.1.53]

We denote by ||-||x » the m-tensor product seminorm on V ®; K of the seminorm
||-|] on V and the absolute value |-| on K, called the seminorm induced by ||-|| by
m-extension of scalars. If |-| is Archimedean and if the seminorm ||-|| is induced by
a semidefinite inner product, we denote by ||-||x us the orthogonal tensor product of
the seminorm ||-|| on V and the absolute value |-| on K (in the Archimedean case the
extension K/k is always finite), called the seminorm induced by ||-|| by orthogonal
extension of scalars.
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In what follows, an element x € V is often considered as an element of Vg =
V ®i K by the inclusion map V — V ®; K sending x to x ® 1.

1.3.1 Basic properties

In this subsection, we discuss some basic behaviour of norms induced by extension
of scalars.

Proposition 1.3.1 Let (V,||-||) be a finite-dimensional seminormed vector space over
k.

(1) For any x € V one has ||x||k.e = ||x|l«, where |||« denotes the double dual
seminorm of ||-||. In particular, if either (k,|-|) is Archimedean or (V,||-||) is
ultrametric, then one has || x||x & = ||x|| for any x € V.

(2) For any x € V one has ||x||k.» = ||x||. If || is Archimedean and ||-|| is induced
by a semidefinite inner product, for any x € V one has ||x||k us = ||x]|.

(3) Foranyy € Vi one has ||y|lk.e < |[¥llk.x- If (k,|-|) is R equipped with the usual
absolute value, K = C, and ||-|| is induced by a semidefinite inner product, then
for any y € V¢ one has

Ivllc.e < Iyllcns < I1Yllc.q (1.49)
min{dimg(V*),2}""[Iyllc.x < Iyllens < min{dimg(V*),2}'/2||ylc,».
(1.50)

Proof Let £x : V¥ — k be the k-linear map sending any bounded linear form
f € V't f(x). Let &x : V* — K be the composition ¢, with the inclusion
map k — K. The operator norms of £, and {, are the same. Therefore one has
|[x|lk = ||x||««. The last assertion comes from Proposition and Corollary
L2121

The first assertion of [(2)|follow from Remark[T.1.56]in the Archimedean case and
from Proposition [I.2.50]in the non-Archimedean case (note that the absolute value
on K, viewed as a norm when we consider K as a vector space over k, is ultrametric
once |-| is non-Archimedean). The second assertion follows from in

[(3)| The first assertion follows from (1) and Proposition [[.1.54]

In the case where (k, |-|) is R equipped with the usual absolute value, K = C, and
||-]| is induced by an inner product, the inequalities follow from Proposition [1.2.59

and Corollary [T.2.60} m|
Remark 1.3.2

(1) Note that ||-|| and its double dual seminorm ||-||.. induce the same dual norm
on V* (see Proposition [I.2.14). Hence they induce the same seminorm on Vk
by e-extension of scalars. Moreover, if K = k, then ||-||x_ identifies with the
double dual seminorm of ||-|| on V.
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(2) Assume that k = R, K = C and |+| is the usual absolute value on R. Suppose
that the norm ||| is induced by a semidefinite inner product (,). Note that (,)
induces a semidefinite inner product (, )¢, given by

Vx,p,x,y €V, (x+iy,x'+iy e = (nx )+ y)+i((x,y )= (y.x")).

Note that the seminorm corresponding to (,)c identifies with the orthogonal
tensor product ||-||c,us of ||-|| and |-|. Moreover, an orthogonal basis of (V,(,))
remains to be an orthogonal basis of (V¢, (, )c), which implies that ||-||c us is the
unique seminorm on V¢ extending ||-|| which is induced by a semidefinite inner
product. In particular, one has (, )..c = (, )c,«, where (, ). denotes the dual inner
product of (,) (see §1.2.1), and hence [|[lc,us,« = II-[l,c.Hs-

(3) Let V be a seminormed vector space of dimension 1 on k. Then the norms
|||l .e and ||-||x,~ are the same since they take the same value on a non-zero
vector of V (by Proposition [1.3.1)). Similarly, if |-| is Archimedean then one has
I'llx.e = I'llk.ms = |I-llx.z- We just call this seminorm the seminorm induced
by ||-|| by extension of scalars and denote it by ||-||x-

Proposition 1.3.3 Let (V,||-||) be a finite-dimensional seminormed vector space over
k and N = N be the null space of ||-||.

(1) The null spaces of the seminorms ||-||k .= and |||k, are both equal to Nk.

(2) A linear form on the K-vector space Vi is bounded with respect to the seminorm
|||k . if and only ifit is bounded with respect to ||-||k .x. Moreover, the underlying
vector spaces of (Vk, ||-|lk.e)* and (Vk, ||- ||k .=)* are both canonically isomorphic
to (Vg [Nk)".

(3) The quotient norm on Vi [Nk induced by |||k & (resp. ||||k.x) identifies with
the g-extension of scalars ||'||I”<,g (resp. the m-extension of scalars ||'||I”<’n) of the
norm ||-||”.

Proof [(I)] Note that the relation ||-||lx s < |||k, holds (see Proposition [I.3.1][3)),

so that it is sufficient to see that (i) ||x||x » = O for x € Nk and (ii) ||x||x.e > O for
x € Vk \ Nk. Let {e;}]", be a basis of V such that {e;}!_, forms a basis of N.
(i) We write x in the form x = Aje; + - - - + A, with (1y,...,4,) € K. One has

r r

0 < llxllxx < " 1l el x = D 1l - lleill = 0,

i=1 i=1

where the first equality comes from Proposition[I.3.T][(2)}
(i) We set x = A1eq + -+ - + Ape, (A4,...,4, € K). If x does not belong to Nk,
then there exists j € {r + 1,...,n} such that 2; # 0. Note that e}’ belongs to V*.

Hence
4]
lxllx,e > —>— > 0.
€71l

[2)| By Corollary [I.T.T3][3)] a linear form on a finite-dimensional seminormed
vector space is bounded if and only if it vanishes on the null space of the seminorm.
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Bywe obtain that both seminorms ||-||x ¢ and ||-||x .~ admit Nk as the null space.
Hence we obtain the required result.
We identify V* with (V/N)" and then the norm ||-||. identifies with the dual

norm of ||-|~. Therefore by definition for any x € Vi one has [|x[|k.e = [[x]llx ..
where [x] denotes the class of x in Vi / Nk . The case of m-extension of scalars comes
from Proposition [I.1.58] o

The following proposition proves a universal property of the m-extension of
scalars.

Proposition 1.3.4 Let (V,||-||) be a finite-dimensional seminormed vector space over
k. If ||-|I is a seminorm on Vi whose restriction to V is bounded from above by ||-|,
then the seminorm ||-||" is bounded from above by |||k . In particular, ||-||k . is the
largest seminorm on Vg =V Q. K extending ||-||.

Proof For any x € V and a € K one has

lx®al’=lal-llx® 1" < lal - [Ix]|.

By Proposition|1.1.54} we obtain ||-||” < |||k - O
Proposition 1.3.5 Let (V1, ||-||1) and (Va, ||-||l2) be finite-dimensional seminormed vec-

tor spaces over k, and ||-|| be the n-tensor product seminorm of ||-||; and ||-||>. Then
the norm ||-||x = identifies with the n-tensor product of ||| x.» and ||-||2.x -

Proof Let |||’ be the n-tensor product of ||-||1 k.~ and ||:|2,x . If s is an element
of V| ®; V5, which is written as s = x| ® y; + -+ - + X, ® yp, With (x1,...,x,) € v
and (y1,...,y2) € VJ'. Then one has

n n
sl < " Wil or - Iyillkr = > Ixills - yill.
i=1 i=1

Therefore one has ||s||” < ||s||. By Proposition|1.3.4] the norm ||-||” is bounded from
above by [-l.x-

To prove the converse inequality, by Proposition[T.1.54] it suffices to show that, for
any splittensor u®v in V| x ®k V2 kx onehas |[u®v||k » < ||lulli,x 7 |[V]l2.k . Assume
that ¥ and v are written as u = Ajx; + -+ - + Apx, and v = pyy; + -+ - + Y, with
(A1, s ) € K™, (X1, ., x0) € V', (u1s- o5 ) € K™ and (y1,. .., ym) € V3"
Then one has

@ik <y

i=1j

s

n m
Wil - 1% @ yjllk . = Y D g - 13 @ ;|
i=1 j=1

4] - Nl - 11yl

M=
M=

1 j=1

m
il -l ) (D 1l - 1yl
j=1

N

(

i=1
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Since the decompositions u = Ajx; + -+ + Ayx, and v = g1y + -+ + fyym are
arbitrary, we obtain
lu®vikx < llulligx - IVl

Proposition 1.3.6 Assume that (k, |-|) is the field R equipped with the usual absolute
value and K = C. Let (V1,{,)1) and (V3,{,)2) be finite-dimensional vector spaces
over R equipped with semidefinite inner products, ||-||i and ||-|l» be seminorms
corresponding to {,); and (,),, respectively, and ||-|| be the orthogonal tensor
product of ||-|l1 and ||-|l». Then the seminorm ||-||c.us identifies with the orthogonal
tensor product of ||-|l1.c.us and |||l2.c.Bs-

Proof Let {x;}, and {yj}j”i1 be orthonormal bases of (Vi,||-|l1) and (W2, |-||2),
respectively. Then {x; ® ¥} j)e(1,...n}x{1,...,m} is an orthonormal basis of (V| ®r
V2, |I-]|) and hence is an orthonormal basis of (Vi c®cVa,c, I|[lc,us )- Moreover, {x;}! |
and {yj}j”;1 are also orthonormal bases of (Vi c,||-|li.c.us) and (Va.c,||-2.c.us)s
respectively. Hence {x; ® y;}( j)e{1,...,n}x{l....,m} is an orthonormal basis of V| ¢ ®c
Va,c with respect to the orthogonal tensor product of ||||i,c.us and |[|-||2,c.us. The

proposition is thus proved. O
Proposition 1.3.7 Let V be a finite-dimensional vector space over k, and ||-||; and
|-|l> be two norms on V.

(1) One has

d([l-ll.x e Ill2.x .6) = dCI]- s l-l2,00) < dCll-1s 1] 1l2)-

In particular, if both norms ||-||| and ||| are reflexive, then
d(llll.x.e5 I ll.x.e) = d(ll- N1 1-]12)-

(2) One has d(|| Ik 7 I llo,x ) = d(ll-ll1, I |I2).
(3) Assume that || is Archimedean and that |||, and ||||» are induced by inner

products. Then d(|||l1. & us. lIll2.x 1s) = d([I |1, [I]l2)-
Proof [(1)] By Proposition [I.1.43] one has d(|||l1 « [|ll2,+) < d(|I-[l1,]-]l2). By the

same argument as that of the proof of Proposition [[.1.43] we can show that
d(|l-ll.x & Ill2.x &) < d(ll“ll1,% [I|l2,). Hence we obtain the inequality

A,k e I-ll2,x &) < d(ll-ll1, [I-112)-

By Proposition|1.2.14} for i € {1,2}, ||-||; and ||:||; « induce the same dual norm on
V*, and hence ||||; ke = |||l «+.k.e. Therefore the above argument actually leads
© d(I 1.5 -2k ) < (11l I]1). Conversely, by Proposition [3.T[(1)] we
obtain that ||-||,x ¢ and [|-]l2,k & extend [|-||1,. and ||-||2,+«, respectively. Hence one
has d(|-ll ke 1-12.x.0) > A0 1)

The inequality d({|-[|1 s ||*l2,4¢) < d(|||l1,]]:]]2) comes from Proposition |1.1.43
The equality holds when both norms ||-||; and ||-||; are reflexive.
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(2)| By Proposition Il k.~ and [|-[l2,x = extend ||-||; and ||-||2, respec-
tively, and hence d(||-|l1.x.z ||-ll2.x.x) = d(||-|l1,]]-]l2). In the following, we prove
the converse inequality. If we set & = d(||-|1, ||-]l2), then e™® < ||s||1/|Is|l» < e° for
s € V\ {0}, that is, ||-]li < €°||-|l» and ||-]l2 < €°||-|l;. By Proposition [1.3.4] one
has ||'|[1.x.x < €°||-|l2.x.x- By the same reason, |||o.x.~ < €°||‘|l1.x.~. Hence the
inequality d(||-ll k. Ik ») < & = d(||-ll,|-|2) holds.

[3) It suffices to treat the case where k = R and K = C. By Proposition
IIl.x.ns and [|-]l2,x us extend ||-|ly and ||-||2, respectively, and hence
(Il ks> Il ) > dFI ). As in (2 if we set & = d(|lll, |-I), then
Il < €|l and ||-]l» < €®||-]l;. Let z be an element of Vc, which is written as
z = x + iy, where x and y are vectors in V. Then one has

2 2 2 26 2 2 26 2
”ZHI,C,HS = ||x”1 + “)’“1 e (“x”z + ”yllz) =¢ ”ZHQ,C,HS'

Therefore |||l us,c < €°|||l2,us,c. Similarly, [|-|lo,c,us < €®|l-|li,c.us, so that the
inequality d(||-|l,c.us, I ll2,c,us) < 6 = d((|-]l1, ]]-]l2) holds. o

Proposition 1.3.8 Let (V4, ||-||1) and (Va, || ||2) be finite-dimensional seminormed vec-
tor spaces over k, and f : Vi — V; be a bounded k-linear map. Let fx - Vi x — Va.x
be the K-linear map induced by f.

(1) If we consider the seminorms ||-||1.x . and ||-|l2.x . on Vi.x and Vs k, respec-
tively, then the operator seminorm of fx is bounded from above by that of f*
(which is bounded from above by | f||, see Proposition [I.1.22)). The equality
Il fx Il = Il fII holds when (V2,]|-|l2) is reflexive.

(2) If we consider the seminorms ||-||1. k. and ||-ll2.xk = on Vi .k and Vs k, respec-
tively, then the operator seminorms of fx and f are the same.

(3) Assume that (k,|-|) is R equipped with the usual absolute value, K = C and
that ||-||1 and ||-||2 are induced by semidefinite inner products. If we consider the
norms ||-|l1,x.us and ||-|l2,x us on Vi, kx and Vs k, respectively, then the operator
seminorms of fx and f are the same.

Proof @Let ¢ be an element of V| g, viewed as a k-linear map from Vl* to K. Then
the element fx(¢) € V. k, viewed as a k-linear form from V2* to K, sends 8 € Vz* to

o(f*(B)) € K. One has

le(F* BN < llellk.e - 171 - 1Bl

Therefore || fx ()ll2,x,e < [If*Il - ll¢lli,k,e- Since ¢ is arbitrary, one has || fk |l <
|| £*||. The first assertion is thus proved.
Assume that (V4, ||-||2) is reflexive. For any element x € V; one has

Lk = 1l < Mlx]ls

(B
{”fK(x)”Z,K,g = I/ )ll.k.e = 1f GO0 = [LF)Il2

since (V3, ||-]l2) is reflexive. Therefore one has
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Il fx (O)l2,x > w L)l

Z
xEVl\N”.Hl ”x”l,K XEV]\NH'Hl ||)C||1

Ikl >

=71l

[@)] Since the norms [|-||1,x,~ and ||-|l2,x» extend ||-||; and ||-||2, respectively (see
Proposition [I.3.1)), the operator seminorm || f]| is bounded from above by || fx||. It
suffices to prove the converse inequality. Let y be an element in V| g, which is written
asy=x;®a; +- -+ x, ®a,, where (xq,...,x,) € Vi* and (ay,...,a,) € K™. Then
one has fx(y) = f(x1)®a; + -+ + f(x,) ® a,. Hence

n n
IO ger < 3 lail Gl < A1 laal - il
i=1 i=1

As the decomposition y = x; ® a; + - - - + x, ® a,, is arbitrary, we obtain

If O,k < WFIE- Iyl k-

[3)]Since the seminorms ||-||1,c,us and ||-||2,c,us extend ||-|; and [|-||2, respectively
(see Proposition[I.3.1), the operator seminorm || f|| is bounded from above by || fc||.
Let z be an element of V| ¢, written as « + iv, where « and v are vectors in V;. Then
one has fc(z) = f(u) + if(v). Therefore

I = 1FGIE + 1FOIB < AP + 1al2) = 1P - 1202 ¢ ps-

Hence || fcll* = II£1I*. o

1.3.2 Direct sums

In this subsection, we discuss the behaviour of direct sums under scalar extension. We
fix a continuous and convex function ¢ : [0, 1] — [0, 1] such that max{z, 1 -t} < ¢¥/(¢)

for any ¢ € [0,1] (cf. §1.1.10).

Proposition 1.3.9 Let (V, ||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector spaces over k. Let ||-|l, be the y-direct sum of ||-|lv and ||-|lw. Then for
(f,g) € Vk ® Wk one has

max{|| fllv.k.e lIglw.x.e} <I(f.&)lly.k e (1.51)

The equality holds if either (k,|-|) is non-Archimedean or y(t) = max{t,1 — t} for
anyt € [0, 1]. Moreover, for any (f,g) € Vk ® Wk one has

ICF,Olly.k.e = 1 fllv.ken 1100.8)lly.k e = I8llw k.- (1.52)

Proof By Proposition|1.1.49} the dual norm [|-||;,. is a certain direct sum of ||-[ly .
and ||-||w . Hence one has
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lelly s + IBllw .« = (. Blly, = max{llally .« [|Bllv,«}. (1.53)

Therefore, for any (f,g) € Vx & Wk one has

|f() + g(B)|

I(fo@llyke > sup o

Ve pevews llallv.. + 1Blw -
(a,B)#(0,0)

= max{[|fllv.k.e llglv.k.s}

which proves (I.5T). Moreover, for any f € Vg one has
|/ ()]

S
(@pev-ew Max{[lalv. . [1Bllw .}
(@.8)#0.0)

(. O)ly. ke <

=flv.k.e-

Therefore, by (I.51)) we obtain the equality ||(f,0)lly.x,= = || fllv,k. Similarly, for
any g € Wk one has [[(0,¢)lly.x.& = lIglw .k &

Finally, we proceed with the proof of the equality part of (L.31). If (k,[]) is
non-Archimedean, then the seminorm ||-||y, k- is ultrametric and hence by (I.52)
one has

V(f.8) e Vk @ Wk, [I(f.&)lly.k.e <max{[|fllv.k.e llgllw.k,s},
which leads to (by (T.51)) the equality
V(f.8) e Vk @ Wk, II(f.)lly.k.e = max{||fllv.k.e [I8llw.k e}

In the case where k is Archimedean and y/(¢) = max{¢,1 — ¢} for any ¢ € [0, 1], one
has ||[(@, B)lly,« = llallv « + ||Bllw,. for any (@, B) € V¥ & W". Therefore

£ (@) + 8(B)|
(2w ke = ( )SUP Ty + 1B8lw = max{[| fllv.x e 18llv.x &}
a,B)eView* Sk Sk
(,8)#(0.0)

Remark 1.3.10 Let ¢ be an element of . (see §I.1.10), which corresponds to an
absolute normalised norm ||-|| on R%. Let i, be the element of . corresponding
to the dual norm ||-||. (see Definition [T.1.48). Suppose given finite-dimensional
seminormed vector spaces (V, ||-|ly) and (W, ||-|lw) over R (equipped with the usual
absolute value). By Proposition the dual norm of ||-||, (the y-direct sum
of |||l and |[|-[lw) identifies with the y,-direct sum of ||-|lv . and ||-||w .. Therefore,
for any (f,g) € Vc @ Wc, one has

|f(@) + g(B)]
I(f,@)llyce = sup
VST wpeviews [Ulalv o l1Blw.ll:
(@,B)#(0,0)
I£Iv.c.e - @l + liglw.c.e - I1Blw..
< sup

(@B)eV” eW" Il llv e 1Bllw Il
(@,8)#(0,0)
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= LS lv.c.e lglw.c.o)ll-

In other words, the seminorm ||-|ly,c,s is bounded from above by the y-direct sum
of [|llv,c, and [|-[lw,c,e-

Proposition 1.3.11 Let (V,||-|lv) and (W, ||-|lw) be finite-dimensional seminormed
vector spaces over k. Let ||-|, be the y-direct sum of ||-|lv and ||-|lw, and |||k .y
be the y-direct sum of ||-|lv k= and ||-|lw .k ,x- Then |||k y < lllly, K -

Proof Let (x,y) be an element of V @ W. One has

lxllv &,
e )l = Ul e + w00 |
ellv.cx + 1w e
il
= + —_— | = 5 ,
(el + Myl (o =) = M)l

where the second equality comes from Proposition Therefore the seminorm
II-l|x 7,y extends [|-||,. By Proposition|1.3.4] it is bounded from above by ||-||,x .0

Proposition 1.3.12 Assume that (k,|-|) is the real field R equipped with the usual
absolute value. Let (V,{,)v) and (W,{,)w) be finite-dimensional vector spaces
over R, equipped with semidefinite inner products, ||-|lv and ||-||w be seminorms
associated with {, )y and {,)w, respectively, and ||-|| be the orthogonal direct sum of
I-llv and ||-|lw. Then ||-||cus is the orthogonal direct sum of ||-|lv.c us and ||-|lw.c.us-

Proof Let ||-|| be the orthogonal direct sum of ||-||v,c.us and ||-|lw c.us. It is a
seminorm on V¢ & W which is induced by a semidefinite inner product. Moreover,
for any (x,y) € V & W one has

N = A5 s + 1915 cu)? = Al + 1912 = 11 w)ll,

where the second equality comes from Proposition Therefore, ||-|| is a
seminorm extending ||| which is induced by a semidefinite inner product and hence

one has [I-[I' = [|-lc.ss (see Remark[[.3.2). 0

1.3.3 Orthogonality

In this subsection, we discuss the preservation of the orthogonality under exten-
sion of scalars, and its consequences. We have seen in Remark [1.3.2][2)] that the
orthonormality is preserved by the orthogonal extension of scalars.

Proposition 1.3.13 Let (V,||-||) be a finite-dimensional seminormed vector space
over k, and a be a real number in |0, 1]. If e = {e;}!_, is an a-orthogonal basis of V
with respect to the norm ||-||, then it is also an a-orthogonal basis of Vg with respect
to the norms |||k = and |||k
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Proof Lete" = {e/ i_, be the dual basis of e. By Proposition the intersection
e’ NV* is an a-orthogonal bases of V*, and one has |l¢;[|. < a e 7! for any
e/ € e’ NV* (see Lemma . If x = aje; + -+ + aye, is an element of Vg,
where (ay,...,a,) € K", and if £, : V* — K is the k-linear map sending ¢ € V* to
ajp(er)+---+arp(e,), thenforanyi € {1,...,r} such that el.v € V* (or equivalently,
e; ¢ N|.) one has

[6(eN  al
Illk,e > —— = = > alai| - lleill > elail - lleillk e
lle/ Ml lle/ Il

where the last inequality comes from Proposition[I.3.1]and the relation (I.5). There-
fore e is also an a-orthogonal basis for |||k .

By Proposition one has ||-||k.e < |Illk.x. Therefore

Xl > llxllk,e > @ max Jai|-lleill =a max |a; - llellk
ie{l,...,r} ie{l,...,r}

..........

where the last equality comes from Proposition [I.3.T[[(2)] O

By using the preservation of orthogonality of bases, we prove an universal prop-
erty of e-extension of scalars, which is an ultrametric analogue of Proposition[I.3.4]

Proposition 1.3.14 Assume that the absolute value |-| is non-Archimedean. Let V be
a finite-dimensional vector space over k, equipped with a seminorm ||-||. Let |||
be an ultrametric seminorm on Vg whose restriction to V is bounded from above by
Il+«. Then one has ||-||x < ||'llk.e. In particular, ||-||x & is the largest ultrametric
seminorm on Vg which extends ||-||+«.

Proof By Proposition if @ is an element of ]0,1[ and if {¢;}/_, is an a-
orthogonal basis of (V, [|-||), then {e; }!_, is also an a-orthogonal basis of (Vx, |||k .=)-
In particular, for any (1i,...,4,) € K" one has

ldrer + -+ + Arerlg < o max }|/1i| el < @ Mdrer + -+ drerllk e
ie{l,...,r

Since (V, ||-||) admits an a-orthogonal basis for any « € 10, 1[, we obtain ||-[|;, <
|-l e for any ultrametric seminorm ||-||;, with [|-||;, < ||-[ls« on V. O

Corollary 1.3.15 Let K’ be an extension of K equipped with a complete absolute
value extending that on K. Let (V,||-||) be a finite-dimensional seminormed vector
space over k. One has |||k y,x'.5 = Illk’,5 on V', where i = & or .

Proof The assertion is trivial when the absolute value |-| is Archimedean since in
this case k = R or C and hence either k = K or K = K. In the following, we assume
that the absolue value || is non-Archimedean.

By Proposition |I'llk’.e is the largest ultrametric seminorm on Vg ex-
tending the seminorm ||-||.. on V. Moreover, by Proposition [[-llx.e is an
ultrametric seminorm on Vi extending ||-||.., and the seminorm ||-||x ¢ k", extends
Il .e. Therefore one has ||-||k .. < ||‘|lx’.«. By the same reason, as the norm
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|-llk’.e extends ||-||«, its restriction to Vg is bounded from above by ||-||x . and
hence the restriction of ||-||x’ . to Vk coincides with |||k - (since we have already
shown that ||-||x c.x".= < ||llx.e)- Therefore one has ||-||x.c.x".= = ||-||x’.e, still by
the maximality property (for |||k «.x’.¢) proved in Proposition

The case of m-extension of scalars is quite similar. By Proposition [I.3.1][(2)]
the seminorm ||-||x ,x’,» extends ||-||x,» on Vk and hence extends [|-|| on V. By
the maximality property proved in Proposition we obtain that ||-||x .~ k'.x <
|I-llx.z- In particular, the restriction of ||-||x’.» to Vk is bounded from below by
I-llx.~- Moreover, this restricted seminorm extends ||-||. Still by the maximality
property proved in Proposition|I.3.4} we obtain that the restriction of ||-||x’ x to Vi is
bounded from above by ||-||x ». Therefore the restriction of ||-||x’ » to Vg coincides
with |||k ». By Proposition the norm ||-||x’.» is bounded from above by
Il .x.k7.=- The proposition is thus proved. O

Proposition 1.3.16 Let (V, ||-|lv) be a finite-dimensional seminormed vector space
over k, Q be a quotient vector space of V, and ||-||o be the quotient seminorm of

II-[lv on Q.

(1) The seminorm ||-||o,k » identifies with the quotient of ||-|lv k= on Qk.

(2) The seminorm ||-|lp,k.& is bounded from above by the quotient seminorm of
[|-llv.k e on Qk. The equality holds if one of the following conditions is satisfied:
@) || is non-Archimedean; (ii) |-| is Archimedean and ||-|lv is induced by a
semidefinite inner product; (iii) Q is of dimension 1 over k.

(3) Assume that |-| is Archimedean and ||-|ly is induced by a semidefinite inner
product. Then ||-||lo,k us identifies with the quotient of ||-|lv x us on QOk.

Proof [(T)]follows directly from Proposition[T.1.58]

Let lI-ll},, x be the quotient of the seminorm ||-|lv k- on Qk. Letp: V — Q
be the canonical linear map. Note that Q* C V* via ¢ — ¢ o p. Moreover, by

Proposition|1.1.20 || o p|lv .« = ||¥|lp,« for ¥ € Q. Thus, for s € Ok,

Isllp = inf sup LKL [k © px ()|
YeVi @eV*\{0} “90“V,* x€Vk weQ*\{0} ”lﬁop”v’*
PK(X)=s PK(X)=s
Yk ()l _
— = lIsllo,k .z

~weono I llo.s

and hence the first assertion holds.

In the following, we prove the equality ||-|| ’Q x = |I"llo.x .= under each of the three
conditions (i), (ii) and (iii). We first assume that the condition (i) or (ii) is satisfied.
By Proposition [1.1.20} the dual norm ||-||g,. identifies with the restriction of ||-|lv .
to Q*. By Proposition we obtain that the seminorm ||-||g k- identifies with
the quotient seminorm of ||-||y k- on Qk.

Assume that the condition (iii) is satisfied and that the absolute value || is
Archimedean (the non-Archimedean case has already been proved above). Let f be
a continuous k-linear operator from Q* to K. Since Q is assumed to be of dimension
1 over k, the image of f is contained in a k-linear subspace of dimension 1 in K.
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Therefore by Hahn-Banach theorem we obtain that there exists a continuous k-linear
map g : V* — K extending f such that f and g have the same operator seminorm.
Hence the seminorm ||-||p k- identifies with the quotient seminorm of ||-|ly k- on
Ok-

[(3)]follows directly from Proposition[T1.2.57] m]

Proposition 1.3.17 Let (V, |||lv) be a finite-dimensional seminormed vector space
over k and W be a vector subspaces of V. Let ||-||w be the restriction of ||-||v to W.

(1) The restriction of ||"|lv.k.e to Wk is bounded from above by ||-|lw k.e- If ||
is Archimedean or ||-|lv is ultrametric, then the restriction of ||-|lv.kx.e to Wk
coincides with ||-|lw x &

(2) The restriction of |||lv .k .x to Wk is bounded from above by ||-||lw k . It identifies
with ||-llw k= if |||lv is ultrametric or induced by a semidefinite inner product.

(3) Assume that || is Archimedean and that ||-||y is induced by a semidefinite inner
product. Then the restriction of ||-|lv.x us to Wk identifies with ||-||w .k us-

Proof [(I)] Assume that |-| is non-Archimedean. By Proposition the semi-
norm ||-|ly ke extends ||-||v ... The restriction of ||-||v_x_ to V is then bounded from
above by |[|-|lv, which implies that the restriction of ||-|ly.x - to W is bounded from
above by ||:|lw. Since ||-|lw .« is the largest ultrametric seminorm on W which is
bounded from above by ||-]lw (see Corollary [1.2.12)), we deduce from Proposition
that the restriction of ||-|ly k. to W is bounded from above by ||-|lw <. By
Proposition[I.3.14] we obtain that the restriction of ||-|lv k. to Wk is bounded from
above by [-llw x.c-

If ||-|lv is ultrametric or || is Archimedean, the dual norm ||-|lw . coincides with
the quotient norm of |||y .. induced by the canonical quotient map V* — W* (see
Proposition [I.2.35]for the ultrametric case, and Remark [I.T.21] for the Archimedean
case). Therefore, any f € Wk, viewed as a k-linear operator from W* to K or as
a k-linear operator from V* to K, has the same operator norm. In other words, the
restriction of |||}y x to Wk coincides with ||-|lw_ .

[)|follows directly from Proposition [T.2.49[(2)}
[(3)]follows directly from Proposition [T.2.58] O

Proposition 1.3.18 Let (V, ||-||) be a finite-dimensional normed vector space over k.
We assume that either |-| is non-Archimedean or the norm ||-|| is induced by an inner
product. If {e;}!_, is an Hadamard basis of V, then it is also an Hadamard basis of
Vi with respect to the norm |||k e

Proof By Proposition [1.2.7, {e;}/_, is an orthogonal basis with respect to ||-||. By
Proposition [1.3.13] it is also an orthogonal basis with respect to ||-||x .. Hence it is

an Hadamard basis with respect to ||-||x - (see Propositions|1.2.23|and[1.2.25). O

Proposition 1.3.19 Let (V,||-||) be a finite-dimensional seminormed vector space
over k. Let ||-||get.x be the seminorm induced by the determinant seminorm ||-||get of
||-|| by extension of scalars.



1.3 Extension of scalars 93

(1) If either |-| is non-Archimedean or the seminorm ||-|| is induced by a semidefinite
inner product, then the determinant seminorm ||-||x .det Of ||-|lx.e on det(Vk)
coincides with ||-||det.x-

(2) The determinant seminorm |||k x.det Of |||l .x coincides with ||-||det.x-

(3) Assume that (k,|-|) is R equipped with the usual absolute value and ||-|| is a
seminorm associated with a semidefinite inner product {, ). Then the determinant
seminorm ||-|lc,us et of |I-llc,ns coincides with ||-||get,c.

Proof If ||-]| is not a norm, then ||-||x ¢ is not a norm either. In this case both
seminorms |||k e.det and ||-||qet,k vanish. Hence we may assume without loss of
generality that ||-|| is a norm.

We first assume that (V, [|-||) admits an Hadamard basis {e;}!_,. By Proposition
itis also an Hadamard basis of (Vx, ||-||x, ). Moreover, by Propositions[I.2.11]
and for any i € {1,...,r}, one has ||e;|| = |le;il|x,s. In particular, the vector
e; A -+ A e, has the same length under the determinant norms induced by ||-|| and
Il .- This establishes the proposition in the particular case where (V, ||-||) admits
an Hadamard basis (and hence in the case where ||-|| is induced by an inner product,
see Proposition [T.2.7).

In the following, we assume that the absolute value |-| is non-Archimedean.
Let « be an element in ]0,1[ and {e;}]_, be an @-orthogonal basis of (V, ||-||). By
Proposition it is also an a-orthogonal basis of (V,||-||k.-). By Proposition

[[2:23] one has

llet A Aerllk,sdet = @ llerllk,s - llerllx.e

> leill - llerll > @™ ler A=+ A erllges

where the second inequality comes from Propositions[T.3.T]and [[.2.TT} Conversely,
one has

”el AN er”K,adet < ”el”K,a t ”er”K,s < ”elll T ”er“ < a'_r”el ARRAN er”det,

where the second inequality comes from Proposition [I.3.1]and the formula (L.3)) in
§I.T.3] and the last inequality results from Proposition|[T.2.23]. Thus one has

- 2
&M lldet = -llxdet = @ |+ lldet-

Since @ € ]0, 1] is arbitrary, we obtain ||-||get, x = |||k .&.det-

[@)] Let r be the dimension of V over k. Note that the r-th 7-tensor power of the
norm ||-||x,~ on VI? K" =~ (V&) ® K coincides with the -tensor product of r copies
of ||-]| and the absolute value |-| on K (see Proposition . Hence by Proposition
[T.1.58)its quotient norm on det(Vk) coincides with ||-||e, & -

[3)|Let r be the dimension of V over k. Note that the 7-th orthogonal tensor power
of the norm ||-||c,» on Vg °" = (V® ") ® C coincides with the orthogonal tensor
product of r copies of ||-|| and the usual absolute value |-| on C (see Proposition
[1:3.6). Hence by Proposition its quotient seminorm on det(V¢) coincides with

IIllget,c- 0
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Proposition 1.3.20 Let (V,||-||) be a finite-dimensional seminormed vector space
over k.

(1) Let |||k ..« be the dual norm of |||k & and ||‘||«.k .« be the norm induced by
[|-l« by the e-extension of scalars. Then we have |||k &+ = |||+.x. and the
restrictions to V* of these two norms are both equal to the dual norm ||-||..
Moreover, the equality ||-||k e« = |||l«.x.e holds if |-| is non-Archimedean or if
V is of dimension 1 over k.

(2) The dual norm ||-||k .« of |||k, is equal to ||-

|+, x,c on Vk.

Proof [(T)] Let ¢ be an element in V. By definition one has

X X
el o el

lell.e.. = ik > Il
XEVK\N\H\KVE X K XEV\N”.H** X ||

Note that for any x € Vi one has

la(x)]

aevagoy Nl

Ixllx.e =

Therefore, if ¢ € V* \ {0} then one has || x|k s > [¢(x)|/]l¢ll«, which leads to

lellx e < llell =@l ke

where the equality comes from Proposition [I.3.1] (in the non-Archimedean case we
use the fact that the norm ||- || is ultrametric).

In the following we prove the equality ||-||k .« = ||-|l«.x.e under the assumption
that |-| is non-Archimedean or dimg (V) = 1. We treat firstly the case where dimg (V) =
1. In this case, either the seminorm ||-|| vanishes and Vy is the trivial vector space,
which has only one norm, or the seminorm |-|| is a norm and for any non-zero
element 7 in V one has

-1 -1
17"k .ex = Inllg.e = 0™ = 071l = 110" [ ke

where 17V denotes the dual element of 77 in V* = VV. Hence the equality |||k .« =
II|l+.x,& always holds.

We now treat the case where the absolute value |-| is non-Archimedean. Note that
Il .&.+ is an ultrametric norm on V* ®; K extending ||-||.. Hence by Proposition
[[3.74 one has |||k ,&,+ < II|l«.k.- Therefore the equality ||-[l..x & = ||-llk,s,« holds.

If (k,|-|) is R equipped with the usual absolute value and if K = C, then
by Proposition the norm |||l«.c.¢.« identifies with the m-tensor product of
Il and || (here we consider the absolute value |-| on C as a norm on a vector
space over R). Hence it is equal to the norm ||-||c . on V2", which implies the
equality ||-|l«.c.e = ||‘llc,x.« since any finite-dimensional normed vector space over
R is reflexive.

Assume that |-| is non-Archimedean. By [(T)] and the fact that |||k < ||llk.x
(which results from Proposition [I.3.4]and Proposition [I.3.T][(T)), one has
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”'”*,K,s = ”’”K,g,* > ”'”K,ﬂ,*a

which leads to
||'||K,7r,** > ”'”K,s,** = ”'”K,s,

where the equality comes from the fact that the norm ||-||x ¢ is ultrametric. Note the
the restriction of ||-||x_ « to V is bounded from above by ||-|| since ||-|| identifies with
the restriction of ||-||x » to V (see Proposition [I.3.T|(2)). As |||k, is ultrametric,
by Proposition we obtain |||z« < ||‘|lk.e» which leads to the equality
I'llk .z = |I'llk.e- By passing to the dual norms, using Proposition we
obtain ||l x.» = Il.c.0 = Il ke 0

The following proposition is an e-tensor analogue of Propositions[I.3.5]and[I.3.6]

Proposition 1.3.21 We assume that the absolute value |-| on k is non-Archimedean.
Let (V1, ||]11) and (Va, ||-]l2) be finite-dimensional ultrametrically seminormed vector
space over k, and ||-|| be the e-tensor product norm of ||-||1 and ||-||2. Then |||k .
identifies with the e-tensor product of ||-||1.x = and ||-||2.x &

Proof Let ||-||Z be the e-tensor product of the norms ||-||;.x. and ||-|l2.x.s- By

Remark [I.1.53] it identifies with the seminorm induced by the operator seminorm

on the K-vector space Homg (V" ., V2, k) by the canonical K-linear map
Vi,k ®k Va,x — Homg (V] &, V2 k),

where we consider the dual norm of [|-||1 k& on V| ., which identifies with the norm
Il

|1.«.k.= induced by ||-||;.. by s-extension of scalars (see[(D]in Proposition[1.3.20).
By Proposition|1.3.8] for any f € Homy(V}', V2), the seminorm of f identifies with
that of f. Therefore ||-]|. is an ultrametric norm on V| x ®x V2 x which extends the
g-tensor product ||-||s of [|-||; and ||-||2. By Proposition|[I.3.14] one has ||-|| < [|-|Ixe-
In the following, we prove the converse inequality ||-||x . < |[|-]|2. Let @ €
10,1[ and {e;}, and {f;}., be respectively a-orthogonal bases of (V1,]|-||1) and
V5, |I12)- By Proposition they are also a-orthogonal bases of (V) ., ||||1.x.¢)
and (Vo k, ||-|l2,x &), respectively. By Propsition [I.2.19] the basis {e; ® fi}ie(1,....n},
je{l,....m}
of Vix ® Vo k is az-orthogonal with respect to the seminorm ||-||;. Hence for
(aij)ieq1,...ny, € K™™and T = 3, ; ajje; ® fj € V1 k ®k Va,k, one has

je{l,....,m}
ITIl; > o omax lai| - llei ® fills > @*IIT k.
i enes
je{l,....m}
Since @ € 0, 1] is arbitrary, we obtain the inequality ||| > |||k &- O

Proposition 1.3.22 We assume that the absolute value |-| of k is trivial. Let (V, ||-||) be
an ultrametrically seminormed vector space of finite dimension over k. Let (K, |-|k)
be an extension of (k,|-|) such that ||k is non-trivial and complete. Let vk be the
valuation ring of (K, ||k ) and mg be the maximal ideal of vk. Suppose the following

assumptions[(1)| and [(2)}
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(1) the natural map k — ok induces an isomorphism k — og /g,
@ {IVI/IvI = vy € VAN NIk € {1).

Let ||-||k .« be the seminorm of Vi induced by ||-|| by e-extension of scalars. Then
I-llx .« is the only ultrametric seminorm on Vi extending ||-||.

Proof We prove the assertion by induction on the dimension n of V over k. The case
where n = 1 is trivial. In the following, we suppose that the assertion has been proved
for seminormed vector spaces of dimension < n over k. Since ||-|| is ultrametric, one
has [|-|| = |||+« (see Corollary[I.2.12). Let ||-]|” be another ultrametric seminorm on
Vi extending ||-||. By Proposition[I.3.14] one has ||-||” < |||k e-

Let r be the dimension of V/N) . and {e;}!_, be an orthogonal basis of V such that
{ei},,, forms a basis of Nj.|| (see Proposition . If the equality |||’ = |||l e
does not hold, then there exists a vector x € Vk such that ||x||" < ||x||x,.. We write
x in the form x = aje; + - - - + aye, with (ay,...,a,) € K. Note that

lari1ers1 + - - + agey|l” < _omax |a;| - |le;]]l = 0.
ie{r+l,...,n}

For the same reason, ||@,+1€,41 + - - - + anenl|k .= = 0. Therefore one has
larer + -+ are |l = [Ix|" < lIxll.e = llarer +- -+ arer|lk e

By replacing x by aje; + - - - + a,e, we many assume without loss of generality that
ary1 = =a, =0.
We will prove that |a;|k - ||e;|| are the same for i € {1,...,r} by contradiction.
Without loss of generality, we assume on the contrary that
lailk - llerll < -+ < lajlk - llejll < lajrilk - llejsill = -+ = larlk - ller|l

with j € {1,...,r — 1}. Note that

Ixll” < llxllk,e = max
ie{l,...

seees

}|ai|K “lleill = larlk - ller|l.

Moreover, by the induction hypothesis, the norms |[|-||" and || ||k« coincide on Ke ;.1 +
.-+ + Ke,. In particular, one has ||ajs1ej+1 + -+ - + are.||” = |ar|k - ||e-||. Therefore,
if welety = aje; +--- + ajej, then one has

IVl = llx = (ajrrejer + -+ are)ll” = lar|k - llex|l

> max |ailk - [leill = [|¥llk e
e{l,....j}

which leads to a contradiction since ||-||” < ||-||x,-. Hence we should have
lailg - lleill = -+ = larlk - ller|l.

By the condition we have |lej]| = --+ = |le/|| (namely the function ||-|| is
constant on V \ Ny.|) and hence |ai|lx = -+ = |a,|k > 0. As |a;/a |k = 1
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for any i € {1,...,r}, by the assumption there exists a b; € k* such that
lai/a, — bilk < 1, thatis, |a; — b;a,|k < |a,|k. Thus, by Proposition|1.1.5]

r r ’
xll” = flar > biei + Y (@i = biay)ei|| = larlk - lerll = Ixllx.
i=1 i=1
because
r ’ r ’
arzbiei = larlk Zbiei = larlkllerl
i=1 i=1
and
r ’
> (@i = biap)ei|| < larlklerl.
i=1
This leads to a contradiction. The proposition is thus proved. O

Proposition 1.3.23 We assume that k = R and that |-| is the usual absolute value. Let
{(Vi, lI-l) Y2, be finite-dimensional seminormed vector spaces over k. We assume
that the seminorms ||-||; are induced by semidefinite inner products {, ); and we let
I-llzs be their orthogonal tensor product. Fori € {1,...,n}, let m; : V; c — W; be
a quotient spaces of dimension 1 of V; ¢, and ||-|lw, be the quotient seminorm on W;
induced by ||-||;,c. Let ||-|lw be the quotient seminorm on W = ®?=1 W; induced by
I-llas,c and let ||-|| be the tensor product of ||-|lw,. Then one has

1
— I < Il < (V2) (1
V2
Proof For any i € {1,...,n}, let ||-||/ be the seminorm on V; ¢ induced by the

semidefinite inner product (, );c. One has ||-[l;c < [l < V2|||li.c (see Remark
[[.32][@). Let (, )us be the semidefinite inner product corresponding to the or-
thogonal tensor product seminorm ||-||gs and ||-||” be the seminorm on ®?=1 Vic
induced by (, )us,c. Still by Remarkone has ||-|lus.c < ||]) < \/§||'||Hs,c~
Moreover, ||-||” coincides with the orthogonal tensor product of the seminorms ||-]|.

Fori € {1,...,n},let ||-||§Vi be the quotient seminorms on W; induced by ||-||/. Let
[I-II} be the quotient seminorm on W induced by ||-||". By Proposition[1.2.57} ||-IIy,
coincides with the tensor product of the seminorms ||- ||‘,’Vi . Moreover, by the relations

Illie < 11 < V21:lli.c we obtain [I-llw, < [I-Ily, < V2Illw;, which implies

1< Iy < (V2)"I1]1; (1.54)
by the relation ||-[ls.c < [|1]l” < V2|||lus.c we obtain
I-llw < Iy < V21w (1.55)

Combining (T.54) and (T.53), we obtain % Il < IIllw < (V2)"]|-]|. The proposition
is thus proved. O
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Proposition 1.3.24 Let (V,||-||) be a finite-dimensional seminormed vector space
over k and W be a quotient vector space of dimension 1 of V. Let ||-||lw be the
quotient seminorm on W induced by ||-||.

(1) The seminorm ||-|lw .k coincides with the quotient seminorm on Wi induced by
Il g where b = £ or m.

(2) Assume that (k,|-|) is R equipped with the usual absolute value, K = C, and ||-||
is induced by a semidefinite inner product. Then the seminorm ||-|lw.c coincides
with the quotient seminorm on W¢ induced by ||-||c.us.

Proof [(1)] The case where fj = 7 follows directly from Proposition In the
following, we consider the case where lj = €.

Let ||:|lw, be the quotient seminorm on Wk induced by the seminorm ||-||x -
If the kernel of the quotient map V — W does not contain N, then the quotient
seminorm ||-|lw vanishes since W is of dimension 1 over k. In this case the quotient
seminorm ||-|lw, also vanishes since the kernel of the quotient map Vg — Wg does
not contain Ny, . = Nj.| ® K (see Proposition

In the following, we assume that the seminorm ||-||y is a norm. In this case
I-llw, is also a norm since the kernel of the quotient map Vg — Wk contains
Nilik.. = Ny ® K. We will show that the dual norms ||-|lw.» and ||-[lw ke«
on Wy are equal. Since W is a vector space of dimension 1, it suffices to show
that the restrictions of these norms to W" are the same. We identify W, with a
vector subspace of dimension 1 of V. By Proposition the norm ||-|lwy .«
coincides with the restriction of |||k ¢« to W, where ||-||x.e,« denotes the dual
seminorm of |||k .. By in Proposition the restriction of ||-||k e« to VV
coincides with ||-||.. Therefore, the restriction of ||-||x .« to WY coincides with the
restriction of ||-||. to WY, which identifies with the dual norm of ||-||w (by Proposition
[I.1.20). By[(D)]in Proposition|[I.3.20] one has ||-[lw &« = I|-llw+,x - Finally, since W
is of dimension 1, if k is non-Archimedean, then any norm on W" is ultrametric.
Hence by Proposition [I.3.1] (for both Archimedean and non-Archimedean cases),

the restriction of ||-|lw k.« = ||-llw.«.x to W" identifies with ||-|lw .. The assertion is
thus proved.
[(2)|follows directly from Proposition mi

Proposition 1.3.25 Let (V,||-||) be a finite-dimensional seminormed vector space
over k and W be a quotient space of dimension 1 of Vg =V ®; K. We equip Vi
with the seminorm ||-||k = induced by ||-|| by r-extension of scalars and W with the
quotient seminorm ||-||w of |||k, x. Then for any £ € W one has

. -1
Ifllw = inf |27 [Is]l.
seV, 1eK

[s]=AC

Proof By definition one has
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. -1 . -1
l€llw = inf [ -[Isllk < inf  [4]7 - [Isllk.x
s€Vk, 1eK* seV,1eK*
[s]=2¢ [s]=A¢
= inf 27" Is]l.

seV,1eK*
[s]=a¢

where the last equality comes from Proposition [1.3.1]

Without loss of generality, we may assume that £ # 0. Let s be an element
in Vg, which is written as s = ajx| + --- + a,x,, where (ay,...,a,) € K" and
(x1,...,x,) € V. For any i € {l,...,n}, let A; be the element of K such that
[xi] = A;€. Then [s] = AL with A = a1A; + - - - + a, A,. Let

h= inf |A]7" el

teV,1eK*
[t]=AC
Foranyi € {l,...,n} one has ||x;]| > |4;|h. Hence
n n
A el Dl > 1217 al - il >
i=1 i=1
The proposition is thus proved. O

Proposition 1.3.26 Let (V,||-||) be a finite-dimensional seminormed vector space
over k. We assume one of the following conditions:

(i) (k,|*|) is non-Archimedean;
(ii) k = C equipped with the usual absolute value.

Let W be a quotient space of dimension 1 of V ® K. Let ||-||w be the quotient
seminorm on W induced by |||k ¢ (the seminorm on V ® K induced by ||-|| by
g-extension of scalars). Then, for any € € W one has

. -1

Iellw = inf 4] [Is]].
seV,1eK*
[s]=2¢

Proof The case where k = C equipped with the usual absolute value is trivial since
K = k. In the following, we assume that (%, |-|) is non-Archimedean.
By definition one has

. -1 . -1
lellw = inf |7 - [Isllk,e < inf |27 - |Isllk,e
seVk,1eK* seV,1eK*
[s]=a¢ [s]=ae
= inf (a7 flsli < inf (a7t ls),
seV,1eK* seV,1eK*
[s]=a¢ [s]=AC

where the last equality comes from Proposition [I.3.1]
We then prove the converse inequality. Let & be a real number in ]0, 1[. By Propo-
sition [1.2.7), there exists an a-orthogonal basis {s;}/_, of (V,]|-||). By Proposition
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1.3.13} {s;}!_, is also an a-orthogonal basis of (Vk, |||k ). For eachi € {1,...,r},
let A; € K such that [s;] = A;€. Let s = a;s1 + - -+ + a,-s, be an element in V ®; K,
where (ay,...,a,) € K". Assume that [s] is of the form A¢, where 1 € K*. Then
one has A = ajd; + - - - + a, A, which leads to 1] < maX;e(y,... ry |ail - |4;] since the
absolute value is non-Archimedean. By the a-orthogonality of the basis {s;}/_,, we
obtain
a
A7 s > — max |a;| - ||si]|ss
A7 sl > 7 max el -l
>a min |47 sille = @® min |47 sl,
ie{l,....,r} ie{l,...,r}

where the last inequality comes from Proposition [I.2.T1] The proposition is thus
proved. O

Corollary 1.3.27 We keep the notation and hypotheses of Proposition|[I.3.26] Let V'
be a quotient k-vector space of V, equipped with the quotient seminorm ||-||” induced
by ||-||. We assume that the projection map r : Vg — W factorises through Vi,. Then
the quotient seminorm on W induced by ||- II}(’S coincides with ||-||w.

Proof Let ||-|ly, be the quotient seminorm on W induced by |||l .. We apply
Proposition|1.3.26|to (V,||-||") and W to obtain that, for any £ € W, one has

. -1 . -1
Iy = inf A7 lell" = inf A7l
t seV,1eK

eV’, 1eK*
[t]=A¢ [s]=a¢
Still by Proposition [1.3.26| we obtain ||£]j, = |||lw . O

1.3.4 Extension of scalars in the real case

In this subsection, we assume that (&, |-|) is the field R of real numbers equipped
with the usual absolute value.

Definition 1.3.28 Let V be a vector space over R. We say that a seminorm |[|-|| on
Ve := V ®g C is invariant under the complex conjugation if the equality ||x + iy|| =
l|lx = iy|| holds for any (x,y) € V2.

Proposition 1.3.29 Let (V, ||-||) be a finite-dimensional seminormed vector space
over R. The seminorms ||-||c.. and ||-||c.x are invariant under the complex conju-
gation. If ||-|| is induced by a semidefinite inner product, then ||-||c us is invariant
under the complex conjugation.

Proof These statements follow directly from the definition of different tensor product
seminorms and the fact that the absolute value on C is invariant under the complex
conjugation (namely |a + ib| = |a — ib| for any (a,b) € R?). O
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Proposition 1.3.30 Let (V, ||-||) be afinite-dimensional vector space over R (equipped
with the usual absolute value) and ||-||" be a seminorm on V¢ extending ||-||. Assume
that ||-||” is invariant under the complex conjugation. Then for any (x,y) € V? one
has max{||x]|, [[y[[} < llx +iyll” < lxll + Iyl

Proof One has

20lxll = 112l = 112" < [lx +iyll” + llx = iyll” = 2[lx + iyll’,
<

20yl =2yl = 12yl < llx + iyl + lliy = x|I” = 2|lx + iyll".

Therefore ||x + iy||” > max{||x||,||y||}. The relation ||x + iy||” < ||x]| + ||y]| comes
from the triangle inequality. O

Proposition 1.3.31 Let (V,||-||) be a seminormed vector space over R. For any
(x,y) € V? one has

max{||x[l, [y I} < [lx +iyllc.e < (llxl® + [y, (1.56)

Moreover, for any seminorm ||-||” on V¢ extending ||| which is invariant under the
complex conjugation, one has

1 ’ ’
S < IHlle.e < V2111, (1.57)
17 < e < 21111 (1.58)

Proof The first inequality of (I.36) comes from Propositions [1.3.29] and [1.3.30]
Moreover, one has

. _ Veo(x)? + o(y)?
lx+iyllce = sup —————
PeVH\{0} [l
1/2
e1(x)? | pa(y)?
+ = (lxl? + IylIH)'2,

<
(@1,¢2)€(VF\ {0} ( el lleall?

which proves the second inequality of (T.56).
By Proposition|1.3.30|, for any (x,y) € V2, one has

1 . 1 .
e+ iyl < Sl + lyll) < max{lllL 1y} < llx + iyl
where the last inequality comes from (T.56). Moreover, still by (T.36) one has
Ix +iyllc.e < (lxl® + [Iy1H)"72 < V2Zmax{|lx]l, Iyll} < llx + iyl
where the last inequality comes from Proposition[T.3.30} Hence (T.57) is proved.

Since the seminorm ||-||” extends ||-||, by Proposition|1.3.4{one has [|-||" < ||:|lc.x-
Moreover, for any (x,y) € V? one has

llx +iyller < Ixll + Iyl < 2max{[lx[, Iyll} < 2[lx +iyll’,
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where the last inequality comes from Proposition[1.3.30] Hence (1.58) is proved. O

Proposition 1.3.32 Let (V, ||-|lv) be a finite-dimensional seminormed vector space
over R, Q be a quotient vector space of V and ||-||o be the quotient seminorm of
I-llv on Q. Let ||-|| be a seminorm on Vi extending ||-|ly, which is invariant under
the complex conjugation. Then the quotient seminorm of ||-|| on Qc extends ||-||p. It
is moreover invariant under the complex conjugation.

Proof Denote by ||-||” the quotient seminorm of ||-|| on Q¢. For ¢ € Q one has

lgll”=inf [lx+iyll< inf [lx].
(x,y)eV?, xeV, [x]=q
[x]=q.[y]=0
Since ||-|| is invariant under the complex conjugation, for any (x,y) € V> one has

lx+iyll > [Ix||.Hence |lg||” > inf ||x|,sothat|lg||"= inf ||x||. Therefore,
xeV,[x]=q xeV, [x]=q
"= inf |lx||= inf |x|lv = .
llgll er,[x]:q” l er,[x]:q” v =llqllo

Finally, for any (p,g) € Q® one has

lp+igll”=  inf llx+iyll= inf = |lx—iyll = llp—iqll’.
X,y ev? X,y ev?
([xL.IyD=(p.q) ([xL.IyD=(p.q)

Remark 1.3.33 Let (V, ||-]|) be finite-dimensional seminormed vector space over R,
W be a quotient vector space of dimension one of Vi := V ®g C. Let ||-|lw be the
quotient seminorm on W induced by ||-||c . If € is a vector of W, then clearly one
has
Iellw < inf |27 Is]).
seV,1eC
[s]=A¢

The equality is in general not satisfied (see the counter-example in Remark [T.3.37).
However, we can show that

21w = inf A7) (1.59)
seV, 1eC*

[s]=AC

In fact, by definition one has

lelw = _inf 12 Isllc.e.
seVe, AeC*
[s]=AC
Let s be an element in Vi, which is written as s = s + isp, where s and s, are
vectors in V. Assume that A; and A, are complex numbers such that [s;] = 4;£ and
[s2] = A2¢. Then one has [s] = (4; + idy)f. By Proposition|1.3.31]

1
Islie.e > max{lsyll, [Is2l1} > 5 (llsull + lls21D):
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and |4; +ids| < |41] + |12|. Hence

Islle.e L lsull + llsal

1
=z =z = .nf /l -1 .
|41 +id;] 2 A + |22 2 sevl, ecx A sl
[s]=AC

Thus we obtain (T:59).

In particular, if V’ is a quotient vector space of V such that the projection map
Ve — W factorises through V., ||-||” is the quotient seminorm on V' induced by ||-||,
and ||-|[3,, is the quotient seminorm on W induced by ||- ||(é’£, then one has

-y < IFlw < 211l -
In fact, by the above argument, for any non-zero element £ € W one has
. -1 . -1
el < inf A7 (il = inf (27 IsI < 211€]1ky -
teV’, 1eCx seV, 1eC*
[t]=a¢ [s]=a¢

The following proposition should be compared with [(2)] and [(3)] in Propositions
1.3.19

Proposition 1.3.34 Let (V,||-||) be a finite-dimensional seminormed vector space
over R. Denote by ||-|lget and ||-||c.e.det the determinant seminorms induced by ||-||
and ||-|lc.e, respectively. Then one has

o(Ve, lllle,e)
VAR

”'”C,a,det < ”'”det,C < “'”C,a,dets (160)

where r is the dimension of V and ||*|\aer,c is the seminorm on det(V) ® C induced
by ||*|laet by extension of scalars.

Proof In the case where ||-|| is not a norm, both seminorms ||-|
vanish. In the following, we treat the case where ||-|| is a norm.
Let {e;}!_, be an Hadamard basis of (V,||-||). One has

C,&,det ANd ||-|lget,c

llex A--- Aerlicede < lletllcs -~ llerlle.e = llexll - - llerll = ller A -+ A erllaers

where the first equality comes from Propositions[T.3.T]and [T.T.T8] Hence we obtain
lI-llc.e.det < 1I-llaet.c-
Similarly, if {@;}]_, is an Hadamard basis of VY, ||ll+), one has
llor A= A arllgere = llar A Aarllge = llanlls - llarll

where ||-||.4et denotes the determinant norm of ||-||.. Since aj,. . .,a, are elements

inVvV, byin Proposition|1.3.20|one has ||a;||+ = ||aillc.e.« forany i € {1,...,r},

where ||-||c.,« is the dual norm of ||-||c .. Hence we obtain
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llag Ao A Q’r”*,det,@ = |lay ”C,* T ”ar”C,s,* 2l A A a’r”C,g,*,det’ (1.61)

where ||-||c,z,«.det denotes the determinant norm of ||||c &«
Let i be a non-zero element of det(V), and 17 be its dual element in det(V"). By

definition (see one has

lI7lldet = SV, 11D 17117 e (1.62)

where ||| get is the determinant norm of the dual norm ||-||. on V. Since " belongs
to V¥, by (L.6T) we obtain [|17" ||« get = 117" [l.det.c = 117" llc.e.x det- Hence we obtain

. 5(Ve, Illc)
AR == .
Il < OV 1™ Il a0 = oy 171

The proposition is thus proved. O

The following proposition shows that, in the Archimedean case, the norm obtained
by extension of scalars is “almost the largest” norm extending the initial one.

Proposition 1.3.35 Let (V, ||-||) be a finite-dimensional seminormed vector space
overR. Let ||-||” be a seminorm on Vi which extends ||-||. Then one has ||-||” < 2||"|lc.e-

Proof Let s+it be an element of Vi, where (s,¢) € V2. One has ||s+it]|” < ||s||+||z]|.
By Proposition [I.3.31] max{||s||,||7||} < ||s + it|lc.e. Hence we obtain ||s + it]]" <
2|s +it|lc.e- ]

Proposition 1.3.36 Let (V,||-||) be a finite-dimensional seminormed vector space
over R. Let ||-|lc.e,« be the dual norm of ||-||c.e and ||-||«.c.e be the norm on Ef.
induced by |||« by e-extension of scalars. One has ||-||c.e.« < 2|||

#,C,e-

Proof By [(I)]in Proposition [1.3.20] the restriction of ||-[|c¢,» to V* coincides with
||-|]«. Hence Proposition|1.3.35|1eads to the inequality ||-|

Cer < 2|l lce o

Remark 1.3.37 The results of Proposition|1.3.19|is not necessarily true for a general
seminormed vector space over an Archimedean valued field. Consider the vector
space V = R? equipped with the norm ||-|| such that

V(a,b) € R%, |(a,b)|| = (max{a,b,0}> + min{a, b,0}>)"/%.

In other words, if a and b have the same sign, one has ||(a,b)|| = max{|al,|b|};
otherwise ||(a, b)|| = (a* + b*)'/2. The unit disc of this norm is represented by Figure
Let {e}, e} be the canonical basis of R?, where e; = (1,0) and ¢; = (0,1). One
has

o1 A el = @bl - e,
T adebez0  |ad — be|
where ||-||ge¢ is the determinant norm induced by ||-||. Note that if a, b, c,d are four

real numbers such that max{|al, |b|, |c|,|d|} < 1 and that abcd > 0, then one has
lad — be| < max{|ad|,|bc|} < 1 since ad and bc have the same sign. Hence
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Fig. 1.1 Unit ball of the norm || - ||

Q

A

[l D)l - ll(e, Il _ 1

mn _— —_—.
d—bc#0 ad — bc
“bed<0 | | V2

ller A eallder =

Moreover, (e] + e2,e1 — ep) forms an Hadamard basis of (V, ||-||).
The dual norm of ||-|| is given by the following formula

4] + [, Ap <0,

V(L) €R? e} + pel|l. =
(A, ) I € /162“ (/12+ﬂ2)1/2, Au 0.

The unit disc of the dual norm is represented by Figure[T.2]

Fig. 1.2 Unit ball of the norm || - ||.

D .
Q 1

105

Consider now a vector x +iy € V ®g C, where x and y are vectors in V, and i is

the imaginary unit. One has

llx +iyllc,s = sup
PeV\{0} llell PeVV\{0} el

In particular, one has

() +igWl _ () + 90!
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(/12 + u2)1/2

lley +iesllc,e = sup ——5———,
T ape0,0  fAp)
where
| + |l A <0,
Au) =
Fp) {(/12+,112)1/2, Au > 0.

Hence one has ||e; +iez||lc.. = 1. Similarly, one has ||ie; + e2]|c. = 1. Therefore

ller A ezlic,e,det = %”(61 +iex) A(ieg + ea)llc,e.der < %
where ||-||c, s det is the determinant norm associated with ||-||c,s. In particular, (e; +
€2, e — e2) is no longer an Hadamard basis of (V ®r C, ||-||c.)-

The above construction also provides a counter-example to the statement of
Proposition in the case where (k, |-|) is R equipped with the usual absolute
value and K = C. Consider the surjective C-linear map 7 from C? to C which sends
(z1,22) € C? to z; —izy. Let ||-||” be the quotient norm on C induced by ||||c,.. Since
n(1,7) = 2 we obtain that

o1 1
11" < Ell(l,l)llc,s =5

However, for any non-zero element (1, i) € R? one has

Il _ NIl _ Jmax((a], )/ + @2, Au >0,
lmAwl 2+ 2 | Ap <0,

which is bounded from below by 1/ V2.



Chapter 2
Local metrics

Throughout the chapter, let k be a field equipped with an absolute value |-|. We
assume that k is complete with respect to this absolute value. If |-| is Archimedean,
we assume that it is the usual absolute value on R or C.

2.1 Metrised vector bundles
2.1.1 Berkovich space associated with a scheme

Definition 2.1.1 Let X be a k-scheme. The Berkovich space (as a set) associated
with X is defined as the set of pairs x = (p, |-|x), where p is a scheme point of X and
||x is an absolute value on the residue field x(p), which extends the absolue value
|| on k. If x = (p,|-|x) is an element of X?", we denote by «(x) the residue field x(p)
and by k(x) the completion k(p) with respect to the absolute value |-|,. Note that
the absolute value |-|, extends naturally on k(x). Denote by j : X* — X the map
sending (p,|-|x) € X* to p € X, called the specification map.

On the Berkovich space X", one can naturally define the Zariski topology, which
is the most coarse topology making the specification map j : X*" — X continuous.
Moreover, according to Berkovich [9], the construction of X" allows to define a
finer topology, which we describe as follows. Let U be an open subscheme of X.
Each regular function f € Ox(U) determines a real-valued function | f| on j~(U)
which sends any x € j7(U) = U™ to | f(x)|x, where f(x) denotes the residue class
of f in k(x).

Definition 2.1.2 Let X be a scheme over Spec k. The Berkovich topology on X*"
is defined as the most coarse topology on X" which makes the specification map
j @ X®™ — X and all functions of the form |f| continuous, where f runs over the
set of all regular functions on Zariski open subsets of the scheme X. We refer the
readers to [9, §3.4] for more details.

107
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The construction of Berkovich topological spaces associated with k-schemes is
functorial. Let X and Y be k-schemes and ¢ : X — Y be a k-morphism. It induces
amap ¢ : X* — Y, which sends (p, |-|x) € X" to the couple consisting of f(p)
and the restriction of |-|, on x(f(p)). This map is called the map associated with the
morphism of k-schemes X — Y.

Proposition 2.1.3 Let ¢ : X — Y be a morphism of k-schemes. Then the map ¢
between Berkovich spaces is continuous with respect to the Berkovich topologies.

Proof Clearly the map ¢®" is continuous with respect to the Zariski topologies. It
suffices to prove that, for any regular function f on a Zariski open subset U of Y, the
function | f] o ¢™ is continuous. Let g be the image of f by the morphism of sheaves
Oy — ¢.(Ox) in the structure of the morphism of schemes ¢. It is a regular function
on ¢~ (U). For any x € ¢~'(U)™, the residue field «(x) is a valued extension of x(y)
with y = ¢*"(x). Moreover, g(x) is the canonical image of f(y) in «(x). Therefore,
one has | f| o ¢* = |g|, which is a continuous function. O

Remark 2.1.4 Assume that k is an Archimedean valued field, that is, kK = R or C.
If X is a k-scheme, then the Berkovich space X?" identifies (as a set) with the set
X(C) of all complex points of X modulo the action of the Galois group Gal(C/k). In
particular, if X is the affine line A}(, then the Berkovich space associated with X is C
when k = C, and is C/t when k = R, where 7 denotes the complex conjugation. In
this case the Berkovich topology on X" is generated by functions of the form |P(z)],
where P is a polynomial in k[z]. Therefore, it coincides with the usual topology on
C or on C/7. In fact, in the case where k = C, the usual topology on C is generated
by the functions (z € C) |z — a| (where a € C). In the case where k = R, the
usual topology on C/t is generated by the functions

2+ |z—a|-|z—a| = |z2 — 2Re(a)z + aal|, where a € C.

For a general k-scheme X, any regular function f on X determines a function
f* on X?" valued in C (in the case where k = R, we identify (A}()an with the upper
half-plane in C). By Proposition[2.1.3] the map f*" is a continuous complex function
on X",

Proposition 2.1.5 Let X be a k-scheme, Xieq be the reduced scheme associated with
X, and i : Xreq — X be the canonical morphism. Then the associated continuous

map of Berkovich spaces i*" : X*, — X" is a homeomorphism.
red

Proof Note that the restrictions of the functors Fy and Fx,, to Eg are the same.
Therefore i*" is a bijection of sets. Moreover, it is an homeomorphism if we equip
X%, and X* with the Zariski topologies. Let U be a Zariski open subset of X. By
definition Ox,,(U) is the reduced ring associated with Ox(U). For any nilpotent
element s in Ox(U) one has s(x) = 0 for any x € X. As a consequence, if f is a
regular function of X on U and if f is its canonical image in Ox,,(U), then one has

|f] = | f| on U*. Thus the Berkovich topologies on X" and X o are the same. O
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Remark 2.1.6 We assume that the absolute value |-| is non-Archimedean and non-
trivial. Let o, be the valuation ring of (&, |-|). Let <7 be a finitely generated o -algebra,
which contains o; as asubring. Let A = .2/ ®,, k, which identifies with the localisation
of & with respect to o; \ {0}. Note that the Berkovich space (Spec A)*" identifies
with the set of all multiplicative seminorms on A extending the absolute value |-| on
k. If x is a point of (Spec A)*", we denote by k(x) the completion of the residue field
k(x) with respect to the absolute value |-|,, and we let p, be the k-morphism from
Spec k{(x) to Spec A corresponding to the point j(x) € Spec A (see Definition [2.1.1]
for the specification map j). Then p, extends to an og-morphism &2, from Spec o, to
Spec o7 if and only if |a|, < 1 for any a € 7. In this case the image of the maximal
ideal my of o, by the morphism &2, : Spec o, — Spec 7 identifies with the prime
ideal
(A, ||x)<1 :={ae A : |aly <1} of &,

which lies in the fibre (Spec 7). of Spec ./ over the maximal ideal of o;. We denote
by (Spec A)?) the subset of (Spec A)™ of points x such that

sup lal, <1
acd

and by ¢ : (Spec A)%) — (Spec &), the map sending x € (Spec A)3) to (7, |-[x)<1,

called the reduction map. Note that the reduction map is always surjective (cf. [9,
Proposition 2.4.4] or [81} 4.13 and Proposition 4.14]).

Proposition 2.1.7 We assume that the absolute value |-| is non-trivial and non-
Archimedean and let oy, be the valuation ring of (k, |-|). Let <7 be a finitely generated
ox-algebra and A be the localisation of &/ with respect to oy \ {0}. Then the integral
closure of </ in A (that is, the integral closure of the image of &/ — A) identifies
with
(A’ | |x)<1,
x€&(Spec A)T,

where

(Al ={a €A |aly <1}

In particular, if (k,||) is discrete, <7 is flat over o and <f [w o/ is reduced, then

7= () Al

x€&(Spec A)T,

where @ is a uniformizing parameter of (k,|-|).

Proof Let £ be the integral closure of <7 in A. We first show that % is contained
in (A, [-|x)<1 for any x € (Spec A)%). If a € %, then there are aj,. ..,a, € &/ such
that a” + aja™ ' + - - - + a,, = 0. Therefore

lal" = |a"|y = la1@™ ' + -+ aply < max aily-lal" < max a7,
ie{l } iefl }

..........

which implies that |a|, < 1.
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Let a € A such that a is not integral over .o/ Since A is a k-algebra of finite
type, it is a Noetherian ring which is non-zero (since a € A). In particular, it
admits only finitely many minimal prime ideals S “lp,, ..., 8 !p,, where py,...,p,
are prime ideals of .7 which do not intersect S := o; \ {0}. We show that there exists
j € {1,...,n} such that the canonical image of a in A/S™'p; is notintegral over <7 /p;.
Assume that, for any i € {1,...,n}, f; is a monic polynomial in (<7 /p;)[T] such that
f;(A;) = 0, where 4; is the class of a in A/S‘lpl-. Let F; be a monic polynomial in
</ |T] whose reduction modulo p;[T] coincides with f;. One has Fi(a) € S™'p; for
any i € {1,...,n}. Let F be the product of the polynomials Fi,. .., F,. Then F(a)
belongs to the intersection (7", S~1p;, hence is nilpotent, which implies that a is
integral over <7. To show that there exists x € (Spec A)%) such that |al, > 1 we
may replace 7 (resp. A) by <7 /p; (resp. A/S™'p;) and hence assume that <7 is an
integral domain without loss of generality.

Let b = a~! in the fraction field of A. We assert that

bet[b] Mo # {0} and 1 ¢ bet[b].

We set a = a’/s for some a’ € o/ and s € S. Then s = ba’ € ba/[b] N v, so that
b/ [b] N o # {0}. Next we assume that 1 € b7 [b]. Then there exist m € Ny and
(a{,. ..,a,,) € /™ such that

o 712 ’gm
I =ab+ayb”+---+a,,b",

or equivalently a” = aiam_l + -+ a,,, which is a contradiction.

Let p be a maximal ideal of <7[b] such that be/[b] C p. As pNog # {0} and
p N og € my (where my is the maximal ideal of oy ), we have p N o, = my (since the
Krull dimension of o is 1Y), and hence p lies in the fibre (Spec <7 [b]), of Spec <7 [b]
over 1. Note that .7 [b] is finitely generated over oy and <7 [b] ®,, k = A[b]. Thus,

since the reduction map
rerip) - (Spec A[b])g[b] —> (Spec [b])s

is surjective, there is x € (Spec A[b])‘;‘;[b] such that rgp)(x) = p. Clearly x €
(Spec A)%). As b € p, we have |b|, < 1, so that |al, > 1 because ab = 1. Therefore,

ag [ @A«
x€(Spec A)F,

as required.
Finally we consider the last assertion. We assume that there is

ae [ (AHda \ 7.
x€(Spec A)Y,

! Tt suffices to see my C p for a non-zero prime ideal p of og. Fix e € p\ {0}. If x € my, then
x"e~! € oy for some positive integer n because |x| < 1, so that x”* € oxe C p, and hence x € p.
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By the previous result, there are ay,. . .,a, € </ such that

1

at+ad ' +---+a,_1a+a, =0.

One can choose a positive integer e such that @¢a € o and @ 'a ¢ o7/. As
(@a)" + wlai(@®a)" + -+ @ Va,_(w°a) + @"a, = 0,

(@wa)" = 0in & /wef, so that wa = 0 in & /w.e/ because o /w.ef is reduced.
Therefore there is @’ € o such that @w®a = wa’, and hence @ la = o’ € &
because &7 is flat over og. This is a contradiction.

2.1.2 Metric on a vector bundle

Let X be a scheme over Spec k. We denote by Fxm the sheaf of all real-valued
functions on the Berkovich topological space X*". Let Cgan be the subsheaf of Fxan
of continuous functions.

Definition 2.1.8 Let E be a locally free Ox-module of finite rank. We call metric on
E any family ¢ = {|-|,(x)}xex=, where each |-|,(x) is a norm on E(x) := E ® k(x),
k(x) being the completion of «(x) with respect to the absolute value |-|. We use the
symbol |-|, instead of the usual double bar symbol in order to distinguish a local
norm from a global seminorm (cf. Definition [2.1.15).

Note that the family ¢ actually defines a morphism of sheaves (of sets) from E to
J«(Fxan), which sends each section s of E over a Zariski open subset U of X to the
function |s|, : U™ — Ry sending x € U*" to

Islp(x) := [s(x)le (x),

where s(x) denotes the reduction of s in E(x). If this morphism of sheaves takes
values in j*(Cgan) (namely, for any section s of E on a Zariski open subset of X, the
function |s|, is continuous with respect to the Berkovich topology), we say that the
metric ¢ is continuous.

Remark 2.1.9 Let E be a locally free Ox-module of finite rank, equipped with a
continuous metric ¢. Let F be a locally free sub-Ox-module of E. For any x € X*",
the restriction of the norm |-|,(x) to F(x) defines a norm on F(x). These norms
actually define a continuous metric on F. However, we don’t know if, for any quotient
vector bundle of E, the quotient norms of |-|,(x) (x € X*") define a continuous metric
on the quotient bundle.

The following lemma is used in the proof of Proposition [2.1.12]

Lemma 2.1.10 Let M be a topological space and f be a non-negative function on
M. Suppose that, for any a € 10, 1], there exists a continuous function f, on M such
that a fy < f < fy. Then the function f is continuous.
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Proof Let x( be a point of M. From the inequalities @ f, < f < fu, we deduce

liminf @ fo (x) < liminf f(x) < limsup f(x) < limsup f,(x).
X=X

XX X—X( X—X0

Since the function f, is continuous, we obtain

@ fa(xo) < liminf £(x) < Timsup f(x) < fo(xo).

X—X0

Moreover, one has a fu(x0) < f(x9) < fo(x0). Hence

liminf f(x) < limsup f(x) < &' f(x0) < @' fo(x0) < @ % liminf f(x).
X—X( X—X0

X—X0

Since & € ]0,1[ is arbitrary and lim inf_,, f(x) is finite, we obtain

lrm 1xnf f(x) =limsup f(x) = f(x0).

X—X0

The proposition is thus proved. O

Definition 2.1.11 Let 7 : X — Spec(k) be a k-scheme and V = (V, ||-||) be a finite-
dimensional normed vector space over k. For any x € X", let |- |v (x) be the norm
on V ®; k(x) induced by ||-|| by &-extension of scalars, and |- |V be the norm on
V @ K(x) induced by ||-|| by 7r-extension of scalars (see §1.3). If |-| is Archimedean
and if the norm ||| is induced by an inner product, for any x € X*", we denote
by HV,HS(X) the norm on V ®; k(x) induced by ||-|| by orthogonal extension of
scalars. For simplicity, the norms HV, (x), HV, (x)and HV,HS(X) are often denoted
by [+¢(x), ||z (x) and |-|us(x), respectively.

Proposition 2.1.12 The norms |-ly; .(x), x € X*" define a continuous metric on the
locally free Ox-module (V).

Proof Let U be a Zariski open subset of X and s be a section of 7%(V) over U. It
suffices to prove that the function (x € U*") +— |s|v (x) is continuous on U*".

We first treat the non-Archimedean case. By Proposrtron- 1.2.7] for any a € ]O 1[,
there exists an a-orthogonal basis {e;}!", of V. By Proposition | for any
x € X*, {e;}! | isalsoana- orthogonal basrs of (V & k(x), | Iy g(x)) We can write
s into the form s = fiey + -+ fnen, Where fi,..., f, are regular functions on U.
Since {e;}!" | is an a—orthogonal basis and the norm |-|V,8(x) is ultrametric for any
x € U, one has

VxeU™, @, max lfile - leily (%) < Isly ,(x) < o I fil - leily . (x).
L i

..........

By Proposition , one has |e; [ . (x) = [|e;]|.« for any x € X*". Hence

VxeU™, @ max | filx - lleille < Isky o (x) < omax filx - ll€ilss-
i

Note that the function (x € U*) — |f;|x is continuous for any i. Hence the function
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(x e U™ r— max |filx- lleills
i€ n}

is also continuous. Since & € ]0, 1[ is arbitrary, by Lemma[2.1.10| we obtain that the
function (x € U™) |5l .(x) is continuous.

We now consider the Archimedean case. Let {e;}!" | be a basis of V. We write
the section s in the form fie; + - - - + fhe,, where fi,..., f, are regular functions on
U. Note that f2", ..., " are continuous complex functions on U*". Since the norm
||-llc.e is a continuous function on V¢, we obtain that the map (see Remark

(x € X*) /= Isly (0) = I ff"()er + -+ + [ (X)enllc.e
is a continuous function on U*". The proposition is thus proved. O

Proposition 2.1.13 We assume that the absolute value |-| is Archimedean. Let V =
V11D be a finite-dimensional normed vector space over k.

(1) The norms |l ,(x), x € X* define a continuous metric on the locally free
Ox-module *(V).

(2) Ifthe norm ||-|| is induced by an inner product, then the norms HV,HS(x)’ x e X
define a continuous metric on the locally free Ox-module n*(V).

Proof The proof is quite similar to the second part of the proof of Proposition[2.1.12]
where we use the continuity of the norms ||-||c,» and ||-||c gs (in the case where the
norm ||-|| is induced by an inner product) on the topological space V. m]

Proposition 2.1.14 We assume that the field k is Archimedean. Let 1 : X — Spec(k)
be a k-scheme and V = (V,||-||) be a finite-dimensional normed vector space over R.
For any x € X*", let |-|i;(x) be the norm on'V & k(x) induced by ||-|| by b-extension
of scalars, where § = &, nm or HS (in the case where ||-|| is induced by an inner
product) and let |-[;(x). be the dual norm on V¥ & k(x) of |-li7(x). Then the norms
|-l (%), x € X*" define a continuous metric on the locally free Ox-module 7*(V").

Proof Let {a;}"" | be a basis of VV. Locally on a Zariski open subset U of X, any
element s € H(U,7*(V")) can be written in the form s = fia; + - - - + f, @, where
fi»- ., fn are regular functions on U. Let ||-||c . be the dual norm of ||[|c  (the
norm on V¢ induced by ||-|| by f-extension of scalars). We claim that

| s[57(x) = A" (e + -+ + f;‘“(x)a/nnc’h,*. 2.1

The equality follows from the definition of |-[;-(x). when «(x) = C. In the case where
k(x) = R, the norm |-[;7(x). is the dual norm of ||-||. Hence it coincides with the
restriction of [|-[|c 5« to VY (see Proposition and Remark
for the cases fj = &, m and HS, respectively). Thus the equality (2.T) also holds in
this case. Since the norm ||-||c.y,. is a continuous function on VY, we obtain that the
function (x € U*") + [s[;7(x). is continuous. O
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Definition 2.1.15 If the k-scheme X is proper, then the associated Berkovich space
X is compact (see [9]] Proposition 3.4.8). In particular, if E is a locally free Ox-
module equipped with a continuous metric ¢, for any global section s € H*(X,E),
the number

lIsllp := sup |s|,(x)
xexan

is finite. Thus we obtain a map |||, : H %(X,E) — R, which is actually a seminorm
on the k-vector space H(X, E).

Let Xieq be the reduced scheme associated with X and Ereq := E ®¢, Ox,,,. Note
that the natural morphism X% — X*" is a homeomorphism (see Proposition ,
so that to give a continuous metric of E on X*" is equivalent to give a continuous
metric of Eq On Xfe‘:j The corresponding metric of Eyq is denoted by ¢rq. Moreover,
if X is proper and we denote the natural homomorphism H’(X, E) — H°(X;ed, Ereq)
by v, then it is easy to see that ||s|l, = [|Y£($)lle., for any s € H°(X,E). By (1)
in the following proposition, the null space of ||-||, coincides with the kernel of yg,
which is denoted by N(X, E). The induced norm on H(X, E)/N(X,E) is denoted

by ||-[l;-

Proposition 2.1.16 (1) If X is reduced, then ||-||, is actually a norm.

(2) For any x € X*, the image of N(X,E) ® k(x) by the natural homomorphism
H(X,E) @ k(x) = E ®¢, K(x) is zero, so that one has the induced homomor-
phism (HY(X,E)/N(X,E)) ® k(x) = E ®¢, k(x). Moreover, if E is generated
by global sections, then (H*(X,E)/N(X,E))® k(x) — E ®0,, K(x) is surjective
for all x € X™.

(3) If E is invertible and s € N(X, E), then there is a positive integer ny such that
s®" = 0 for any integer n such that n > ny.

Proof It is sufficient to see that if ||s|l, = O, then s = 0. Let 71,...,7, be the
generic points of the irreducible components of X. Let 7; be a point of X*" such that
J ;) = n;. By our assumption, |s|,(77;) = 0, so that s(57;) = 0 for all i. Therefore, one
has the assertion because X is reduced.

We denote the natural homeomorphism X*" — X*% by p. Then we have the
following commutative diagram:

0 - ~ 0 - ye®d o -
H(X, E) @ K(x) — H (X, E) ® k(p(x)) —> H"(Xred> Ered) ®k K(p(x))

| e

E ®0, K(x) —— Ered ®0y_, K(p(x))

because Erq = E ®¢, Ox,,. Therefore one has (2).

Let X = Uf.\; 1 Spec(A;) be an affine open covering of X such that, for each
i, there is a local basis w; of E over Spec(A;). For any i € {1,...,N}, let a; € A;
such that s = a;w; on Spec A;. As s| Xoed = 0, a; is a nilpotent element of A;, so that
we can find a positive integer ny such that s = 0. Therefore s®" = 0 for n > ng
because s®" = ¥ @ g0, o
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2.1.3 Base change

Let k’/k be a field extension equipped with an absolute value |-|” which extends |-|
on k. We assume that k£’ is complete with respect to this absolute value.

Let X be a scheme over Spec k, X’ be the fibre product X Xgpecx Spec k” and
p : X’ — X be the morphism of projection. If (K,|-|x) is a valued extension of
k’ and f : SpecK — X’ is a k’-point of X’ valued in K, then the composition
morphism 7 o f is a k-point of X valued in K. This construction is functorial and
thus determines by passing to colimit a surjective map between Berkovich spaces
from X’ to X™ which we denote by p?. We emphasise that X’ is constructed
from the projective k’-scheme X’. Thus p? differs from the map between Berkovich
spaces associated with p (considered as a k-morphism of schemes) as in Definition
R2.1.2

Proposition 2.1.17 The map pb : X'™ — X™ defined above is continuous with
respect to the Berkovich topology.

Proof Let U be a Zariski open subset of X and g be a regular function on U. We
denote by g’ the pull-back of g by p, which is a regular function on p~!(U). For any
y € X'¥ one has |g’|(y) = |g|(p?(y)). Hence |g| o p© is a continuous function on
p~'(U)™. Therefore the map p? is continuous. O

Definition 2.1.18 Let E be a locally free Ox-module of finite rank, equipped with a
metric ¢ and let Ey- be the pull-back of E by the projection morphism p : X’ — X.If
y is apoint of X" and if x = pf(y), then the norm |lo(x) on E(x) = E®k{(x) induces
by g-extension (resp. m-extension) of scalars a norm on Ep/(y) = E(x) ®g(y) K(¥),
denoted by ||y, . (¥) (resp. ||y, . (). These norms define a metric on E-, denoted
by ¢r.e (resp. @i ), called the metric induced by ¢ by e-extension (resp. -
extension) of scalars.

Assume that the norm [-|,(x) on E(x) is induced by an inner product. For any
point y € X’¥ such that x = pb(y), we let "¢y s () be the norm on Ey/(y) induced
by |-|,(x) by orthogonal extension of scalars. These norms define a metric on Ey,
denoted by ¢y s and called the metric induced by ¢ by orthogonal extension of
scalars.

In the case where E is an invertible Ox-module, the three metrics gx ¢, i’ . and
@ s are the same (see Remark[1.3.2[(3)), and are just denoted by ¢ .

Proposition 2.1.19 Let L be an invertible Ox-module equipped with a continuous
metric ¢. Then one has the following:

(1) The metric ¢y is continuous.
(2) Forall s € HY(X,L), |Islly = lp*(s)llp, -

Proof Let U be a Zariski open subset of X and s € H°(U, L). Then one has

" $)lge = Isly © P ryens (2.2)
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so that the assertion follows. If we assume that L is trivialised by s over U,
then p*(s) is a section in HO(p~'(U), L) which trivialises Ly on p~!(U). Moreover,
by the above (2.2) together with Proposition we obtain that |p*(s)|,,, is a
continuous function on p~'(U)*". Therefore one has the assertion O

2.2 Metrics on invertible sheaves

Let X be a scheme over Spec k. In this section, we discuss constructions and prop-
erties of metrics on invertible Oy-modules.

2.2.1 Dual metric and tensor product metric

Let L be an invertible Ox-module and ¢ be a metric on L. Note that for any x € X",
the norm ||,(x) is determined by its value on any non-zero element of L ® k(x).
In particular, to verify that the metric ¢ is continuous, it suffices to prove that there
exists a covering {U; };e; of X by affine open subsets and for each i € I there exists
a section s; € H(U;, L) which trivialises the invertible sheaf L on U; such that the
function [s;|, is continuous on the topological space U}".

Definition 2.2.1 Let L be an invertible Ox-module. If ¢ is a metric on L, then the
dual Ox-module LY is naturally equipped with a metric ¢ such that, for sections @
and s of LY and L over a Zariski open subset U of X respectively, one has

Vxe U™ la(s)|(x) = |slp(x) - |alyv(x).

We call ¢V the dual metric of ¢ and we also use the expression —¢ to denote the
metric ¢V.

Proposition 2.2.2 Let X be a k-scheme, L be an invertible Ox-module and ¢ be a
metric on L. If ¢ is a continuous metric, then ¢" is also continuous.

Proof Let U be a Zariski open subset of X on which the invertible sheaves L and
LY are trivialised by sections s € I'(U, L) and @ € T'(U, L) respectively. Then a(s)
is a regular function, and

_ la(s)]

[5]e

|(1'|¢v

on U*". Since the functions |a(s)| and |s|, are all continuous, also is |a|,v. Since U
is arbitrary, we obtain that ¢V is a continuous metric. m]

Definition 2.2.3 Let L be an invertible Ox-module and n be a positive integer.
Suppose given a metric ¢ on L®". Then the maps

(s € HU, L)) —> |s"1})",
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with U running over the set of all Zariski open subsets of X, define a metric on L,
1

denoted by %cp. If the metric ¢ is continuous, then also is —¢.
Definition 2.2.4 Suppose given two invertible Ox-modules L; and L,, equipped
with metrics ¢ and ¢, respectively. We denote by ¢; + ¢, the metric on L; ® L,
such that, for any Zariski open subset U of X and all sections s; € HO(U,Ll),
s, € H(U, L,), one has

Vx e U™, 51 92lpig,(x) = [silg; (%) - [52], (%)

The metric ¢; + ¢ is called tensor product of ¢ and ¢,. Note that, if the metrics
@1 and ¢, are continuous, then also is ¢; + ¢,. We also use the expression ¢; — ¢»
to denote the metric ¢1 + ¢ on Ly ® L) If L is an invertible Ox-module equipped
with a metric ¢, for any integer n € N, we use the expression ng to denote the
metric ¢ + - - - + ¢ (n copies) on L®".

Proposition 2.2.5 Let X be a scheme over Speck, Ly and Ly be invertible Ox-
modules, and ¢ and ¢, be continuous metrics on L and L, respectively. Then
the canonical k-linear homomorphism H°(X, L)) & H)(X,L,) — H°(X,L; ® L),
sending 51 ® 53 € HO(X,Ll) Rk HO(X, L) to sy - s, has operator norm < 1, where
we consider the r-tensor product of ||-|lp, and |||l,, on the tensor product space,
and the norm |||y, +4, on H(X, L, ® Ly). In particular, if s and s, are elements in
H(X, L) and H(X, L), respectively, then the following inequality holds

51 $2llpi g < llstll, - lls2ly, - (23)

Proof Let ;7 be an element of H(X, L) ®; H’(X, L,), which is written as

N
1= sl
i=1

where s(ll),...,s(lm are elements in HO(X,LI), S

HO(X,L;). Let s be the element

1 N .
g),...,sg ) are elements in

N . o
Z S&l) . Sg)
i=1

in H%(X, L; ® L,), which is the image of 77 by the canonical homomorphism
H(X,L)) & H'(X,L,) — H°(X,L; ® L»).

For any x € X" one has
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N
s = 31”8
N

Z<mm>@mm\2mww 1551l

i=1 i=1

N
mmszmwﬁwﬂm

Since x € X*" is arbitrary, we obtain

N
Isllgrsgs < D llst g, - 1155 llg,-

i=1

Therefore ||s]lp+p, < |I7llx, where |||l denotes the m-tensor product of ||-|l,, and
IIll,- The first assertion is thus proved.
If 51 and s, are elements in H(X, L;) and H’(X, L,) respectively, then one has

IIsq - SZ“LP[‘H,DZ = Ssup |1 - 52|<p1+<p2(x)
xexm

= sup [silg, (x) - [520g, (x) < [lstll, - 52l
xexan

as required. O

Remark 2.2.6 Assume that the absolute value || is non-Archimedean. The statement
of Proposition remains true if we consider the e-tensor product ||| of |||,
and ||-||,, on the tensor product space H)(X, L)) ® H(X, L,). In fact, by Proposi-
tion 9 if {e;}, and {f, , are a-orthogonal basis of (HY(X,Ly),||- llp,) and

(HO(X, Lz), IIll,) respectlvely, then

{€i ® fitu jyell,...nyx{l,....m}

is an a?-orthogonal basis with respect to ||-||., where @ € ]0, 1[. For any

n m
n= Z‘ Z‘ aije; ® ¢; € H'(X, L) & H(X, Ly),
par e

one has

2
nlle > max laij| - lleill - 115 1,

(@.)e{l,...n}x{1,....m}

which is bounded from below by o times the norm of the canonical image of 7 in
HO(X, L, ® L,) since the norm ||-||y, +4, is ultrametric.
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2.2.2 Distance between metrics

Let ¢ be a metric on Ox. Then —1In [1], is a function on X*", where 1 denotes the
section of unity of Ox. If ¢ is a continuous metric, then —In [1], is a continuous
function. Conversely, any real-valued function g on X" determines a metric on Ox
such that the norm at x € X of the section of unity of Ox is e 8*¥). The metric is
continuous if and only if the function g is continuous. Therefore the set of all metrics
on Oy is canonically in bijection with the set of all real-valued function on X?". This
correspondance also maps bijectively the set of all continuous metrics on Oy to the
set CY(X™) of all continuous real-valued functions on X",

Definition 2.2.7 Let L be an invertible Ox-module. If ¢ and ¢’ are two metrics on L,
then ¢’ — ¢ is ametricon L ® LY = Oy, hence corresponds to a real valued function
on X?". By abuse of notation, we use the expression ¢’ — ¢ to denote this function.
We say that the metric ¢’ is larger than ¢ if ¢’ — ¢ is a non-negative function and
we use the expressions ¢’ > ¢ or ¢ < ¢’ to denote the relation “¢’ is larger than ¢”.
If ¢ and ¢’ are metrics on L, we denote by d(¢, ¢’) the element

sup |¢” = ¢|(x) € Ryg U {+00},
xexan

called the distance between ¢ and ¢’. Note that one has
d(g,¢") = sup |10 [ (x) = In |- (x)]. (2.4)
XE an

Proposition 2.2.8 If the k-scheme X is proper (so that the sup seminorms are de-
fined), then

dlllg. lIlg) < d(e.¢’) 2.5
(see for the notion of distance between two norms and §I.1for the notion of

norm associated with a seminorm).

Proof Fix s € H(X,L) \ N(X,L). For € > 0, one can choose x € X® such that
e~ ¢|Islly, < [slg, (x). Then

In[[slly, —Inlslly, < Inlsly, (x) = Infsly,(x) + € < d(g1,¢2) + €

so that one has In [|s]l,, — In||s|l,, < d(¢1,¢2) because € is an arbitrary positive
number. In the same way, In ||s||,, — In||s|l,, < d(¢1,¢2), and hence one obtains

[ [Isllg, = InlIsllg,| < d(er,92),
which implies the assertion of the proposition. O

For any integer n € Z one has n¢’ — ng = n(¢’ — ¢) and hence

d(ng’,ne) = |nld(¢’, ¢). (2.6)
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The distance function verifies the triangle inequality: if ¢, > and ¢3 are three
continuous metrics on L, then one has

d(e1,¢3) < d(@1,¢2) + d(p2,¢3) 2.7

because

|10 -1, () = 10|+l ()] < [ 10 |-y () = 1 -y (0] + [ 10 ]+, (20) = Iy ()]
for any x € X*".

Definition 2.2.9 Let Y and X be two schemes over Speck, and f : ¥ — X be a
k-morphism. Suppose given an invertible Ox-module L, equipped with a metric
¢. Then the metric ¢ induces by pull-back a metric f*(¢) on Y such that, for any
y € Y, the norm |[-|+(,)(y) is induced by |-|,(f(y)) by extension of scalars. The
metric f*(¢) is called the pull-back of ¢ by f. For any section s of L on a Zariski
open subset U of X, one has

|f*(s)|f*(<p) = |S|tp ° fanlf—l(U)ﬂ"- (2.8)
In particular, if the metric ¢ is continuous, then also is f*(¢).

Proposition 2.2.10 Let Y and X be two schemes over Speck, f : Y — X be a
k-morphism, L be an invertible Ox-module, and ¢ and ¢’ be two metrics on L. Then
one has

d(f*(e). f*(¢") < d(e.¢").
Moreover, the equality holds if f : Y — X is surjective.

Proof By (Z8). one has f*(¢) - f*(¢') = (o - ¢) o f™. Hence

d(f (@), f*(¢) = sup If* (@) = f()I(y) < sup lo = ¢'|(y) = d(e,¢’).
yE an yE an

If f:Y — X is surjective, then 2" : Y*" — X2 is also surjective, so that the last
assertion follows. O

2.2.3 Fubini-Study metric

Let V be a finite-dimensional vector space over k. We denote by 7 : P(V) — Spec(k)
the projective space of V. Note that the functor Fp(yy from the category Ay of k-
algebras to the category of sets corresponding to P(V) (see sends any k-algebra
A to the set of all projective quotient A-modules of V ®; A which are of rank 1. By
gluing morphisms of schemes, we obtain that, for any k-scheme f : X — Spec(k),
the set of all k-morphisms from X to P(V) is in functorial bijection with the set of all
invertible quotient Ox-module of f*(V). In the case where X is the projective space
P(V), the invertible quotient Ox-module of 7*(V) corresponding to the identity map
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P(V) — P(V) is called the universal invertible sheaf, denoted by Oy (1). It verifies
the following universal property: for any k-scheme f : X — Spec k, a k-morphism
g : X — P(V) corresponds to the invertible quotient

g'(p): g (@ (V) = f1(V) — g (Ov(1))

where p : 7%(V) — Oy(1) is the quotient homomorphism defining the universal
invertible sheaf.

Let V = (V,|||) be a normed vector space of finite dimension over k. For any
point x in the Berkovich space P(V)?", if the absolute value |-| is non-Archimedean,
we denote by |-[(x) the norm on V & k(x) induced by ||-|| by e-extension of
scalars; if the absolute value |-| is Archimedean, we denote by |-[;-(x) the norm
on V ®; k(x) induced by ||-|| by m-extension of scalars. We emphasise that, in the
case where k(x) = k (namely x corresponds to a rational point of P(V)), the vector
space V ®; k(x) is canonically isomorphic to V and the norm |-|;-(x) identifies
with the double dual norm of ||-||. We denote by || p5(x) the quotient norm on
Oy (1)(x) = Ov (1) ®0y, k(x) induced by the norm |-[-(x) on V @ k{(x), called the
Fubini-Study norm on Oy (1)(x) induced by ||-||. For simplicity, the norm |~|V’Fs(x)
is often denoted by |-|gs(x).

Remark 2.2.11 It is a natural question to determine if the Fubini-Study metric can
be defined in a uniform way (for non-Archimedean and Archimedean cases). Let
V = (V,||-]]) be a finite-dimensional vector space over k. For any point x € X", we
let |-|y7 .(x) and |-[7 ,(x) be the norms on V ® k(x) induced by ||-|| by &-extension
and m-extension of scalars respectively. If the absolute value |-| is non-Archimedean,
then both norms |-|V’€(x) and |-l . (x) induce the same quotient norm on Oy (1)(x).
In fact, by Proposition the dual norms of both || . and |} .
identify with ||||, %), and hence induce the same restricted norm on Oy (1)(x)".
By Proposition , the dual norms of the quotient norms on Oy (1)(x) of I'ly o
and |-l . are the same. Since Oy(1)(x) is a vector space of dimension 1 over
k(x), we obtain that these quotient norms are the same. In other words, in both the
Archimedean and non-Archimedean cases, we may use the m-extension of scalars to
define the Fubini-Study metric. However, for the reason of applications in the study
of adelic vector bundles, it is more convenient to consider the s-extension of scalars
for the non-Archimedean case. We emphasis however that, in the Archimedean case,
if we apply the e-extension of scalars instead of the 7-extension of scalars, in general
we obtain a different metric from the Fubini-Study metric.

Proposition 2.2.12 Let V = (V,||-||) be a finite-dimensional normed vector space
over k. Then the norms |-l p5(x), x € P(V)™ described above define a continuous
metric on the universal invertible sheaf Oy (1).

Proof By Proposition[I.2.14](see also Remark[1.3.2)), for any x € P(V)™", the norms
|-]] and ||-|l«+ induce the same Fubini-Study norm on Oy (1)(x). Hence we may
assume without loss of generality that the norm ||| is ultrametric when (%, |-|) is
non-Archimedean.
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For any x € P(V)™, let |-|;;(x) be the norm on V ® k(x) induced by ||-|| by 7-
extension of scalars, and let |-[;7(x). be the dual norm of |-|3-(x). The norms |- [t-(x).
define a metric ¢ on 7*(VV). By Proposition the norm |-[3-(x).
coincides with the norm induced by ||-||. by e-extension of scalars. Therefore, by
Proposition[2.1.12} we obtain that the metric ¢ is continuous.

The dual norm of the Fubini-Study norm HV,FS(X) then coincides with the re-
striction of |- [j(x). to Oy (1) ® k(x) by Proposition Hence these dual norms
(for x € P(V)*) form a continuous metric on Oy (1)". Therefore the Fubini-Study
norms HV,FS(X)’ x € P(V)™ define a continuous metric on Oy (1) (see Proposition

O

Definition 2.2.13 Let V = (V, ||-||) be a finite-dimensional normed vector space over
k. The continuous metric on Oy(1) formed by the Fubini-Study norms || g5 (x)
with x € P(V)?" is called the Fubini-Study metric on Oy (1) associated with the norm
Il on V.

Remark 2.2.14 Let V = (V, ||-||) be a normed vector space over k and s be an element
of V. For any x € P(V)" such that s(x) # 0, by definition one has

Sl re(x) = inf t||z
I |V,FS( ) t€V®k?(x)|| ”K(x),h
t(x)=s(x)

with jj = ¢ if |-| is non-Archimedean, and i = x if |-| is Archimedean. In particular,
one has (see Proposition[I.3.1)

517 ps(X) < ISl = [l (29

Moreover, any rational point y € P(V)(k) corresponds to a non-zero element 3, :
V — k in the dual vector space V. The dual norm of B identifies with the inverse
of the quotient norm of 1 € k. Therefore one has

1By (5)]

SlvesO) = Y100

and hence

1By(s)]
yervyk) 1Byl

sup )IS(y)Iv,FS(y) = = lIsll.-

yeR(V)(k
Combing with (2.9), we obtain |||l gg = |-«

Let (k’,|-]) be a valued extension of (k,|-|). Note that the fibre product P(V) Xspec
Spec k’ identifies with the projective space of V’ := V ® k’. The Fubini-Study metric
on Oy (1) induces by base change a continuous metric on Oy-(1) which we denote by
{I'ly s - (X)}xepvrym. By Corollary and Proposition we obtain that
this metric coincides with the Fubini-Study metric associated with the norm ||-[|x- y
on V', where § = ¢ if || is non-Archimedean and b = x if |-| is Archimedean. In
particular, one has

Il g5 0 = -l s 2.10)
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Definition 2.2.15 Let f : X — Speck be a k-scheme and L be an invertible Ox-
module. Suppose given a finite-dimensional vector space V over k and a surjective
Ox-homomorphism 8 : f*(V) — L. Then the homomorphism j corresponds to a k-
morphism of schemes g : X — P(V) such that g*(Oy (1)) is canonically isomorphic
to L. If V is equipped with a norm ||-||, then the Fubini-Study metric on Oy (1)
induces by pull-back a continuous metric on L, called the quotient metric induced
by the normed vector space (V, ||-||) and the surjective homomorphism }3.

Definition 2.2.16 Let ¢ be a section of L over a Zariski open set U, which trivialises
the invertible sheaf L. The section ¢ yields the isomorphism ¢ : Oy — L|y given by
a v al. We define £ : f*(V)|y — Op by 1! o By, that is, the following diagram is
commutative:

Wy oy
PN
Lly

If {e;}!_, is a basis of V, {e}}’_, is the dual basis of {e;}!_, and By(e;) = a;¢ for
i € {1,...,n}, then £ is given by

fzale}/+---+are>/.
For each x € U™, the evaluation of £ at x is denoted by £, that is,
O = aj(x)e) + -+ ar(x)e) € Homgy)(Ve(x), K(x)).

Proposition 2.2.17 Let f : X — Speck be a k-scheme and L be an invertible
Ox-module. Suppose given a finite-dimensional normed vector space (V,||||) over
k and a surjective Ox-homomorphism B : f*(V) — L. Let ¢ be the quotient metric
induced by (V, ||-||) and B. For any section € of L on a Zariski open subset U of X
which trivialises L on U, one has

Ve UM, 1llp(x) = 16l ., = 116411 @.11)

*,K(x),&’
where b = € if || is non-Archimedean and § = n if || is Archimedean.

Proof For each x € U™, one has the following commutative diagram:

[.X -,
Vay —— k(x)

N

L ®0y I?(x)

By (1) in Lemma [I.I.T5] the operator norm of By is 1. Moreover, the operator
norm of £y is ||€x|lzx)p,« and that of ¢, is [€]|,(x). As the operator norm of Sy
is the product of the operator norms of £, and i, by (2) in Proposition [T.T.15]
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we obtain |€]y(x) = [[€xllz(x),p,«- The equality [|€ ”E(x) o = |[€xll« z(x), follows
from Proposition [I.3.20][(D)} [(2)] for the non-Archimedean and Archimedean cases,
respectively. O

Remark 2.2.18 Let X be a quasi-projective k-scheme. The above construction shows
that any ample invertible Ox-module admits a continuous metric. By Proposition
2.2.2}, we deduce that, more generally, any invertible Ox-module admits a continuous
metric.

Remark 2.2.19 Let f : X — Spec k be a k-scheme, L be an invertible Ox-module,
V be a finite-dimensional vector space over k, and 8 : f*(V) — L be a surjective
Ox-homomorphism. Let n be an integer, n > 1. Then g induces a surjective Ox-
homomorphism g®" : f*(V®") — L®". Let ||-|| be a norm on V and ¢ be the
quotient metric induced by (V,||-||) and 3. We claim that ng is the quotient metric
induced by (V®",]|-|l;) and B®", where ||-||; denotes the §-tensor power of the norm
|-]l, i = €if |-| is non-Archimedean and ij = 7 if |-| is Archimedean. In fact, if x is an
point in X" and ¢ is a non-zero element of L ® k(x), then £%" is a non-zero element

of L®" ® k(x). By Propositions|1.3.21{and|1.3.5} the norm |||, (x),; on V" ® k(x)
coincides with the f-tensor power of ||-[|z(x) ;- Consider the dual homomorphism

Ve (LY ® K(x)®" — (VY ® k(x)®".

By Proposition [I1.1.57| and Corollary [1.2.20} the dual norm |||l z(x)s,« coincides

with the e-tensor power of |- [|lzcx) 4, = II*[l+ z(x),« (se€ Proposition|1.3.20{(1)i(2)). In
both cases one has

1BY" (€Yl e = 1BV )50 = 10 b (),

where the first equality comes from Remark and the second comes from
Proposition[T.1.20

Proposition 2.2.20 Let f : X — Speck be a scheme over Spec k and L be an
invertible Ox-module. Let V be a finite-dimensional vector space and B : f*(V) — L
be a surjective homomorphism. If ||-|| and ||-||" are two norms on V and if ¢ and
@’ are quotient metrics on L induced by V.= (V,||-|) and V' = (V,||-|") (and the
surjective homomorphism ) respectively, then one has d(,¢") < d(|||l,|I-II").

Proof Let x be a point of X", |-|7(x) and |-;>(x) be the norms on V ® k(x) induced
by ||-|]] and ||-||” by extension of scalars. Proposition leads to

d(|lg7(x), |7 () < d((I- I M1-117).-

Since [|(x) and ||,/ (x) are respectively the quotient norms of |-[i7(x) and |5 (x),

by Proposition I.1.42|one has d(|-|o(x), |-lor(x)) < d(|-[7(x), |57 (x)). Therefore

d(g.¢") = sup d(Ip(x). 1y () < sup dHp (0.1 (o) < dCI-1L 1M1,

as required. O
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Definition 2.2.21 Let 7 : X — Spec(k) be a projective k-scheme, L be an invertible
Ox-module, which is generated by global sections, and ¢ be a continuous metric on L.
By Proposition for each x € X", the homomorphism (H°(X,L)/N(X,L)) ®
K(x) — L ® k(x) induced by H(X, L) ® k(x) — L ® k(x) is surjective, so that one
has a quotient norm |-|’(x) on L ® k(x) induced by [I-|l;- The family {|-|'(x)}xexm
of metrics is denoted by ¢Fs, that is, ||o(x) = |-|'(x) for x € X", called the
Fubini-Study metric associated with ¢. Let X;.q be the reduced scheme associated
with X and Ly := L ®¢, Ox,,. Let V be the image of H%X,L) » H°(Xed, Lrea)-
Then ||-||7 is a norm of V and s is the quotient metric induced by the surjection
V ® Ox,, = Lred and ||-||; . In particular, ¢Fg is continuous. For an integer n > 1,
we set @, = (ng)Fs.

By Propositions [1.3.26] and [1.3.25] for any point x € X*" and any non-zero
element £ € L ®¢, k(x), one has

lpes() = inf A sl (2.12)
seH(X,L), 1ek(x)*
s(x)=A¢

This equality is fundamental in the study of quotient metrics.

Proposition 2.2.22 Let m : X — Speck be a projective k-scheme and L be an
invertible Ox-module generated by global sections, equipped with a continuous
metric ¢. Then the following assertions hold.

(1) For any integer n € Ny, one has ¢,, > ny, where ¢, denotes the Fubini-Study
metric associated with ne.

(2) The sup seminorm ||-||,, on V, = HO(X,L®") induced by ¢, coincides with
” '”ntp-

(3) Let M be another invertible Ox-module generated by global sections, equipped
with a continuous metric . Then (¢ +¥)rs < @rs + Yrs. In particular, for any
pair (m,n) of positive integers one has ¢pim < @n + Om.

(4) For any integer n > 1, one has d(¢n,ny) < nd(¢1,¢). In particular, if o1 = ¢
then ¢, = np for any n € Ny .

(5) Let ¢’ be another continuous metric on L. Then one has d(¢,, ¢;) < nd(¢,¢’)
for any n € N5 ;.

Proof For any n € N, we denote by V, the vector space H(X, L®") over k.
[(D]Let x be a point of X and ¢ be an element of L®" ® k(x). Note that, for any
§ € Vp, one has [s],e(x) < [Is]lng, so that, by (Z.12), one obtains

ll, (x) = inf AN s > inf AN 8]ho(x) = 1€ X),
()= im0 sl > inf AL Ishig () = 1€ ()
s(x)=a¢ s(x)=A¢
as desired.

By one has [||l,, = ||llnp. In the following, we prove the converse
inequality. If s is a global section of L®", for any x € X*, by (2.12), one has
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Slp,. (x) = inf A0 I < I8l

Sl (@)= 0 AL el < sl
t(x)=As(x)

Hence [|slly, = supyexa [slg, (x) < lIslng-

Let x be a point of X, £ and ¢’ be elements of L ® k(x) and M ® k(x)
respectively. By (Z.12)) together with (Z.3) one has

-t x) = inf 1 -1, s
1€+ € l(+pyes (%) SeHO(x,mM),ﬂe;(x)x' e - Isllp+y
s(x)=A-'
< inf -1, t- l’
(¢.t")eH(X,L)xH(X,M) | llp+y

(u.17) €(®(x))?
t(x)=pl, t'(x)=nt

< inf
(t,t')eHO(X,L)xH (X, M)
(1) (R (X))
t(x)=ul, t'(x)=nt’

= |£|<FFS(X) : |f’|¢FS(x),

(=" el ) (12" 11

For the last assertion, note that

n+m = (np + me)rs < (n@)ps + (MP)Fs = @n + Ppm.

[(@)]By [3)] one has ¢, < ng;. Moreover, by (D] one has ¢, > ng and ¢; > ¢.
Hence 0 < ¢, — ne < ngp; — ng = n(¢; — ¢), which implies

d(pn,np) = Sl;gn(Son —np)(x) < n sup (@1 — )(x) = nd(p1, ).

xexan

[3)|By Proposition 2.2.20] together with (2:3)), one has
d(pn¢p) < d(|lllngs Illg) < d(ng,ng’) = nd(p, ¢"),
where the equality comes from (2.6). O

Proposition 2.2.23 Let 7 : X — Speck be a projective k-scheme and L be an
invertible Ox-module. Suppose given a normed vector space (V, ||-||) and a surjective
homomorphism 8 : n*(V) — L. Let @ be the quotient metric on L induced by (V, ||-||)
and B. Then, one has the following:

(1) Let f : V. — H°(X, L) be the adjoint homomorphism of B : n*(V) — L. Then,

lf Wl < vl for any v € V.
(2) For any integer n > 1, ¢, = nep.

Proof [(T)|By Propositions [[.3.26|and [T.3.23] for x € X",

lf ()l (x) = inf A el < vl

teV, 1ek(x)*
F@Ox)=Af(v)(x)
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so that one has

[2)|By Proposition [2.2.22][(4)] it suffices to verify that ¢; = ¢. Note that ¢; > ¢
(by Proposition 2.2.22][(T)). In the following, we prove the converse inequality. Let

x be a point of X* and ¢ be an element of L ® k(x). By[(D]and (2:12) together with

Propositions [I.3.26|and [1.3.25] one has

lp(x) = inf A2 |Is]le < inf Al s’
a0 = il A Dl < in AL G

/IEI?(X)X f(S')(x):/lf
s(x)=A¢
< lnf /1 -1 . S, — Z X).
'€V, Aek(x)* | |x ” ” | |tp( )
f(s)(x)=a¢
Therefore one has ¢ = ¢. ]

2.3 Semi-positive metrics

Let (k,|-|) be a complete valued field and 7 : X — Spec k be a projective k-scheme.
In this section, we discuss positivity conditions of continuous metrics on invertible
Ox-modules.

2.3.1 Definition and basic properties

Let L be an invertible Ox-module equipped with a continuous metric ¢. We assume
that L is generated by global sections. We have constructed in Definition [2.2.21]
a sequence of quotient metrics {¢, }nen,,. By Proposition (1) and (4), we
obtain that {d(¢,,n)}nen,, is a sub-additive non-negative sequence and the nor-
malised sequence {d(¢n,,ng)/n}nen,, is bounded from above. Hence the sequence
{d(@n,n@)/n}nen,, converges in R,. We denote by dp(¢p) the limit

1
dp(p) := lim ;ld(son,nso), (2.13)

called the default of positivity of the metric ¢. By definition, for any integer m € Ny,
one has

dp(me) = mdp(e). (2.14)

We say that the metric ¢ is semipositive if one has dp(¢) = 0. Clearly, if the metric ¢ is
semipositive, then for any integer m > 1, the metric m¢p on L®™ is also semipositive.
Conversely, if there is an integer m > 1 such that mg is semipositive, then the metric
@ is also semipositive.

More generally, we assume that L is semiample (namely a positive tensor power
of L is generated by global sections). Let n be a positive integer such that L®" is
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generated by global sections. The quantity dp(n¢)/n does not depend on the choice
of n by (2:14), so that we define dp(¢p) to be dp(ny)/n. It is easy to see that (2.14)
still holds under the assumption that L is semiample. We say that ¢ is semipositive
if dp(p) = 0.

Remark 2.3.1 Let (V, ||-||) be a normed vector space of finite dimension over k and

B : m*(V) — L be a surjective homomorphism. Let ¢ be the quotient metric on L
induced by (V,||-||) and B. Then, by Proposition [2.2.23] ¢ is semipositive.

Proposition 2.3.2 Let L be a semiample invertible Ox-module, equipped with a
continuous metric @. If ¢ is semipositive, then ny is semipositive for any n € Ny .
Conversely, if there exists an integer n € Ny such that ny is semipositive, then the
metric ¢ is also semipositive.

Proof This follows from (2.14), which also holds for a continuous metric on a
semiample invertible Ox-module. O

The following proposition shows that semipositive metrics form a closed subset
in the topological space of continuous metrics.

Proposition 2.3.3 Let L be a semiample invertible Ox-module, equipped with a con-
tinuous metric ¢. Suppose that there is a sequence of semipositive metrics {¢"™ }pen
on L such that

lim d(¢"™,¢) = 0.
m-—-+oo
Then the metric ¢ is also semipositive.

Proof For any integer p > 1, one has

(m)

d(pe™, pp) = pd(¢™, ¢).

Therefore, by replacing L by a certain tensor power L® and ¢ by py, we may

assume without loss of generality that L is generated by global sections. Thus the

metrics ¢£lm) and ¢, are well defined for any m € N and any n € N ;. Moreover, by

Proposition|2.2.22|(5) we obtain that

(@, gn) < nd("™, ).
Note that for m € N and n € N3 one has
d(n,n9) < d(pm @) + d(9",ng™) + d(ng™, n)
< d(@\",ng™) + 2d(¢™, ).

By taking the limit when n tends to the infinity, we obtain

dp(y) < 2d('™, @) + dp(e™) = 2d(o'™, p),

where the equality comes from the hypothesis that the metrics ¢ are semipositive.
By taking the limit when m tends to the infinity, we obtain the semipositivity of the
metric ¢. |
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Remark 2.3.4 Proposition shows that quotient metrics on an invertible Ox-
module are semipositive. Let L be a semiample invertible Ox-module and ¢ be a
continuous metric on L. For any n € Ny such that L®" is generated by global
sections, let ¢ be a continuous metric on L such that ng™ is a quotient metric. If
lim,,— o d(¢"™, @) = 0, then the metric ¢ is semipositive. This is a consequence of

Propositions and

Proposition 2.3.5 Let X be a projective k-scheme, L and L' be semiample invertible
Ox-modules, equipped with continuous metrics ¢ and ¢’, respectively. One has
dp(¢ + ¢’) < dp(p) +dp(¢’). In particular, if both metrics ¢ and ¢’ are semipositive,
then the metric ¢ + ¢’ on the tensor product L ® L’ is also semipositive.

Proof By (2.14), we may assume that L and L’ are generated by global sections.
For any integer n > 1, one has a natural k-linear homomorphism

H(X,L®") @ H)(X,L'®") — H(X,(L ® L')®")

given by the tensor product. Moreover, by Proposition[2.2.5} for s € H(X, L®") and
s” € H(X, L’®") one has

“SS’”n(apﬂp’) < ”s”n(,o . ”S’”mp“
By Proposition [2.2.22(3), we obtain (¢ + ¢’),, < ¢, + ¢,, and hence
d((@ + @)@ + @) < d(gn.n¢) + d(gp, ng").

Dividing the two sides of the inequality by n, by passing to limit when » tends to the
infinity we obtain dp(¢ + ¢”) < dp(g) + dp(¢”). O

Proposition 2.3.6 Let L be a semiample invertible Ox-module, equipped with a
continuous metric ¢. Then the following are equivalent:

(1) The metric ¢ is semipositive.
(2) Forany € > 0, there is a positive integer n such that, for all x € X*", we can find
s € HO(X»L@)n)?(x) \ {O} with ”s”mp,?(x) < enslslmp(x)'

Proof (1) = (2): By our assumption, there is a positive integer n such that

|'|ntp(x) < ||<pn(x) < en€/2|'|mp(x)

forall x € X*. Moreover, there is an s € HO(X, L&)z, \ {0} such that || ||, z(x) <
e"¢/2|s],, (x). Therefore,

€254, (X) < €"5]ng ().

”S”mp,?(x) <e

(2) = (1): For a positive integer m, there is a positive integer a,, such that, for any

x € X™ wecanfinds € HO(X,L@’Q'");(X) \ {0} with ||s|4,, ¢ =(x) < e“'"/mlslam¢(x).
Note that
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|s|am4p(x) < |S|cpum (x) < eam/m|5|am<p(x)7

which implies that

1 1
0< o (In]-lg,, (x) =1n|-]q,.o(x)) < ~
for all x € X*", so that dp(¢) = 0. O

Theorem 2.3.7 Let X be an irreducible and reduced projective scheme over Spec C,
L be a semiample invertible Ox-module and ¢ be a continuous metric of L. Then
the following are equivalent:

(1) The first Chern current ci(L, ¢) is positive.

(2) For any positive number € > 0, there is a positive integer n such that, for all
x € X, we can find s € HO(X,L®") \ {0} with ||s|lng < €"€|s]np(x).

(3) The metric ¢ is semipositive.

Proof The proof of “{(I)] = [(2)]" is very technical. For the proof, we refer to the
papers [155] and [112, Theorem 0.2]. {2)] == [3)}" is nothing more than Proposi-
tion[2.3.6] Here let us consider the following claim:

Claim 2.3.8 Let M be an invertible Ox-module, V = (V,||-||) be a finite-dimensional
normed vector space over C and V ®c Ox — M be a surjective homomorphism. We
assume that there is a basis {e;};_, of V such that

Y(ai,...,a,) €C", |laje; +--- +aye || = max{|ai],...,|ar|}.

Let s be the quotient metric of M induced by V and V ®c Ox — M. Then the first
Chern current ci(M, ) is semipositive. O

Proof Let {e) i_, be the dual basis of V. Then it is easy to see that the dual norm
lI-ll+ of |-l is given by

Vai,...,a, € C, ||alelv+~-+areX||* =lai| +---+|a|.

For v € V, the global section of M over X corresponding to v is denoted by 7.
Let s be a local basis of M over a Zariski open set U. We set &; = a;s for some
holomorphic function a; on U. Then, by Proposition [2.2.17] the function

x = —Insly (x) = In(lar|(x) + - - - + [a,|(x))

is plurisubharmonic on U®" because In(|a1|(:) + - - - + |a,|(+)) is plurisubharmonic on
u™. m]

Let us see that[(3)] = [(T)] Clearly we may assume that L is generated by global
sections. Foreachn > 1, let r,, := dimc H(X, L®") and {e,,,l-}l.r:l be an orthonormal
basis of H(X, L®") with respect to |||l If we set

lareny + -+ ap,enrll, = max{lail,....|a.,|}
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for aj,...,a,, € C, then ||-||;, < |Illng < 7ull-|l,- Let ¥, be the quotient metric of
L®" by ||-||/.- Then d(¢n, ) < In(ry,) because ¢, < ¢, < rytyy,. Therefore, as

A2 @) < d(Em, Lon) + d(Lon. @) < LIn(ry) + d(10u. ),

one has lim,_,c d(ﬁlﬂn, ¢) = 0 by our assumption. This means that, for a local basis
s of L over an open set U, the sequence { L |g®n |y, }orq converges to —In |s],

uniformly on any compact set in U. As —- ln [®" |, is plurlsubharrnonlc by the
above claim, —1In |s], is also plurlsubharmomc as required. m]

Corollary 2.3.9 Let T be a reduced complex analytic space and ||-|| be a norm of
C" If fi,. .., fn are holomorphic functions on T, then log ||(fi,- . ., fu)ll is plurisub-
harmonic onT.

Proof First of all, recall the following fact (cf. [99, Corollary 2.9.5]):

If u is a plurisubharmonic function on C" and fi, . . ., fn are holomorphic functions on
T, then u(fi, . .., fn) is plurisubharmonic on T.

Thus it is sufficient to see that f(z1,. . .,z,) := log||(z1,. . ., zx)| is plurisubharmonic
on C"\ {(0,...,0)}. Let C" ®¢ O]Pm - OPn 1(1) be the surjective homomorphlsm
given by e¢; — X;, where {e;}! | is the standard basis of C" and Xy :---:X,)is
a homogeneous coordinate of P" !. Let us consider the dual norm ||-||, of ||-|| on
C", that is, we identify the dual space (C")¥ with C" in the natural way. Let ¢ be
the quotient metric of OPn 1(1) induced by ||-||« and C" ®¢ OPn = OPn 1(1). Note
that X; gives a local basis of Opn-1(1) over {X; # 0} and X; Z (X /X )ej (see
Definition [2.2.16), so that by Perosition together with the fact |||+« = [l
one has —log|X;|, = log ||X;]| on {X; # 0}. Therefore, by Theoremtogether
with the previous fact, the function

(215 .y zn) +— log || %""’ = ,lz‘*1 Z")||
is plurisubharmonic on C" \ {z; = 0}. Note that
Gt zn) = loglal +logI(2,.. . B2t 1 &t Sy

so that f is plurisubharmonic on C" \ {z; = 0} for all , and hence f is plurisubhar-
monic on C" \ {(0,...,0)}. O

2.3.2 Model metrics

In this subsection, we assume that the absolute value |-| is non-Archimedean and
non-trivial. We denote by oy the valuation ring of (k,|-|). Let X — Spec(k) be a
projective k-scheme and L be an invertible Ox-module. By model of (X, L), we refer
to a projective ox-scheme 2~ equipped with an invertible O o -module . such that
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the generic fibre of 2~ coincides with X and that the restriction of .Z to X coincides
with L. If 2" — Spec(oy) is of finite presentation (resp. flat), then the model (2", ¥)
is called a coherent model (resp. flat model) of (X, L). If (k,|-|) is discrete, then any
model is a coherent model because oy is noetherian. Note that if (2, %) is a coherent
model, then Oy is coherent (cf. Remark [(D). Let (27,-) be a model of
(X, L) and (O 2 )or be the torsion part of O 4 as an og-module. Note that (O g )ior
is an ideal of Og . If we set 2"’ = Spec(O2 /(02 )or) and £’ = Z| 4, then
(27, %) is a flat model of (X, L) (cf. Remark [2.3.10} [(T)).

As in Definition[2.1.1} we denote by j : X*® — X the specification map. Let x be
a point in X*" and let p, : Spec k(x) — X be the k-morphism of schemes defined by
x, where k(x) is the completion of the residue field «(x) of j(x) with respect to the
absolute value |-|,. Let (Z,.%) be a model of (X, L). The composition of p, with
the inclusion morphism X — 2" then defines a o, -morphism from Spec k(x) to Z".
By definition L ® k(x) is the pull-back sheaf p%(L). By the valuative criterion of
properness (see [74] Chapter II, Theorem 7.3.8), there exists a unique og-morphism
P, from Spec(o,) to Z~ which identifies with p, on the generic fibre, where o, is
the valuation ring of k(x). The image of the maximal ideal of o, by &, denoted
by ra (x), is called the reduction point of x. Note that r 9-(x) belongs to the special
fibre of 2~ — Spec(og). Furthermore Z2%(%) is a lattice in L ® k(x) (see .
We denote by ||« (x) the norm on L ® k(x) defined by this lattice, namely

Ve LOk(x), |lle(x):=inf{laly : a € K(x)*, a 'l € Z:(ZL)}.

The family of norms {|-|&(x)}yex= forms a metric on L which we denote by ¢ &,
called the metric induced by the model (27, .Z).If we consider (2", £") as before,
then one can easily see that ¢ = .o

Let (2,%) be a model of (X,L). Let H'(Z,.%)x be the torsion part
of HY(Z',%). We denote HY(Z',.L)/H (2, L)or by HU(Z,Z). Note that
HY(Z', %) is an og-submodule of H(X, L) such that H(X,L) = HN(Z', %) ®,, k
(cf. [[78} Chapter I, Proposition 9.3.2]).

Remark 2.3.10 (1) Recall that a valuation ring is a Priifer domain, which is a
generalisation of Dedekind domain (non-necessarily Noetherian). In particular,
an og-module is flat if and only if it is torsion free (see [27]] Chapter VII, §2,
Exercices 12 and 14). Further, if an og-module is flat and finitely generated, then
itis a free og-module of finite rank. Moreover, by [70, Theorem 7.3.3], o is stably
coherent, that is, any polynomial ring with finite variables is a coherent ring, so
that any og-algebra of finite presentation is coherent (cf. [1, Proposition 1.4.2]).
(2) Let < be an pg-algebra such that / is of finite presentation over o;. Let
S =0 \ {0} and A = S~'.o7. Note that A is a finitely generated k-algebra. Let /
be an ideal of A. We choose fi,.. ., f € < such that I is generated by fi,. .., f;
inA.LetB=A/land B = o/ |(Zfy + -+ /f.). Then B = S™'% and &
is of finite presentation over o. In particular, & is a coherent ring. The scheme
Spec(9) is called a coherent extension of Spec(B) over oi. If weset & = N,
then the quotient ring %’ = o/ /¥ is a torsion-free o -module because one has
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an injective ring homomorphism % < B, and hence it is flat. The scheme
Spec(#’) is called the Zariski closure of Spec(B) in Spec(<).

(3) Let (£',.%) be a coherent model of (X,L). Then, by [1 Corollaire 1.4.8],
HY(Z', %) is a finitely generated ox-module, so that H(2', %) is a free oj-
module of finite rank (cf. . Moreover, as H(X,L) = HY(Z',.%) ®,, k,
HY(Z,%)isa finitely generated lattice of H°(X, L) (see Definition .

Remark 2.3.11 Let 2" and % be projective og-schemes and f : # — 2 an
ox-morphisme. Let X and Y be the generic fibres of 2™ and % respectively, and
Ji : X — Y be the morphism induced by f. Let .Z be an invertible sheaf on 2" and
L be the restriction of .Z to the generic fibre X. Then the model (Z,.%) induces
a metric |-| on the invertible sheaf L. The couple (%, f*(£)) forms a model of
(Y, £ (L)). Note that the model metric |-|f+ () on f;"(L) coincides with the pull-back
of the metric |-| by fi (see Definition[2.2.9).

Proposition 2.3.12 Let L be an invertible Ox-module which is generated by global
sections. Let ¢ be the metric induced by a model (Z°,) of (X,L). Let ¢ be a
continuous metric of L and 7 = {s € H*(Z',.%) : Islly < 1}. Moreover, let &
be a lattice of HY(X, L) such that & C HX(Z", %). Then one has the following:

() If 70 ®,, Og — L is surjective, then ¢ < p.o.

(2) If ¢ is the quotient metric on L induced by ||-||g (see Definition for the
norm induced by a lattice),then ¢ > @..

(3) If ¢ is the quotient metric on L induced by ||-||g, and the natural homomorphism
E ®,, O — £ is surjective, then ¢ = p.

Proof For x € X™, let py : Spec k(x) — X be the k-morphism of schemes defined
by x, and &, : Speco, — 2 be the og-morphism extending p,. Moreover, let
my : HO(X, L) ® k(x) — p%(L) be the natural homomorphism.

By our assumption, S ®,, 0, — (L) is surjective, so that, if ¢ lies in
Zi(ZL), thenthere exist sq,. ..,5, in.7 and ay, . . .,a, in o, such that my(ays; +- - -+
ansy) = €. Foranyi € {1,...,n},let{; = m,(s;). Thenone has € = a\€; +- - - + a,ty,.
Ass; € S, onehas |{;|,(x) < 1 forany i, which leads to |£],(x) < 1. By Proposition
one obtains |-[,(x) < ||, (x). The assertion [(T)]is thus proved.

Note that p* (L) is a quotient vector space of dimension 1 of H%(X, L) ®; k(x)
and ||, (x) is the quotient norm on p, (L) induced by ||-||¢ z(x)- By Proposition|[T.3.26]
for £ € p3(L) \ {0} one has

|€lp(x) = inf |47 Islle. (2.15)
seHY(X,L), Aek(x)*
7wty (s)=AC

Let s € H(X,L) and A € k(x)* such that 7,(s) = A¢. By definition one has
Islle = inf{la| : a € kX, a”'s € &).

If a is an element in k* such that a™'s € & € HY(2',.%), then a~' Al € P(L)
because Z;(.%) contains the image of H(2", ) ®,, oy in p%(L) by . Hence
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la™! ALy, (x) = lal ™' 1A] - [€lp (x) < 1,

1

which implies that |£],,, (x) < |A|7'|a|. Since a is arbitrary with a~'s € &, one

obtains |£],, (x) < |47 YIs]le, which leads to [l (x) < |€]p(x).

[3)|By[(2)] it is sufficient to see ¢ < ¢ .. Note that for s € &, one has [[s]l, < 1,
so that & C JZ. Thus, by (1), one obtains ¢ < ¢ because J# ®, Oz — £ is
surjective. i

Corollary 2.3.13 Let E be a finite-dimensional vector space over k, & be a finitely
generated lattice in E and ||-||g be the norm on E induced by the lattice & (see Defi-
nition[I.1.27). Then the Fubini-Study metric (see Definition[2.2.13)) on the invertible
Op(g)-module Og (1) induced by ||| coincides with the metric induced by the model
(P(&),0&(1)) of (P(E), Og(1)).

Remark 2.3.14 We assume that L is very ample. Let & be a finitely generated lattice
in HO(X, L). Fix a free basis e, . . .,ex of & as an og-module. Then P(H°(X, L)) and
P(&) can be identified with ]P’l’(" and PV | respectively. Let I be the defining homoge-

0 °

neous ideal of X in Pllcv and fi, ..., f, be homogeneous polynomials in 0 [ X, . . ., Xn/]
such that [ is generated by fi,. .., f, in k[ Xy, . .., Xn], where Xy, . .., Xy are the in-
determinates corresponding to the basis ey,. . .,en. Let

Z = Proj(or[Xo,. .., XnN1/(fi5..., fr)) and £ = OPQ/((I)%.

Then £ is called a coherent extension of X and (Z,.%) is a coherent model of
(X, L). Moreover, Proposition|2.3.12|shows that the quotient metric on L induced by
the norm ||-||¢ coincides with the metric induced by the model (£, %).

Proposition 2.3.15 Let L and M are two invertible Ox-modules. Suppose that 2 is
a projective og-scheme such that Zy = X. If £ and . are invertible O g -modules
such that (Z,%) and (X", #') are models of (X, L) and (X, M) respectively, then
one has x4 = P2 + Y-

Proof Let x be a point of X*", s and ¢ be element in %}, () and .#,., () which
trivialise the invertible sheaves . and .# around rg (x) respectively, and ¢ =
Pi(s), m = Fi(t), where &, : Spec(oy) — X is the unique og-morphism
extending the k-morphism Spec k(x) — X corresponding to the point x. Since ¢
and m are generators of the free o,-modules (of rank 1) Z;(Z) and Z(A),
one has |€|#(x) = |m| 4(x) = 1. Moreover, Z;(s ® t) is a generator of the free
oy-module Z(L ® ), we obtain that |£ ® m| g 4(x) = 1. Hence one has

Yreon =P tOu. o

Proposition 2.3.16 Let X be a projective k-scheme and L be an invertible Ox-
module. Let (2, Z) be a model of (X, L).

(1) The metric ¢ on L is continuous. _
Q) If (X', Z) is coherent, then the og-module H(Z", L) is contained in the unit
ball of H(X, L) with respect to the seminorm Nl -
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3) If (27, 2) is flat, the absolute value || is discrete, X is reduced and the central
fibre of 2 — Spec(vy) is reduced, then H(2", L) coincides with the unit ball
of H(X, L) with respect to I'lloe and lI-lloe = Ilmoc 2, 2)-

Proof We choose an ample invertible O 2--module 7 such that .£ ® o/ and
&/ are generated by global sections (cf. [74] Corollarie 4.5.11]). Let & and .%
be finitely generated lattices of HO(X,L ® A) and HO(X ,A), respectively, such that
ECHNZ, Y9),F CHN(Z,o)and E@0 9 — L@ and FR0 9 — o
are surjective, where A = o7|x. Let ¢; and ¢, be the quotient metrics of L ® A
and A induced by ||-|l¢ and [|-]| &, respectively. Then ¢; and ¢, are continuous by

Proposition[2.2.12]and Definition 2.2.15] Moreover, by Proposition2.3.12} ¢ v gz =
¢1 and ¢ = ;. Therefore one has the assertion because .o = Qoo — Qoo =

@1 — ¢ by Proposition[2.3.13]

Let s be a section in HO(%,X), viewed as an element in HO(X,L), by
definition one has
Vxe X", |slly,(x) <1,

Hence H(2, %) is contained in the closed unit ball of (H*(X, L), IIlg )-
Let & be the unit ball of H(X, L) with respect to IIll. - First let us see that

HNZ, %) =¢&. (2.16)

By HY(Z, %) C & Let ' = Uf.il Spec(<;) be an affine open covering of
Z such that 7 is of finite type over o; and . has a local basis {; over Spec(<).
Fors € & wesets = fit; and f; € A; := S~'.o;, where S = oy \ {0}. Then, for
x € (Spec A; i{‘}l (cf. Remark [2.1.6), |s|,. (x) = | filx < 1. Therefore, as the central
fibre 2, of &~ — Spec(oy) 1s reduced, by the last assertion of Proposition [2.1.7]
one has f; € <7, and hence s € H(Z", .%).

Next we need to see that

I-llos = ll-lle- (2.17)

Let @ be a uniformising parameter of ox, 2, be the fibre of 2" over the maximal
ideal of o, and %, be the restriction of . to 25, that is, %, = £ /w.Z. The short
exact sequence

0 TS @ <, 0

gives rise to an exact sequence:

00— HYZ, %) "> HNZ, L) — HYZ., ),
that is, the natural homomorphism
HY(2, )| wH (2, %) — H (%o, £) (2.18)
is injective. Moreover, by Proposition [I.1.30} one has

Iy < II-lls. (2.19)
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Here we claim that if ||s|ls = 1 for s € H(X,L), then IIsllo, = 1. Obviously
Islly,, < 1 by @I9). As HY(2",.#) = & by 2.16), one has s € H'(2, %) and s
is not zero in HY(2", %) /wH(2",.%), so that by the injectivity of (2.18), s is not
zero in HY(2.,.%,). Let & be a closed point .2, with s(&) # 0. Let {s be a local
basis of .Z" around £. Then s = f{z and f € OX%, & On the other hand, since the
reduction map r : X*" — Z is surjective, one can find x € X*" with r(x) = £. Then
Islpe, (x) = |flx =1, so that [|s||,., = 1, as desired.

In general, for s € H(X, L) \ {0}, there is an integer e such that ||@s]|l¢ = 1, so
that ||@®s||,., = 1, and hence ||sllg = ||l = |@|7¢. O

Proposition 2.3.17 Let X be a projective k-scheme, L be an ample invertible Ox-
module and (X', L) be a model of (X,L). Assume that there exists an invertible
O o -module M such that £®" @ .M is ample for any integer n > 1. Then the metric
@ Is semipositive.

Proof Letn : 2 — Spec o be the structural morphism. First we assume that .Z is
ample. We choose a positive integer n such that & ®n is very ample. Then we have
a closed embedding ¢ : 2~ — P(E,) with &, := H(2Z", £ ®"), which is induced by
the canonical (surjective) homomorphism 7*(7.(.Z%")) = n*(E,) — L. Note
that one has .Z®" = (*(Og, (1)). Moreover, &, is a lattice in E, := H(X,L®").
By Proposition 2.3.12] the metric ¢ yen = ngy (see Proposition [2.3.15] for this
equality) coincides with the quotient metric on L®" induced by the norm ||-||s,,,
hence is semipositive (see Proposition [2.2.23)). By Proposition[2.3.2] we obtain that
the metric ¢ ¢ is also semipositive.

Let us see a general case. Let M be the restriction of .# to X. Since L is ample,
for a sufficiently positive integer ny > 1, the invertible Ox-module L®" @ M" is
ample. Thus for any integer n > ng one has (by Proposition [2.3.5)

ndp(py) = dp(@.gen) < dp(@ pomg_gv) + AP(@ wem-ng g z) = AP(P.gon g g )

where the first equality comes from (2.14), and the second equality comes from
the previous observation (i.e. the semi-positivity of the metric ¢ gem-ng) g ). Since
n > ny is arbitrary, we obtain that dp(¢.») = 0, namely ¢ ¢ is a semipositive metric.O

Remark 2.3.18 Note that if one can find an invertible O 9--module .# such that
Z®" @ 4 is ample for any integer n > 1, then it is easy to see that .Z is nef. Under
the assumption that 7 : 2~ — Specoi is of finite presentation (for example, the
absolute value |-| is discrete), the converse holds by [[76, Corollaire 9.6.4].

Proposition 2.3.19 Let 7 : X — Spec k be a projective scheme over Spec k and
L be an ample invertible Ox-module, equipped with a continuous metric ¢ which
is semipositive. Then, for a sufficiently positive integer ng, there exist sequences
{(Z0, L0)nen, neny and {Eytnen, nen, starting from ng such that, for each n > ny,
L®" is very ample, &, is a finitely generated lattice of HO(X,L®"), (2, %) is a
coherent model of (X,L®") as constructed in Remark 2.3.14] (note that £, is very
ample), and that

1
lim —d(¢,.ng) = 0. (2.20)
n—+oo n
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Proof Let A € ]0, 1] be a number such that
A<sup{lal : a €k”, |a|l <1}.

For any n € Ny, let V, = HO(X, L®"). Since L is ample, one can find a sufficiently
positive integer ng such that, forn > ny, the canonical homomorphism 7*(V;,) — L®"
is surjective and the corresponding k-morphism X — P(V},) is a closed embedding.
By Proposition[1.2.22] there exists a lattice of finite type &, of V,, such that

d(ll-llg,s Illng) < In(27").

Let 2, be a coherent extension of X in P(E,) (see Remark [2.3.14) and .Z), be the
restriction of Op(g,,)(1) to Z7,. Moreover, the metric on L®" induced by .%}, coincides
with the quotient metric on L®" induced by (V,,||-||s,) and the canonical quotient
homomorphism 7*(V;,) — L®" (see Remark[2.3.14). Therefore by Proposition[2.2.20|
one has

d(¢.2,,19) < d(|Illg,,s Illng) < In(2™")

as required. O

2.3.3 Purity

Let X — Spec k be a projective k-scheme, L be an invertible Ox-module and ¢ be a
continuous metric on X. If the norm ||-||, on HO(X, L) is pure, we say that the metric
@ is pure. If ny is pure for all n € N, we say that ¢ is stably pure. Note that, if the
absolute value |-| is not discrete, then any continuous metric on L is stably pure (cf.

Proposition [T.1.32).

Proposition 2.3.20 We assume that the absolute value || is discrete. Let X be a
projective and reduced k-scheme and L be an invertible Ox-module. If (Z',Z) is
a model of (X, L) such that the central fibre of Z — Spec oy is reduced, then the
metric ¢ is stably pure.

Proof Note that for any n € N5 one has np.y = ¢ oen and (27, £ ") is a model
of (X, L®"). Therefore it suffices to show that ¢ & is a pure metric. By Proposition
2.3.16 the norm ||-||,., is induced by the lattice H(Z',.%), hence it is pure. O

2.3.4 Extension property

In this subsection, we introduce the extension property of an ample invertible module
with a semipositive continuous metric, that is, an extension of a section with a control
on the norm.



138 2 Local metrics

Throughout this subsection, let 7 : X — Spec(k) be a projective k-scheme and
L be an invertible Ox-module, equipped with a continuous metric ¢. Let us begin
with the following lemma.

Lemma 2.3.21 Let Y be a closed subscheme of X. For n € N, n > 1, let
Y @ HOX,L®") — HOY, L®"|Y) be the restriction map. For any element € of
HO(Y,Lly) \ N(Y, Lly), we define ayp n(€) € [0,00] to be

00 ifyn'({e®"}) =
apn(f) := inf In||s —In||€||* ) otherwise,
(sl e,
sly=t®"

where ¢y denotes the restriction of ¢ to Lly, defined as the pull-back of ¢ by the
inclusion morphisme Y — X (see Definition[2.2.9). Then we have the following:

(1) The sequence {ap ,(€)}new is subadditive, that is, g 1w (£) < agp n(€)+ap v (£)
forn,n’ € N.
(2) Let ¢’ be another continuous metric of L. If v, ({€®"}) # @, then

|a<p,n(€) - aq}’,n(f)l < 2nd(p,¢").

Proof nCICarly we may assume that y,,'({¢®"}) # @ and ¥, ({¢®"'}) # @. Then
,({€®™'Y) # @, so that

n+n
= i i - n+n’
g (£) = s"eHé?LmeI’) ( I (15" lgnenye — I 111 )

S”ly:[®”+”/

< inf (ln lls @ 5" llnnryp — In ||€||"+n’)
(5.8 eHOLE")xH (L") (nn)g ely

sly =81 s |y ="

< inf : (ln lIsllng + 10 [ls" [l — In [|£] ;ryn)

(5.5")€HO(LE")xHO(L®")

sly=€%",s’ |y=£8"
= a(p,n(g) + a‘p,n’(g)s
as required.
l)Clearly we may assume that a, ,(€) > ap (). For any € > 0, choose
HY(X,L®") such that s|, = ¢®" and

ln”s”mp 11‘1||f|| < gy n(€)+6

Then, by using (2:5) and (2:6),

aw,n(f)_aw’,n(f) < (ln”SHmp IHHKHH‘ )—(In ”s”mp ln||£||n| )+e€

< [ lIsllng =10 lIsllng| + [ [1€15,, = 1117, | + €

ely ¢’y
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(Fllngs 1-llngr) + nd(ll-llgpy» I-llgr 1y ) + €

<d
< d(ng,ng’) + nd(ely, ¢’ly) + € < 2nd(e,¢’) + €,

so that the assertion follows because € is an arbitrary positive number. O

Definition 2.3.22 Let Y be a closed subscheme of X. For ¢ € HO(Y, Ll|y), we say that

¢ has the extension property for the metric ¢ if, for any € > 0, there exists ng € N,
o > 1, such that for any integer n, n > ny, there exists a section s € HO(X,L®")

satisfying

=% and |s]lp < (||}

sly (2.21)

ely*
If ¢ € N(Y, L|y), then ¢ has the extension property for the metric ¢. Indeed, by
Proposition there is a positive integer ng such that £" = 0 for all integer
n > ny, so that if we choose s = 0 € H(X, L®"), then the above properties ([2.21)
hold. In this sense, in order to check the extension property, we may assume that
t¢ N, Lly).
For any non-zero element £ of HO(Y, L|y)\N(Y, L|y), we let
apn(l)
n

Ap(£) = lim sup ——— € [0, +o0]. (2.22)

n—+oo
We call A,({) the extension obstruction index of £.

Definition 2.3.23 We assume that H°(X, L®") — HO(Y, L|$") is surjective for all
n > 1. Let ||-|lnp,quot be the quotient seminorm of HO(Y, Llff") induced by |||, and
the surjective homomorphism H(X,L®") — H(Y, L|3"). For ¢ € H(Y, L|3"),
we define ||€||("2]um to be

1
HE1E o = (162 ngquor) "

It is easy to see that

101 0 = 1 11 = 0 111100 € R0 (2.23)
and
I€llgy < 1S 2.24)
because

”f ® f ”(n+n')<p quot X ”f ”mp quot”g ”n "¢ ,quot and ”5 ”VHP|Y ”fn”mp,quot

for all £, € H(Y, L|$") and ¢, € HO(Y, L|&").

Proposition 2.3.24 We assume that € ¢ N(Y, L|y) and there exists a positive integer
ny such that, for all n > ny, £°" lies in the image of the restriction map H°(X, L®") —
HO(Y, L|$n ). Then one has the following:

anp,n(f) —inf anp,n(f)

n n>1 n

) 40 = i,
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(2) The following are equivalent:

(2.a) € has the extension property for .
(2.b) For any € > 0, there are a positive integer n and a section s € H(X, L®™")
such that sly = €®" and ||s||ny < ef"||€||zly.
(2.c) 2,(£) = 0.
(3) We assume that H(X,L®") — HO(Y, L|§?" is surjective for all n > 1. Then,

(e0)

the above equivalent properties are also equivalent to ||, = ||£]] @ quot-

Proof is a consequence of Fekete’s lemma because the sequence {a, . }nen is
subadditive by Lemma[2.3.21]

‘2:a))=[2D) is obvious.

{2B)==[2.c)": Forany € > 0, there is a positive integer n such that a,, () < ne,
so that, by [(D}

ap n(€
0</l¢(£’)=inf‘p’—()<e,

n>1 n
and hence one has
3 s . . atp,n(g)
(2.c)|=|(2.a): Since A,(f) = 11111 by |(1)} we can see|(2.a)
n—+oo n
Note that a, ,(€)/n = In €0 = I [|€]lyy, . s0 that A,(€) = In [[£]|S0,, —
In [[€T[,,, - Thus the assertion follows. o

Remark 2.3.25 (1) Let ¢’ be another metric on L. By Lemma[2.3.21| one has
|a<p,n(£) - a<p’,n(£)| < 2n d(% 90')7

provided that a, ,({) or a, ,(£) is finite. We deduce from this inequality that,
A,(¢) is finite if and only if A, (£) is finite. Moreover, when these numbers are
finite, one has

4,(6) = A (0)] < 2d(g. ). (2.25)

(2) We assume that A, (£) < co. Then one has
Ang (L") = nA,(€) (2.26)

for all n > 0. Indeed,

g@n ¢
g () = tim 2oy ()
m-—0oo m m—oo m
¢
=n lim M

= ndy(0).

(3) Let X’ be a closed subscheme of X such that Y C X’. We assume that there is
a positive integer ng such that, for all n > ny, HO(X,L®”) — HO(X’, L") is
surjective. Then

e
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Aol (0) < 2,(0). (2.27)

Indeed, as [|s|x/|lo),, < llsll, for all s € H(X,L®") and HO(X,L®") —
HO(X', L®"|X,) is surjective for all n > ng, one has ay|,, ,(€) < apn(f) for
all n > no, so that the assertion follows.

2.3.4.1 A generalisation of a result in [155] and [111]

Let X be a d-dimensional integral smooth scheme over C. Let Y be a closed and
reduced subscheme of X defined by an ideal sheaf I on X, that is, [ = VI and
Y = Spec(Ox/I). Let yy : X; — X be the blowing-up along /, that is, X; =

Proj (EB:Z:O I™). Let i : X; — X; be the normalisation of X;. Furthermore, let
W : X’ — X; be a desingularisation of X; such that x4’ yields an isomorphism

X'\ W' (Sing(X1)) — X1 \ Sing(Xp).
We denote the compositions
5555k
by u, thatis, u := py o fio i’. Note that X’ \ u~'(Y) — X \ Y via pu.

Lemma 2.3.26 There are positive integers my and c¢ such that u.(I"™Ox) C I™™¢
Jorallm > my + c.

Proof Let us consider the following claim:

Claim 2.3.27 (a) u,(I"Ox) = I'"O)?l for all integer m > 0.
(b) There is a positive integer c such that fi.(I"Og,) N Ox, € 1" “Ox, for all
integer m > c.
(c) There is a positive integer mo such that uy (I Ox, ) = I'" for all integer m > my,.
O

Proof |(a)|Note that / ’”OXI is invertible and IOy, = /J’*(I'"OXI). Moreover as X;
is normal, y,(Ox) = O;{ , so that the assertion follows from the projection formula.

We choose an affine open covering X; = U,-Ai 1 Spec(A;). Let A; be the normal-
isation of A;. Then X; = Uf\; | Spec(Zl-) is an affine open covering. Note that A isa
finitely generated A;-module, so that, by Artin-Lees lemma (cf. [[7, Corollary 10.10]),
there is a positive constant ¢; such that IMA; N A; = I (1 CA; N A;)forallm > ¢;,
which implies I™A; N A; C I"™ ¢ A;. Therefore, if we set ¢ = max{cy,...,cn}, then
one has the assertion.

This is essentially proved in [85, Chapter II, Theorem 5.19]. Indeed, at the
final line in the proof of the above reference, it says that “S;, = S,, for all sufficiently
large n”, which is nothing more than the assertion of[(c)]because Ox;, (m) = I"Ox, .0
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Let us go back to the proof of the lemma. This is a local question, so that we may
assume that X = Spec(A) for some finitely generated regular C-algebra A. Note that
w(I"Ox+) C Ox. Therefore, it is sufficient to see that, if f € I"Ox for f € A,
then f € I"°. First of all, by fe I’"O~l, so that f € ﬂ*(I’”()gl) N O, , and
hence, by f € I'""“Ox, . Note that m — ¢ > my. Therefore, one has f € I"""¢, as
required. m|

We assume that X is projective. Let L be an ample invertible Ox-module and ¢
be a C*-metric of L such that ¢ (L, ¢) is positive. Let U be an open set (in the sense
of the analytic topology) of X such that Y C U. The proof of [111, Theorem 7.6]
works well even if we change the exponent d of p by a positive number ¢ except (3)
in Claim 2, which should be

“If § > d, then p~° is not integrable on any neighborhood of ¥,

At page 231, line 6 from the bottom, one constructs a C*®-section [’ of L®" over X,
which is holomorphic on U’ and satisfies the integrability condition

/ [I')2p70® < . (2.28)
X

Let E|,.. ., E, be irreducible components of u~!'(Y). We set
I0x = —(a1E1 + -+ +a,E,) and Kx =y (Kx)+bE; +---+ b,E,.
Note that a; > 0 and b; > O for all ;.

Lemma 2.3.28 If ¢; is the multiplicity of I’ along E;, then e¢; > a;6 — b; — 1 for
i=1,...,r.

Proof Letnbeaclosed pointof E;\Sing(E;+- - -+E,)and ¢ = u(n).Let{y1,...,ya}
be a local coordinate of X’ on an open neighbourhood W of i such that E; is defined
by y; = 0. Let xy,. .., xg4 be alocal coordinate of X’ on an open neighborhood V of
&. In the following, if it is necessary, we will shrink V and W freely. First of all, we
may assume that

uw)cv. (2.29)

Moreover, we can find a positive constant C such that
O > C(V=1)4(dx; Adx)) A -+ A(dxg A dZg) (2.30)
on V. Let w be a local basis of L on V. Note that p can be writen by
p=(AF+-+1fivP)l™|

on V, where fi, ..., fi are generators of I on V, so that there is a positive constant
C’ such that

©(p) < C’|yi |2 (2.31)
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on W. Further one has
w(N=1)4(dz1 A dZ)) A -+ A (dza A dZa))
= I PP uPOV=1)"(dy1r Ad§i) A=~ A (dya A dFa)
on W, where u is a nowhere vanishing holomorphic function on W, so that
H (V=1 (dzi AdZ) A+ A (dzg A dZa))
> C" Iy PP (V=1 (dyr AdF) A - A (dya AdTa)  (2.32)

holds on W for some positive constant C”. If we set I’ = f’w", then ' = y['g on W
such that g is not identically zero on E; |y, so thatone can find (0, a2, . . ., @,) € Eilw
and a positive number  such that g # 0 on

W, ={(yt,....y) €W : |y; —aj| <rforallj=1,...,d},
where @) = 0. Therefore one can find a positive constant C’” such that
LA > C Iy P (2.33)

on W,. Thus, if we set y; — ; = rjexp(V-16;) for j = 1,...,d, then, by (2.28),
229), 230), 2-31), (2-32) and 2.33),

oo>/|1'|2p-5c1>>/|1'|2p-5q>
X \'4

> / CIl'Pp~(N=1)%(dx) AdT1) A -+ A (dxg A d%g)
\'4

> c/ WU P (V=1)4(dx) Adx) A -+ A (dxg A dZg))
Wr

> CC;—(SCHCN// |y1|28i+2bi_2ai6(\/—_1)d(dy1 AdF) A - /\(dyd /\d)_/d)

-

> CC,_(SC"CW / r128i+2bi_2ai6+1r2 ceergdry - drgdfy - --dOg
[0,r]4x[0,27]4

> Ccl—ﬁcncluzﬂdr2(d—l)/ r12€i+2bi—2ai5+ldrl,
[0,7]

so that 2e; + 2b; — 2a;6 + 1 > —1, as required. O

By virtue of Lemma [2.3.28] together with Lemma [2:3:26] one has the following
generalisation of [155, Lemma 2.6] and [[1 11, Theorem 7.6].

Theorem 2.3.29 Let Y’ be a closed subscheme of X defined by an ideal sheaf J on X,
that is, Y’ = Spec(Ox/J). Let U be a Zariski open subset of X containing Y'. Then
there are a positive integer ny and a positive constant C such that, for any integer
n > ng and ly € H'(U, L®") with ||lyllng,, < oo, there is | € HO(X,L®") such that
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Uy = lulys and [y < Cn\lylluge,, where lullngy = sup{llylng(x) : x €
U™y,

Proof Let I := \J and Y := Spec(Ox/I). One can find a € Zs such that I¢ C J.
We fix a positive number § with

b; +1
4 > max +c+mg+a,
r

where ¢ and myg are the positive integers in Lemma [2.3.26] The proof of [I11}
Theorem 7.6] is carried out by using the exponent § instead of d. The point is to
show that I|y, = ly|y,. By Lemma/|2.3.28|

e; > a;6—b; — 12 ai(c+m+a),
so that, there is a Zariski closed set Z of u~!(Y) such that dim Z < d — 2 and

P € 1EMT LI 2 -
As Jet™ita *(L®) js invertible, one can see that u*(I’) € Ic+m‘+“u*(L®")|ﬂ,l(U,),
and hence, by Lemma I! € "mrap®n ¢ [419" Therefore the class of [/
in L®"/JL®" is zero over Y’, and hence I|y, = ly|y,. The remaining estimates are
same as the proof of [111, Theorem 7.6]. O

Corollary 2.3.30 Let X, L and Y’ be the same as in Theorem Let ¢ a
continuous metric of L such that the first Chern current c¢i(L, p) is positive. Then,
for € € HY(Y’, L|y), € has the extension property for .

Proof Clearly we may assume that £ ¢ N(Y’, L|y,). As L is ample, there is a
C®-metric ¥ on L such that ¢|(L,y) is a positive form.

Claim 2.3.31 If the corollary holds for any C*-metric of L with the semipositive
Chern form, then the corollary holds in general. O

Proof Let ¢ be a continuous function such that  — ¢ = ¢. It is well known that there
is a sequence {¢, }, of C*-functions on X*" such that ¢,, := ¢ — ¢, is a C*-metric
of L with the semipositive Chern form and {¢,},”, converges uniformly to ¢ (for
example, see [[10, Theorem 1] or [109} Lemma 4.2]). Thus lim, . d(¢,¢,;) = 0.
By our assumption, A, (£) = 0, so that A,(¢) < 2d(¢p, ¢,), and hence the assertion
follows. O

We fix a positive number €. By the above claim, we may assume that ¢ is C*, so
that if we set f = ¢ — ¢, then f is a C* function. Note that for 2 € |0, 1[, ¢ + Af
gives rise to a positive Chern form because ¢ + Af = (1 — )¢ + Ay. We choose
Ao € ]0, 1] such that

Aosup{|f(x)] : x € X"} < e.

Weset ¢’ = ¢ + Agf. Then
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e P lp (%) < [l (x) < € (x) (2.34)
for all x € X*". We choose a positive integer a such that
H(X,L®) — H(Y’, L®%|,,)

is surjective, so that one can find ¢ such that t € H(X, L®%) and t|,, = £®¢. We also
choose an open set U of X such that Y’ C U and

Itllagy, < <11l agr1. - (2.35)

By the above theorem, there are a positive integer n; and a positive constant C such
that, for any 7 > ny, one can find s € H(X, L®%") such that s|,, = £%%" and

2d
I5llnagr < C*[1t%" lnagy, - (2.36)
Let n; be a positive integer such that n, > n; and
Cn* < efn (2.37)

for n > ny. Therefore, using (2.34), 2.33)), (2.36) and (2.37), one has

2d
I5llnap < €< lsllnagr < e (Cr2ll,, )

2nae n 3nae an 4nae an
< <
< e, < < e
which means that 1,,(®%%) < 4ae, so that A,() < 4€. Therefore one has A,(I) = 0
because € is an arbitrary positive number. O

2.3.4.2 Extension property over an Archimedean field

We assume that & is either R or C and the absolute value of k is the standard absolute
value.

Theorem 2.3.32 Let X be a projective scheme over k, L be an ample invertible
Ox-module and ¢ be a semipositive continuous metric metric of L. For any closed
subscheme Y of X and any € € H°(Y, L|y), € has the extension property for .

Proof Clearly we may assume that £ ¢ N(Y, L|y). Let us see the following claim:

Claim 2.3.33 (1) We assume that k = C, X = P", L = O(1) and ¢ is the Fubini-
Study metric arising from a norm ||-|| on H'(P",O(1)). Then the assertion of the
theorem holds.

(2) We assume that k = R, X = P", L = O(1) and ¢ is the Fubini-Study metric
arising from a norm ||-|| on H'(P",O(1)). Then the assertion of the theorem
holds. O



146 2 Local metrics

Proof [(1)|By Theorem [2.3.7] the first Chern current ¢ (L, ¢) is positive, so that (1)
is a consequence of Corollary 2.3.30}

@] We consider X¢, Lc and ¢c. Then ¢¢ is the Fubini-Study metric induced
by the norm ||-||c on H%(X,L) ® C by Proposition Thus, by using the case
(1), for any € > O, there is a positive integer ny such that, for any n > ngy, we
can find s € HO(XC,Lg") with sly, = ¢®" and [|s|lpp. < e”‘llf”’éc‘y. First of
all, note that ||€||4.), = lI€llgy, - If we set s = o +it (0,7 € H(X,L®")), then
(oly) +i(7ly) = €®", so that 7|y = 0, and hence o|y = €®". Moreover, for any
x € X&' onehas || +iT|lng. (x) = ||o—iTlng (), so that ||o +iTlng. = |0 —iT||nge-
We then deduce that

zllo—llmp = 2||0_n<pc” <o+ iT”mpc + |l = iT”mpc = 2”s”n<pc-

Thus one has the assertion in this case. O

We choose ny such that, for all n > nj, L®" is very ample. Then ¢, is the
restriction of the Fubini-Study metric ¢y, of O(1) to P(H®(X, L®")) induced by
the norm |||, Thus, by the above claim together with (2.27),

0 < A, (€5") < Agyy,,, (€3") =0,

and hence A,,((%") < 2d(ng, ¢,) by 2.23). Since A,,(£%") = nd,(€) by 2.26),
one has

0 < 2,(6) < 2d(p, L),

Therefore, the assertion follows. m]

2.3.4.3 Extension property over a non-Archimedean field

In this subsection, we fix a field k equipped with a non-Archimedean absolute value
||, under which the field & is complete.

Proposition 2.3.34 We assume that |-| is non-trivial. Let X be a projective k-scheme,
L be an invertible Ox-module and (Z",.L) be a model of (X, L). Let s be a global
section of L such that ||s|l,,, < 1. Then there exists an element a € o; \ {0} such
that as™ belongs to H'(Z', L®") for all integers n > 1.

Proof Let (%i)l].i be a covering of 2 by affine open subsets, such that % =
Spec(#;) and the invertible sheaf .# trivialises on each %, that is, |, = s;
for some s; € £ (%;). Then the restriction of s to U; := %; N X can be written in the
form A;s;, where A; € A; = S7'.o; and S = oy \ {0}. Note that for x € (Ui)2 . the
reduction point of x is in %; (cf. Remark , so that since [|s]l,,, < 1, we obtain
that

il = 1 Isilo () = 15l () < lisllpy < 1

for any x € (U;)%, . By Proposition , A; is integral over the ring %, namely
/[ A;] is an «Z;-module of finite type. In particular, there exists an integer d; > 1
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such that, for any integer n > 1,
At e¢;a7i+bzzfl-/l,~+~--+eszfi/llf”f.
Moreover, there exists a; € o \ {0} such that
{a;A;,.. .,ai/lf]i} C .

We then obtain that a;A! € ./ for any integer n > 1. Finally, let a = Hfi ,a; €
o \ {0}. For any integer n > 1 and any i € {1,...,N}, one has

(as™ly, = (@A)s] € H% L"),

Since 2" is flat over Spec(og ), these sections glue together to be a global section of
£®". The proposition is thus proved. O

Proposition 2.3.35 We assume that |-| is non-trivial. Let X be a projective k-scheme,
L be an ample invertible Ox-module and Y be a closed subscheme of X. Letu > 1 be
an integer such that L®" is very ample, and (2", L) be a coherent model of (X, L®*)
as constructed in Remark Assume that ¢ = %go . Let py be the restriction of
the metric ¢ to Lly. For any positive number € and any € € H(Y, L|y), there exists
an integer n > 1 and a section s € H*(X, L®") such that sly = " and

lIsllne < e"lI€llg, -
In other words, one has 1,(€) = 0 if £ ¢ N(Y, L|y).

Proof Clearly we may assume that £ ¢ N(Y, L|y). We choose a positive integer m
such that

-mej2

e < sup{la| : a € k%, |a| < 1}.

By Proposition|1.1.4] on H(Y, L|§™)/N(Y, L|$™), there is & € k* such that
e 2 < |al™ gy < 1. (2.38)

One can find a coherent extension % of Y such that %/ is a closed subscheme of 2~

(see Remark [2.3.14). By Proposition [2.3.34] there exists an element 8 € o \ {0}
such that

Blat™P" € HYY, L")

for any integer p > 1. Moreover, since the invertible sheaf . is ample, for sufficiently
positive integer p, by [1, Corollaire 1.4.10], the restriction map

HO(Z ., 257) — BN, 2| y)

is surjective because the defining ideal of % is coherent. Hence we can choose
p € Ny such that
|BI7! < empuel? (2.39)
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and that there exists t € HO(.Z', £®"P) verifying t|oy = B(at™)P*. We then take
n=mpuands = B 'a"P"*r € H'(X, L®"). One has s|» = " and

-1 - —1 —
Isllng = 1BI7" - lal™* - l|tllnp < IBI™" - ™"

mpue/2 me /2| pm pu ne m || pu ne n’

<e AN gy | =" NI gy < €™Ml ]lgy
where the first inequality comes from Proposition [2.3.16] (2), the second one from
(2.39) and (2.38), and the last one from (2.3)). The first part of the proposition is thus
proved, so that the last assertion follows from Proposition [2.3.24] m]

Theorem 2.3.36 Let X be a projective k-scheme and L be an ample invertible
Ox-module, equipped with a semipositive continuous metric ¢. Let Y be a closed
subscheme of X and € be an element in H(Y, L|y). Then € has the extension property

for .

Proof Clearly we may assume that £ ¢ N(Y, L|y). First we assume that the absolute
value |-| on k is non-trivial. By Proposition[2.3.19] for sufficiently positive integer n,
there exists a sequence (2,,.%,) of coherent models of (X, L®") as constructed in
Remark [2.3.14] and that

1
hI}_l —d(¢,,np) = 0. (2.40)
n—+oco n
For any n € N, let ¢ = %(pgn. By Proposition [2.3.35|(see also Remark|2.3.25]),
one has A, (£) = 0. Therefore, by the relations (2.25) and (2.40), we obtain that
A,(6) = 0.

In the following, we treat the trivial valuation case. The main idea is to introduce
the field of formal Laurent series over k in order to reduce the problem to the non-
trivial valuation case. We assume that the absolute value |- is trivial. We denote by
k’ the field k(7)) of formal Laurent series over k, namely k’ is the fraction field of
the ring k[[T]] of formal series over k. Note that k[[7] is a discrete valuation ring.

Claim 2.3.37 The field extension k C k’ is separable. O

Proof We may assume that the characteristic p of k is positive. First let us see the
following claim:

SubClaim 2.3.38 Let E be a finite extension of k and {w;}{_, be a basis of E over
k. Then we have the following:

(i) Let (g1, .-, 8e) € (K')*. [fwigi+: - +wege = 0in E(T)), thengy = -+ - = g = 0.
(i) Let {fi};_, be a family of elements in k’ which is linearly independent over k
and (ci,...,c;) be an element of E°. If c{fi + -+ + cgfs = 0 in E(T)), then
ci:---:cé:O. O

Proof [(i))is trivial if we consider the coefficients of gi,. . ., ge.

We set ¢ = Z;i:l cijwj for some c;; € k. Then
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S

ch/f, = i (2 C,'jfi) wj = 0,
1 Jj=1 1

i= i=
so that, by (i), Zle ¢ijfi = 0 for all j. Therefore ¢;; = 0 for all i, j, as desired. m]

By [29] Théoreme 2 in Chapter V, §25,n°4], itis sufficient to see thatif fi,..., f; €
k(T) are linearly independent over k, then f”, ..., f¥ are linearly independent over
k. We assume that clflp +e+ csfsp = 0 for some cy,...,cs € k. Let E be a finite
extension field of k such that we can find ¢/ € E with ¢; = (¢])? for all i. Then

s s p
0=>aff = (Zc;ﬁ) :

i=1 ¢ fi = 0 because
i=1 i=1

Thus, by (ii), one has clf = 0, as requested. m]

Let us consider a subset Z of R given by

2= g QU [[Vllag = 10 [V llng).

n=0 (v,v")e(HO(X,L®")\ N(X,L®"))?

Since
{IVllng : v € HY(X,L®")}

is a finite set by Corollary [I1.1.6] one has #(X) < Ny, so that one can choose
a € R.g \ . We denote by vr(+) the corresponding valuation on k’, and by |-|” the
absolute value on k£’ defined as

Yaek', |a| = e @,

Note that this absolute value extends the trivial absolute value on k. We denote by
Xk and Yy the fibre products X Xspeck Spec k” and Y Xspec k Spec k’, respectively,
and by p : Xpr — X and py : Y — Y the morphism of projections.

As explained in the morphism p corresponds to a map pF : X — X
This map is actually surjective. In fact, if K is a field extension of k, equipped with
an absolute value extending the trivial absolute value on k, then we can equip the
field K(T') of rational functions of one variable with the absolute value such that

VF=ay+aT+---+a," € K[T], |F|= max |a;| e .
i€{0,...,n}

.....

This absolue value extends the restriction of ||’ to k(7). Hence the completion I?(_]T)
of K(T') with this absoute value is a valued extension of k’. If f : Spec K — X is
a k-morphism defining a point x in X", then it gives rise to a k’-morphism from
Spec K(T) to X;-, which defines a point y in X’* such that pi(y) = x.

The surjectivity of ph implies that the restriction of the seminorm ||-]|,,4,, to
H(X, L) coincides with [|-||,.,. In fact, if s is a section in H°(X, L®"), then one has
12" ($)llngys = lI5llng © p. Therefore
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17" lngr = 59 1" () llngr () = 5up s llag (P*()) = lIsllngs
yexlﬂﬂ yexlun

where the last equality comes from the surjectivity of the map pf. For (v,v’) €
(HO(X, L)\ N (X, LE)2, i [Vllng /[IV'llng € [K7], then

I {Vlng = In[[v'llng = —a vr(a(T))

for some a(T) € k'*. As

g L QD [Vl = 10 [V [l ),

(v,v)e(HO(X,LE)\ N(X,L8"))?

we obtain vr(a(T)) = 0, so that [|[v]l.y = [[v'|ln,. By Proposition[1.3.22} the semi-
norm ||+||y,, identifies with ||-||,, ., the -extension of scalars of [|-{]1,-

Let Xieq and Y;eq be the reduced schemes associated with X and Y, respectively.
By Claim 2.3.37} Xieq k' := Xred XSpec k Spec k” and Yeq k' = Yied Xspec k Spec k” are
reduced (see [75, Proposition IV.(4.6.1)]), so that

N (X, L") = NOXGLE") @ k' and - N (Y, Lely'y ) = N(Y, Lly) @ K/,

where Ly = L ® k’.

By (2.23), without loss of generality, we may assume that L is very ample and
that ¢ is the quotient metric on L induced by a ultrametric norm ||-|| on V =
HO(X,L)/N(X,L) and the natural surjection 8 : V ® Ox,_, — L|x_,. We may
also assume that the restriction map H(X, L®") — H(Y,L|3") is surjective for all
n> 1.

Forn > 1, let

Vo= HO(X,L®")/N(X,L®") and Wy, = H(Y, LI")/N(Y, LI3").
Note that V| =V, and V,, and Vy ,, are isomorphic to the images of
H(X,L®") = H*(Xeea, LIZ" ) and  H'(Y, LIF") = H"(Yrea, LIT"),

respectively. Let Vi be the vector space V ® k’ and let |||  be the norm on
Vi induced by V by e-extension of scalars. Then the surjective homomorphism
B:V®O0x,, — Ly, induces a surjective homomorphism Sy : Vir ® Ox, ., —
Li|x, o+ BY Proposition . the metric ¢ of Ly obtained by ¢ by extension
of scalars coincides with the quotient metric on Ly induced by (Vi, ||-|lx.¢) and By.
Therefore, by Theorem for any € > 0, there exist an integer n > 1 and a

section s’ € HO(Xk/,LIS”) such that s’ly,, = p}(£)" and

15" lhagys < "lPyOIL, .

where @y - is the metric on (L|y) ® k' = Ly, induced by ¢y by extension of
scalars, which equals the restriction of ¢y to Y.
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Let {ey,...,eq,, fi,- - -, fp, } be an orthogonal basis of HO(X, L®") with respect
to |||lnp such that {fi,..., f,} form a basis of the kernel of the restriction map
HO(X,L®") — HO(Y,L|$”) (see Proposition for the existence of such an
orthogonal basis). We set

(¢ Bn
s = Z ai(T)e; + Z bi(T)f;,
i=1 =1

where (ai(T),. .., dq, (T),b1(T),. .., bg,(T)) € (k) *Fn_ Note that

S’|Yk, =a|(T) eily + -+ + aq,(T) ea,,|y

and {eily,...,eq, |Y} forms a basis of HO(Y, L|$’"). Since the restriction of s’
to ¥ can be written as the pull-back of an element in HO(Y ,L|™), one can see
that a|(T),...,aq,(T) € k, so that a;(T),...,da,,(T) are denoted by aj,...,aq,.
Therefore if we set s = aje; + - - - + dq, €q, , then s € H'(X,L®"), sly = ¢®", and

sl < max  {lai - [leillng}
ie{l,...,an}
<max| max |l lleillg max 5T - 1 llng}
ie{l,...,an} Je{l,....Bn}
= 15 by < e D3OI, ,, = eI,
where the first equality comes from the fact that {ey,...,eq,, fi,..., f3,} forms an
orthogonal basis of HO(Xk/,L,ff") with respect to ||-[|,,, (see Proposition |1.3.13]).
The theorem is thus proved. O

Remark 2.3.39 Let X be a scheme of finite type over k and ¥ be a coherent Ox-
module. Let X;.q be the reduced structure of X. The reduced i-th cohomology group
of ¥, denoted by Hrie d(X ,F), is defined to be the image of the homomorphism

Hi(X, 7:) 4 Hi (chd» F|Xred ) :

Using the reduced cohomology group, one has the following variant of Theo-

rem[2.3.36

We assume that X is projective. Let L be an ample invertible Ox -module, equipped with a
semipositive continuous metric @. Let Y be a closed subscheme of X and € be an element of
Hr(;d(Y, L|y). Then, for any € > 0, there exist a positive integer n and s € Hr(;d(X, L®™)
such that s|y = I°" and ||s I, < e™(llllg, )", where sl|y is the image of s by the

homomorphism H® (X, L®") — H°, (Y, L|$™).

Since H° (X, L®") and HC (Y, L|}") are subgroups of
HO(Xer’ Ll?}:d) and HO(Yreda L|$r::l)’

respectively, the proof of the above result can be done in the similar way as Theo-

rem[2.3.36
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2.4 Cartier divisors

In this section, we recall Cartier divisors and linear systems. Further we introduce Q-
Cartier and R-Cartier divisors on an integral scheme and study their basic properties.

2.4.1 Reminder on Cartier divisors

Let X be a scheme. For any open subset U of X, we denote by Sx(U) the set of
all elements a € Ox(U) such that the homomorphisme of Oy -modules Oy — Oy
defined as the homothety by « is injective. This is a multiplicative subset of Ox(U).
Moreover, Sy is a subsheaf of sets of Ox. We denote by .#x the sheaf of rings
associated with the presheaf

U — Ox(U)[Sx(U)™],

called the sheaf of meromorphic functions?]on X. The canonical homomorphisms
Ox(U) — Ox(U)[Sx(U)™'] of rings induce a homomorphism of sheaves of rings
Ox — x. The sections of .#x on an open subset U of X are called meromorphic
fonctions on U.

Remark 2.4.1 Let U be an open subset of X. Any element a in Sx(U) is a regular
element (namely the homothety Ox(U) — Ox(U) defined by a is injective). of
Ox(U). It is not true in general that Sx (U) contains all regular elements of Ox(U).
However, if U is an affine open subset of X, Sx(U) identifies with the set of all
regular elements in Ox (U). In fact, an element a € Ox(U) is in Sx(U) if and only if
its image in the local ring Ox  is a regular element for any x € U. The announced
property thus results from the faithful flatness of

Ox(U) — P Ox

xeU

provided that U is an affine open subset. In particular, if X is an integral scheme,
then .#x is the constant sheaf associated to the local ring of the generic point of X
(which is a field). We use the notation R(X) to denote the field of all meromorphic
functions on X. If X is defined over a field K, R(X) is often denoted by K(X).

Denote by O% the sheaf of abelian groupes described as follows. For any open
subset U of X, O%(U) is the set of elements a € Ox(U) such that the homothety
Oy — Oy defined by a is an isomorphism. Similarly, denote by .Z5 the sheaf of
abelian groupes on X whose section space over any open subset U C X is the set of
all meromorphic functions ¢ on U such that the homothety .#, — .#; defined by
@ is an isomorphism. This is a subsheaf of multiplicative monoids of .#x.

2 The definition in [[77} IV.20] is not adequate, see [97] for details.
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Definition 2.4.2 We call Cartier divisor on X any global section of the quotient sheaf
M |O%, that is, a data of a Zariski open covering X = (J,, U, of X and a section
Sq € MY (Uy,) over U, for each @, which is called a local equation over U,, such
that sasg € Ox(Uqy N Up) for all @ and B. The group of all Cartier divisors on X is
denoted by Div(X), where the group law is written additively. We say that a Cartier
divisor D is effective if it is a section of (.Zy N Ox)/O%. We use the expression
D > 0 to denote the condition “D is effective”. Moreover, for Dy, D, € Div(X), an
expression Dy > D, is defined by D; — D, > 0.

The Cartier divisors are closely related to invertible sheaves. Let D be a Cartier
divisor on X. Denote by Ox(D) the sub-Ox-module of .#x generated by —D.
Namely, if X = (J, Uy is an open covering of X and s, is a local equation of D
over Uy, then Ox(D)|y, = Ou, s;l. Note that Ox (D) is an invertible Ox-module
since it is locally generated by a regular element. We say that the Cartier divisor D is
ample (resp. very ample) if the invertible sheaf Ox (D) is ample (resp. very ample).
By definition, one has Ox(—D) = Ox(D)". Moreover, if Dy and D, are two Cartier
divisors, then Ox (D1 + D) = Ox(D1)®0Ox(D>). Thus the map sending a divisor D to
the isomorphism class of Ox (D) defines a homomorphism from Div(X) to the Picard
group Pic(X) (namely the group of isomorphism classes of invertible Ox-modules).
This homomorphism is surjective notably when X is a reduced scheme with locally
finite irreducible components, or a quasi-projective scheme over a Noetherian ring
(cf. [77, TV.21.3.4-5]). We recall a simple proof of this result for the particular case
where X is an integral scheme.

Proposition 2.4.3 Let X be an integral scheme. Then the homomorphism Div(X) —
Pic(X) constructed above is surjective.

Proof Let 5 be the generic point of X and R(X) be the field of all meromorphic
functions on X. Let L be an invertible sheaf and s be a non-zero element in L,,. Then
the maps HO(U, L) — R(X),t — ty /s (where U denotes an open subset of X) define
a Ox-linear homomorphisme from L to .#x. The images of local trivialisations of
L by this homomorphism define a global section of .Z5 /0%, whose opposite D is
a Cartier divisor such that Ox(D) = L. O

Remark 2.4.4 Let X be an integral scheme and L be an invertible Ox-module. Let
n be the generic point of X. We call rational section of L any element in L,,. Note
that for any non-empty open subset U of X, the restriction map H*(U,L) — L,
is injective. By abuse of language, we also call a section of L on a non-empty
open subset of X a rational section of L. The proof of the above proposition shows
that any non-zero rational section s of L defines a Cartier divisor of X, which we
denote by div(s). One can verify that, if L and L’ are two invertible Ox-modules
and if s and s’ are respectively non-zero rational sections of L and L’, then one has
div(ss’) = div(s) + div(s’).

The exact sequence of abelian sheaves

1 0% M ME]O —0
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induces a long exact sequence of cohomology groups
| —— H(X,0%) — HOX,.#%) —2> Div(X) —2> H'(X,0}) . (2.41)

Note that the cohomology group H'(X, 0%) identifies with the Picard group Pic(X)
of X (cf. [78} 0.5.6.3]), and @ is just the group homomorphism sending any Cartier
divisor D to the isomorphism class of the invertible Ox-module Ox (D). The image of
the group homomorphism div(-) is denoted by PDiv(X). The divisors in PDiv(X) are
called principal divisors. The quotient group Div(X)/PDiv(X) is called the divisor
class group of X, denoted by CI(X). The exactness of the sequence (2.41)) shows
that the homomorphism from CI(X) to Pic(X), sending the equivalent class of a
Cartier divisor D to the isomorphism class of the invertible sheaf Ox (D) is injective.
It is an isomorphism once X is a reduced scheme with locally finite irreducible
components, or a quasi-projective scheme over a Noetherian ring. We write this
result as a corollary of Proposition[2.4.3]in the particular case where X is an integral
scheme.

Corollary 2.4.5 Let X be an integral scheme. The homomorphism from CI(X) to
Pic(X) sending the equivalence class of a divisor class D to the isomorphism class
of Ox (D) is an isomorphism.

If two Cartier divisors D and D’ of X differ by a principal divisor, namely lie in
the same class in CI(X), we say that they are linearly equivalent.

Proposition 2.4.6 We assume that X is locally Noetherian and normal. Let D be a
Cartier divisor on X and D = ) rcx0) arl be the expansion as a Weil divisor, where
XW js the set of all codimension one points of X. Then D > 0 if and only if ar > 0
forallT € X

Proof 1t is suuffuent to show that if ar > 0 for all T € XU, then D > 0. Let f, be
a local equation of D at x € X. By our assumption, f; € Oy r for all T € X! and
x € {T'}, so that, by virtue of [104, THEOREM 38],

fe [] Oxr=0x.

xe{l'},Tex®

and hence the assertion follows. O

2.4.2 Linear system of a divisor

In this subsection, we fix an integral scheme X, and denote by R(X) the field of all
rational functions on X.

Definition 2.4.7 Let D be a Cartier divisor of X. We define
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H(D) := {f € R(X)* : div(f) + D > 0} U {0},

called the complete linear system of the divisor D. It forms a subgroup of R(X) with
respect to the additive composition law and is invariant by the multiplication by a
scalar in K. Hence it is a K-vector subspace of R(X).

We obtain from the definition that, if D and D’ are two Cartier divisors which are
linearly equivalent, and g is a non-zero rational function such that D’ = D + div(g).
Then the map f +— fg defines a bijection from H°(D) to H(D’).

Let D be a Cartier divisor of X. Being a sub-Ox-module of .Z, the invertible
sheaf Ox(D) shares the same generic fibre with .#x, which is also canonically
isomorphic to the field R(X). Therefore the unit element in R(X) defines a rational
section of D which we denote by sp. One can verify that div(sp) = D and sp.p’ =
spsp- for any couple (D, D) of Cartier divisors of X.

Lemma 2.4.8 Let D be a Cartier divisor of X and sp be the meromorphic section
of Ox (D) constructed above. Then D is an effective divisor if and only if sp extends
to a global section of Ox (D).

Proof Assume that D is an effective divisor. Then the invertible Ox-module Ox(—D)
is actually an invertible ideal sheaf of Ox since it is generated by D. Let s : Ox —
Ox(D) be the homomorphism of Ox-modules which is dual to the inclusion map
Ox(-D) — Ox. It defines a global section of Ox (D) whose value at the generic
point coincides with sp.

Conversely, if L is an invertible sheaf on X and if s is a non-zero global section of
L, then div(s) is an effective Cartier divisor. In particular, if sp extends to a global
section of Ox (D), then D = div(sp) is an effective divisor. O

Proposition 2.4.9 Let D be a Cartier divisor of X. A rational function f lies in
HO(D) if and only if fsp extends to a global section of Ox(D).

Proof By definition, for any non-zero meromorphic function f € K, the relation
f$p = saiv(r)+p holds. The Lemma shows that f'sp extends to a global section
of Ox ® Ox(D) = Ox(D) if and only if div(f) + D is an effective divisor. The
proposition is thus proved. O

Remark 2.4.10 (1) Let L be an invertible Ox-module. The Proposition[2.4.9|shows
that, if s is a non-zero meromorphic section of L, then the relation ¢t + ¢ /s defines
an isomorphism between the groups H%(X, L) and H(div(s)). In particular, if
D is a Cartier divisor, then H(D) is canonically isomorphic to H*(X, Ox(D)).

(2) Assume that the scheme X is defined over a ground field k, then the field of
rational functions R(X) is an extension of k. Moreover, for any Cartier divisor
D of X, H(D) is a k-vector subspace of R(X).
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2.4.3 Q-Cartier and R-Cartier divisors

As in the previous subsection, X denotes an integral scheme. Let K be either Z, Q
or R. An element of Divg(X) := Div(X) ®z K is called a K-Cartier divisor on X.
Note that a Z-Cartier divisor is a usual Cartier divisor. A K-Cartier divisor can be
regarded as an element of

HY(X, (4% 10%) @2 K) = H(X, (M5 2 K) /(0% ®2 K)),

so that, for any point x € X, there are an open neighborhood U of x and f €
(M5 ©z K)|U such that D is defined by f over U. Note that if f* € (45 ®z K)|U
also defines D over U, then f/f’ € (0% &z K)|U. The element f is called a local
equation of D. Moreover, the morphism of groups K(X)* — Div(X) induces by
extension of scalars a K-linear map K(X)* ®z K — Divg(X) which we denote by
diVK(~).

Let D be a K-Cartier divisor on X. Let f, be a local equation of D around x. Note
that the condition f, € Og ®z K does not depend on the choice of the local equation
of D around x, so that we define Suppy (D) to be

Suppy(D) = {x € X : fi ¢ Ox ®z K}.

Proposition 2.4.11 (1) Suppx(D) is a closed subset of X.

(2) If D is a Cartier divisor, then Suppg(D) = (-, Suppz(nD). In particular,
Suppq(D) C Suppz (D). Moreover, if X is normal, then Suppg (D) = Suppz(D).

(3) If D is a Q-Cartier divisor, then Suppg(D) = Suppg (D).

Proof The proof can be found in [[113] Section 1.2]. O

Definition 2.4.12 Let D be a K-Cartier divisor on X. We say that D is K-effective,
denoted by D >x 0, if, for every x € X, a local equation of D can be expressed
by f{*'--- £, where fi,....f, € Ox.x \ {0} and ay,...,a, € Rsq. Similarly as
Deﬁnition we define HH%(D) to be

HY(X,D) := {¢ € RXX)* : div(¢) + D >x 0} U {0}.

Note that in the case where K = Z, H2(X, D) coincides with H(D) in Defini-
tion[2.4.71

Proposition 2.4.13 Let D be a K-Cartier divisor on X. Then we have the following:

(1) We assume that K = Q. Then D >q 0 if and only if D >r 0.

(2) We assume that K = Q. Then the natural map H(%(X ,D) — H]g(X , D) is bijective.

(3) We assume that K = Z and X is locally Noetherian and normal. Then D >z 0 if
and only if D >q 0.

(4) We assume that K = Z and X is locally Noetherian and normal. Then the natural
map HY(X,D) — H&(X, D) is bijective.

(5) If a € H'(X,Ox) and ¢ € HX(X, D), then ap € HY(X, D).
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(6) If X is locally Noetherian and normal, then HH%(X, D) forms a H°(X,Ox)-
submodule of R(X).

Proof @]Obviously D >q 0 implies D >r 0. Conversely we assume that D >g 0.
Let f, be alocal equation of D at x € X. Then there are fi,.. ., fr € Ox x \ {0} and
ai,....ar € Ry such that f, = £ --- £ Note that f, € R(X)* ® Q, so that,
by Lemma [2.4.14] as below, there are ai,. ..,a,. € Qs such that f; = fla‘ . ~fr”,’.
Therefore, D is Q-effective.

[@)|Let ¢ € H)(X,D)\ {0}. Then D + div(g) > 0. Note that D + div(¢) is a
Q-Cartier divisor, so that, by (1), D +div(¢) >q 0, which means ¢ € H(&(X, D)\ {0}.

We assume that D >q 0. Let D = Y arI be the expansion as a Weil divisor.
Then ar > 0 for all T'. Thus D > 0 by Proposition [2.4.6

[(4)]is a consequence of
(5)|is obvious.

[6)[By[(5)| itis sufficient to show that if ¢,y € HY(X, D), then ¢ +y € H)(X, D).
If we set D = Yrarl (ar € K) and div(p) = Y r ordr(¢)I" as a Weil divisor for
¢ € R(X)*, then

div(p) + D 2>k 0 < VI, ordr(p)+ar >0
by [113| Lemma 1.2.4] together with [(T)] Moreover, for ¢,y € R(X),

ordr(g + ) > min{ordr(g), ordr(y)}.
Therefore [(6)] follows. o

Lemma 2.4.14 Let V be a vector space over Q. Then we have the following:

(1) Wr NV =W for any vector subspace W of V.

(2) Let x,x1,...,%x, € V such that x = ayx1 + - -+ + a,x, for some ay,...,a, € R.
Then, for any € > 0, there are a;, ...,a, € Q such that x = a;xl + o+ alx,
and |a — a;| < € for all i.

Proof [(1)]is obvious because V/W — (V/W)g is injective and (V/W)g = Vi /Wr.

We consider the homomorphism ¢ : Q" — V sending (71,...,t,) € Q" to
t1x] + - - - + t,x,. Denote by W the image of . By (1), the point x belongs to W. We
pick an element bin ¢y~ ({x}). Letyr : R” — Vg be the scalar extension of i, that is,

yr(ag,...,a,) = a1x;+---+a.x, forany (a1, .. .,a,) € R", whose image is Wg. As
Ker(yr) = Ker()r, Ker(y) is dense in Ker(yg). Therefore, ' ({x}) = b + Ker(i))
is dense in l//ﬂgl({x}) = b + Ker(yr), which implies the assertion of O

Example 2.4.15 The study of effective Q-Cartier or R-Cartier divisors on non-
normal schemes is more subtle than that in the normal case. This phenomenon
can be shown by the following examples, which have been discussed in [47]. Let
X := Proj(k[To, T1,T2]/(ToT; =T} ) over a field k, U; := {T; # 0}yn X (i = 0,1,2) and
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x:=T1/To,y :=Tr/Tyon Uy. Then Uy = X\ {(0:0: 1)} and U, = X\ {(1:0:0)},
so that X = Up U U,. Note that y/x is not regular at (1 : 0 : 0) and y/x € O% ¢ for
all ¢ € Uy N U,. Let D be a Cartier divisor on X given by

(y/x) on Uy,
(1) on U;.

(1) As y/x is not regular at (1 : 0 : 0), D is not effective as a Cartier divisor. On the

other hand, since
2D = (x) on U,
(1) onU,,

D is effective as a Q-Cartier divisor. As a consequence, 1 ¢ HO(X, D) and
le H&(X, D), that is, H(X, D) — H&(X,D) is not surjective.

(2) We assume that char(k) = 0. We set ¢ := x/y. As ¢ = T1 /T is regular on U,
¢ € H'(X,D). Here let us see 1 + ¢ ¢ H&(X, D). We assume the contrary, that

is, | +¢¢€ H&(X, D). Then

(1+e)y/x)=1+y/x

is Q-effective on Uy, so that there is a positive integer N such that (1 + y/x)" is
regular on Uy. Here we claim that (y/x)’ is regular over Uj for an integer i > 2.
Indeed, we seti = 2j + €, where j > 1 and € € {0,1}. Then as

/%) = (/)74 = PV yx 7€ = 7S,

the assertion follows. Note that

N N _
y/x=(1/N) ((1 OUEIEDY ( ; )(y/x)l) :

i=2

so that y/x is regular on Uy. This is a contradiction because y/x is not regular
on Uj.

(3) Next we assume that char(k) = 2. We set U] := Up \ {(1 : 1 : 1)}. Note that
X=UjulUyand1+y/xe€ ();’{ for all £ € U N Uy, so that we set

D (I+y/x) onUj,
(1) on Uj.

Since y/x is not regular at (1 : 0 : 0), we have D’ # 0. Moreover, as (1 +y/x)? =
1 + x, we have

D = (1+x) onU],
(1) on Uy,
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and hence 2D" = 0 because 1 + x € O ¢ for all { € U. Therefore, the natural
homomorphism Div(X) — Divg(X) is not injective. Furthermore Suppy (D’) =
@, but Suppz(D’) = {(1:0:0)}.

Proposition 2.4.16 We assume that X is locally Noetherian and normal. Let D be
an R-effective R-Cartier divisor on X. Then there are effective Cartier divisors
Dz,...,D, and positive real numbers ai,. . .,a, such that D = a1Dy + - - - + a, Dy,.

Proof 1f D = 0, then the assertion is obvious, so that we may assume that D # 0. We
choose primedivisorsI'y,..., [, anday,...,a, € RygsuchthatD = a1+ - -+a,I,
as a Weil divisor. We set

V=AE=cI'i+--+c,I' : (c,...,cn) € Q" and E is a Q-Cartier divisor},
Vwi=V®R P=Wn Rsolp + - - + Roolp).

Then P is an open cone in Vg and D € P. Thus the assertion follows. O

We assume that X is projective over a field k. An K-Cartier divisor D on X is said
to be ample if there are ample Cartier divisors Dy,...,D, and (ay,...,a,) € K’;O
such that D = a1D; + - - - + a, D,,.

Proposition 2.4.17 Let A be an ample R-Cartier divisor on X and Dy, . ..,D,, be
Cartier divisors on X. Then there is a positive number 6 such that A + Z;"zl 6;Dj is
ample for all 6y,...,6, € Rwith |61| + -+ + |6m| < 6. In particular, the ampleness
of R-Cartier divisors is an open condition.

Proof We choose ample Cartier divisors Ay,...,A, and (ay,...,a,) € R’;O such
that A = a1 Ay + - -+ + a, A, Let [ be a positive rational number such that [A; + D;
is ample for any j € {1,...,m}. Note that

m m
A+ 6;Dj =" 16;] (1A +sign(6;)D;)
j=1 j=1
m
(a1 =161 + -+ [6n)) A1 + D @iy,
i=2
where
ien(a) 1 ifa>0,
sign(a) =
g -1 ifa<O.
Therefore, if we choose 6 = a; /I, then A + Z;‘n=1 0;D; is ample. O
Proposition 2.4.18 We assume that X is locally Noetherian and normal. Let D be an
R-effective R-Cartier divisor on X. Let sy,. . ., s, € Rat(X)*®zQ and (ay, . . .,a,) €
R" such that ay,...,a, are linearly independent over Q and D + (sfl ceeshmy s

R-effective. Then, for any € > 0, there is a positive number 6 such that if |a] — a;| +

<o+ ay, —ap| <6, then (1 +€)D + (sf‘ - spm) is R-effective.
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Proof We set ¢ = s{'---s,". Let us see that Supp((s;)) S Supp((¢)) for all i.
Otherwise there is a prime divisor I" such that ordr(s;) # 0 and ordr(¢) = 0, so
that Z;’:] a; ordr(s;) = 0, which contradicts to the linear independency of ay, . . ., a,
over Q. If Supp((¢)) = 0, then Supp((s;)) = @ for all i, and hence the assertion is
obvious, so that we may assume that Supp((¢)) # 0. LetI'y,. .., T, be distinct prime
divisors such that Supp((¢)) = I't U - - - U T},,. Then we can set (s;) = 3,2, hI; for
some h;; € Q. If we set y; = X7, aihy, then ((¢)) = 272, viI1. As Supp((¢)) =
Ihu..-uTly,,, one hasy; # 0 for all /. We set

Lo={le{l,....m} : >0} and L_={l€e{l,...,m} : v, <O}

As ordr, (D) +y; > 0, one has ordr, (D) > Oforall [l € L_. We set C = max; ;{|hy|}
and choose ¢ > 0 such that

Cs < min{|y{|,...,|yml} and C6 < e}niLn{ordr,(D)}.
[SY
Letaj,...,a, € Rsuchthat|a) —ai|+---+la, —a,| < 6.If wesety, = XiL| alhy,

then |y, —yi| < Cé, sothat {/ | y; > 0} = L, and {/ | y; < 0} = L_. Further, for
| € L_, we have

(1 + €)ordr, (D) +y/ = (ordr,(D) + v1) + (e ordr, (D) + (y; = v1))
> eordr,(D) - Cé > 0.

Therefore (1 + €)D + (s;l‘ ‘e sZ;’) is R-effective because

ordr, (1 + €)D + (551 -+ s8m)) = (1 + €) ordr, (D) + 7]

forl e {1,...,m}. O

2.5 Green functions

Let k be a field equipped with an absolute value |-|, which is complete. If |-| is
Archimedean, we assume that it is the usual absolute value on R or C. Let X be an
integral projective scheme over Spec k.

2.5.1 Green functions of Cartier divisors

Let X*" be the Berkovich topological space associated with X. We denote by
Cgen(X ) the set of all continuous functions on a non-empty Zariski open subset of
X2 modulo the following equivalence relation
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def
f~g <= fand g coincide on a non-empty Zariski open subset.

Note that the addition and the multiplication of functions induce a structure of R-
algebra on the set Cgen(X am) Moreover, for any non-empty Zariski open subset U of
X, we have a natural R-algebra homomorphism from C%(U™) to Cgen(X an)_ Since
U™ is dense in X" (see [9] Corollary 3.4.5), we obtain that this homomorphism
is injective. Moreover, the R-algebra Cgen(X am) js actually the colimit of the system
C%(U™) in the category of R-algebras, where U runs over the set of all non-empty
Zariski open subsets of X. We say that an element of Cgen(X an) extends to a con-
tinuous function on U™ if it belongs to the image of the canonical homomorphism

COU™) = Chuy(X™).

Remark 2.5.1 Let f be an element of Cgen(Xa“). If U is a non-empty Zariski open
subset of X such that f extends to a continuous function on U®", then, by the injec-
tivity of the canonical homomorphism CO(U™) — Cg,,(X™") there exists a unique
continuous function on U*" whose canonical image in Cgen(Xa“) is f. Therefore,
by gluing of continuous functions we obtain the existence of a largest Zariski open
subset Uy of X such that f extends to a continuous function on U%". The set U™"
is called the domain of definition of the element f. By abuse of notation, we still
use the expression f to denote the continuous function on U;}“ corresponding to the

element f € Cgp,(X™).

If f is a non-zero rational function on X, then it is an invertible regular function
on a non-empty Zariski open subset U of X. Therefore In | f| is a continuous function
on U?", which determines an element of Cgen(X am). Note that this element does not
depend on the choice of the non-empty Zariski open subset U. We still denote by

In | f] this element by abuse of notation.

Definition 2.5.2 Let D be a Cartier divisor on X. We call Green function of D any
element g of Cgen(Xan) such that, for any local equation f of D over a non-empty
Zariski open subset U, the element g + In | f| of Cgen(Xa“) extends to a continuous
function on U*".

Example 2.5.3 Let f be a non-zero rational function on X. Then div(f) is a Cartier
divisor. By definition, —In | f| is a Green function of div(f). More generally, let L
be an invertible Ox-module, equipped with a continuous metric ¢. Let s a non-zero
rational section of L. Then the function —In |s|,, which is well defined outside of
the zero points and poles of the section s and is continuous, determines an element
of Cgen(Xan). It is actually a Green function of the divisor div(s). In particular, we
deduce from Remark@]that, for any Cartier divisor D on X, there exists a Green
function of D.

Remark 2.5.4 One can also construct a metrized invertible sheaf from a Cartier
divisor equipped with a Green function. Let D be a Cartier divisor on X and g be a
Green function of D. If f is a rational function of X which defines the divisor D on a
non-empty Zariski open subset, then the element f~!sp, is a section of the invertible
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sheaf Ox (D) which trivialises the latter on U. Note that the element —(g + In|f])
of Cgen(X any extends to a continuous function on U?". We denote by |f~'sp |¢ the
exponential of this function, which defines a continuous metric on the restriction of
L to U. By gluing we obtain a continuous metric on L which we denote by ¢,. By
definition one has g = —1In|sp|, in Cgen(Xa“).

Proposition 2.5.5 (1) An element g in Cgen(X an) is a Green function of the trivial
Cartier divisor if and only if it extends to a continuous function on X*".

(2) Let D and D’ be Cartier divisors on X and g, g’ be Green functions of D and D’,
respectively. Then, for (a,a’) € Z?, ag + a’g’ is a Green function of aD + a’D’.

Proof (1) follows from the definition.

(2) Let f and f’ be local equations of D and D’, respectively. Then f¢f'¢ is
a local equation of aD + a’D’. As g + In|f]| and g’ + In|f’| extend to continuous
functions locally,

a(g +In|f])+a'(g’ +n|f']) =ag +a'g’ +n|f*- f'“

is locally continuous, as required. O

We denote by BE(X) the set of all pairs of the form (D, g), where D is a Cartier
divisor on X and g is a Green function of D. The above proposition shows that
Div(X) forms a commutative group with the composition law

((D1,81),(D2,82)) = (D1 + D2, 81 + &2).

One has a natural homomorphism of groups BE(X ) — Div(X) sending (D, g) to D.
The kernel of this homomorphism is CO(X").

2.5.2 Green functions for Q-Cartier and R-Cartier divisors

Let K be either Q or R. Let f be an element of R(X)* ®z K, that is,
f = flal o rar’ (fl’ v ’fr) € (R(X)X)r and (a]’- . ~’ar) e K",

Then one can consider an element of Cgen(X am) given by ay In|fi| +--- + a, In|f;|,

which dose not depend on the choice of the expression f = f]‘” oo £9 Indeed,

let f = gi" glb’ be another expression of f. Let us choose an affine open set
U = Spec(A) such that fi,..., f,&1,...,g belong to A*. For x € U, as the
seminorm ||, is multiplicative, |-|, naturally extends to a map || : A ®z K — R,
so that |fil{" -~ |f; ¢ = [g1I3" -+~ gI{". Therefore,

apln|fil +---+a, In[fp] = byInfg| +---+ byIn|g]

on U®, which shows the assertion. We denote the above function by In | f].
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Definition 2.5.6 Let D be a K-Cartier divisor on X. We say an element g € gen(X any
is a D-Green function or Green function of D if, for any point x € X" and any
local equation f of D on a Zariski neighbourhood of j(x), g + log|f| extends to a
continuous function around x. We denote by Divg(X) the set of all pairs of the form
(D, g), where D is a K-Cartier divisor on X and g is a Green function of D. Note
that Dvi(X ) is actually a vector space over K, which is the quotient of D1v(X )®zK
by the vector subspace generated by elements of the form A(D, g) — (1D, Ag), where
(D,g) € Div(X) and A € K.

Proposition 2.5.7 (1) Let g be a Green function of the trivial K-Cartier divisor.
Then g extends to a continuous function on X*".

(2) Let D and D’ be K-Cartier divisors on X and g, g’ be Green functions of D and
D', respectively. Then, for a,a’ € K, ag+a’g’ is a Green function of aD +a’D’.

Proof Tt can be proven in the same way as Proposition [2.5.5] m

Proposition 2.5.8 Let K be either Z or Q or R. Let D be an effective K-Cartier
divisor on X and g be a Green function of D. Then the element e™8 of Cgen(X)
extends to a non-negative continuous function on X*".

Proof Locally on a Zariski open subset U = Spec(A) of X, the divisor D is defined
by f{*' -+ f (where fi,..., f are elements of A\ {0} and ay,. . .,a, are elements
of K.¢) and the element g + In | f| of Cgen(X an) extends to a continuous function on
U®. Hence e™8 = |f] - e~@* "I/ extends to a continuous function on X", which is
non-negative. o

Definition 2.5.9 Let K be either Z or Q or R.

(1) For f € HH%(D), | f| exp(—g) extends to a continuous function. Indeed, as D + (f)
is effective and g —In | f| is a Green function of D +(f), by the above proposition,
| flexp(—g) = exp(—(g—In|f])) is a continuous function. We denote the function
| flexp(—g) by | f|g. Moreover, sup{| f|g(x) : x € X*"} is denoted by || f]|,.

(2) Let D be an effective K-Cartier divisor on X and g be a Green function of X. By
abuse of notation, we use the expression g to denote the map —In(e™8) : X*" —
R U {+co}, where e”8 is the non-negative continuous function on X" described
in Proposition We say that an element (D, g) of BR(X) or BER(X) is
effective if D is effective and the map g takes non-negative values.

(3) Let D = (D, g) be an element of Divg(X). We define ITIH%(B) to be

HY(D) := {f € RX)* : D +(f) is effective} U {0}.
Note that HY(D) = {f € HY(D) : |Ifllg < 1}.
Remark 2.5.10 Let (D, g) be an element of BRK(X ) and s be an element of R(X)*.

Let (D’,g’) = (D + div(s),g — In|s|). Then the map HH%(D') — HH%(D) sending f €
HY(D’) to fs is a bijection. Moreover, for any f € HY(D’) one has || fllg = || /sl
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2.5.3 Canonical Green functions with respect to endmorphisms

Given a polarised dynamical system on a projective variety over Spec K one can
attach to the polarisation divisor a canonical Green function, which is closely related
to the canonical local height function. We refer the readers to [[116] for the original
work of Néron in the Abelian variety case, and to [35} [155]] for general dynamic
systems in the setting of canonical local height and canonical metric respectively.
See [95] for the non-Archimedean case.

Let X be an integral projective scheme over Spec k and f : X — X be a surjective
endomorphism of X over k. Let D be a Cartier divisor on X. We assume that there
are an integer d and s € R(X)* such that d > 1 and f*(D) = dD + div(s). We fix
a Green function go of D. Then there exists a unique continuous function 4 on X*"
such that

(f*™)"(g0) = dgo — log|s| + A.
We set

n—

ho=0 and 4,

2, dm«fa“))u) (n>1).

Proposition 2.5.11 (1) If n > m, then one has

ll Allsup

1 = hmllsup < m

(2) The sequence {hy, }n>1 of continuous functions on X* converges uniformly to a
continuous function h on X*".
(3) Foralln > 1, one has

(f*)*(go + hp-1) = d(go + hy) — log]|s|.

(4) There is a unique Green function g of D with (f*")*(g) = dg —log|s| on X?".
(5) If Ox(D) is semiample, then pg is semipositive.

Proof (1) Note that

n-1 n-m-1
1 lsup 1
= il < 3 = I (Dllap = eI

1
i:de i=0 d
My 1y
= gm+l L LT dm(d-1)

as required.
(2) is a consequence of (1).

(3) In the case where n = 1, the assertion is obvious. If n > 2, then
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n-2

" 1
(f™)" (80 + hu1) = dgo — logls| + A+ |
i=0

di+]

(TRDRapNE)

1 n-2 1 ) .
=d g+ ZA+ Y~ () ()| - loglls]
i=0

= d(go + hn) —log s|.

(4) By (3), one has

(f*)" (g0 + h) = d(go + h) — log]s],

so that if we set g = go + £, then the desired Green function is obtained.

Next we consider the uniqueness of g. Let g’ be another Green function of D with
(f™)*(g’) = dg’ —log|s| on X*. Then (f*)*(g’ — g) = d(g’ — g) on X*". Note that
there is a continuous function  on X*" with § = g’ — g, so that (f*")*(0) = d6. Here
we consider the sup norm ||-||sup of continuous functions. Then

”9”sup = ”(fan)*(e)”sup = ”de”sup = d”e”sup?
and hence [|0]|sup = 0. Therefore, 6 = 0.

(5) Since Ox(D) is semiample, there is a semipositive metric ¢o of Ox(D) (see
Remark 2.3.4). Let 7 be a non-zero rational section of Ox (D) such that div(r) = D.
We set go = —1In |t|<po~ By (3). dego+h,1 = (fan)*(¢go+hn_1) + Plog || Note that Plog |s|
is a semipositive metric of Ox(—div(s)). Therefore, by induction on n together with
Proposition [2.3.2]and Proposition [2.3.5] one can see that ¢g, 5, is semipositive for
n > 0, and hence @ = @g,4, is also semipositive by Proposition[2.3.3] m|

Definition 2.5.12 A Green function g of D is called the canonical Green function
of D with respect to f if (f*")*(g) = dg —log|s| on X*".






Chapter 3
Adelic curves

The theory of adeles in the study of global fields was firstly introduced by Chevalley
[49, Chapitre III] in the function field setting and by Weil [[147] in the number field
setting. This theory allows to consider all places of a global field in a unified way. It
also leads to a uniform approach in the geometry of numbers in global fields, either
via the adelic version of Minkowski’s theorems and Siegel’s lemma developed by
McFeat [105]], Bombieri-Vaaler [13]], Thunder [[142]], Roy-Thunder [128], or via the
study of adelic vector bundles developed by Gaudron [62], generalising the slope
theory introduced by Stuhler [138]], Grayson [71]] and Bost [16}[18]]. The adelic point
of view is also closely related to the Arakelov geometry approach to the height theory
in arithmetic geometry. Recall that the Arakelov height theory has been developed
by Arakelov [4} 5], Szpiro [139], Faltings [60], Bost-Gillet-Soulé [23], (compare
to the approach of Philippon [122]], see also [136] for the comparison of these
approaches). We refer the readers to [[156]] for an application of the Arakelov height
theory in the adelic setting to the Bogomolov problem. The Arakelov height theory
has been generalised by Moriwaki [[106] to the setting of finitely generated fields
over a number field (see also [108] for a panoramic view of this theory).

The purpose of this chapter is to develop a formal setting of adelic curves, which
permits to include the above examples of global fields and finitely generated exten-
sions of global fields, as well as less standard examples such as the trivial absolute
value, polarised projective varieties and arithmetic varieties, and the combination
of different adelic structures. More concretely, we consider a field equipped with a
family of absolute values on the field, indexed by a measure space, which verifies
a “product formula” (see Section [3.1]below). This construction is similar to that of
M-field introduced by Gubler [[79] (see [34] for the height theory of toric varieties in
this setting, and the work of Ben Yaakov and Hrushovski in the model theory frame-
work). Moreover, Gaudron and Rémond [65]] have studied Siegel’s lemma for fields
of algebraic numbers with a similar point of view. However, our main concern is to
establish a general setting with which we can develop not only the height theory but
also the geometry of adelic vector bundles and birational Arakelov theory. Therefore
our choice is different from the previous works. In particular, we require that the
absolute values are well defined for all places (same as the setting of globally valued
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field of Ben Yaakov and Hrushovski, compare to [79, §2]) and we pay a particular
attention to the algebraic coverings of adelic curves and the measurability properties
(see Sections [3.3][3.4). We prove that, for any adelic curve S with underlying field
K and any algebraic extension L of K, there exists a natural structure of adelic
curve on L whose measure space is fibred over that of S with a disintegration kernel
(compare to [63]]). Curiously, even in the simplest case of finite separable extensions,
this result is far from simple (see for example Theorem [3.3.4). The main subtleties
appear in the proof of the measurability of the fibre integral, which is neither classic
in the theory of disintegration of measures nor in the extension of absolute values in
algebraic number theory. We combine the monotone class theorem (in a functional
form) in measure theory with divers technics in algebra and number theory such as
symmetric polynomials and Vandermonde matrix to resolve this problem.

The chapter is organized as follows. In Section[3.T|we give the definition of adelic
curves and discuss several basic measurability properties concerning Archimedean
absolute values. Various examples of adelic curves are presented in Section 1.2.
In the subsequent two sections, we discuss algebraic extensions of adelic curves.
The finite separable extension case is treated in Section 1.3, where we establish
the measurability of fibre integrals (Theorem [3.3.4) and the construction of the
extended adelic curve (Theorem [3.3.7). Section [3.4]is devoted to the generalisation
of these results to arbitrary algebraic extensions case, where the compatibility of the
construction in the situation of successive extensions (Theorem [3.4.12)) is proved.
These results will serve as the fundament for the geometry of adelic vector bundles
and birational Arakelov geometry over adelic curves developed in further chapters.

3.1 Definition of Adelic curves

Let K be a commutative field and Mg be the set of all absolute values on K. We call
adelic structure on K a measure space (€, A, v) equipped with amap ¢ : w — ||,
from Q to Mk satisfying the following properties:

(i) A isa o-algebraon Q and v is a measure on (Q, A);
(ii) foranya € K* := K\{0}, the function w + In|a,, is A-measurable, integrable
with respect to the measure v.

The data (K, (Q, A, v), ¢) is called an adelic curve. Moreover, the space Q and the
map ¢ : Q — Mg are called a parameter space of Mg and a parameter map,
respectively. We do not require neither the injectivity nor the surjectivity of ¢.
Further, if the equality

/ In|al, v(dw) =0 3.D
Q

holds for each a € K*, then the adelic curve (K, (Q, A, v),$) is said to be proper.
The equation is called a product formula.

The set of all w € Q such that |-|,, is Archimedean (resp. non-Archimedean) is
written as Q. (resp. Qgy). For any element w € Q, let K, be the completion of



3.1 Definition of Adelic curves 169

K with respect to the absolute value ||, . Note that |-|,, extends by continuity to an
absolute value on K, which we still denote by |-|,,.

Proposition 3.1.1 Let (K, (Q, A, v), ¢) be an adelic curve. The set Qq, of all w € Q
such that the absolute value ||, is Archimedean belongs to A.

Proof The result of the proposition is trivial if the characteristic of K is positive since
in this case the set Q, is empty. In the following, we assume that the characteristic
of K is zero. Let f be the function on Q defined as f(w) = In|2|,. Then Q. = {w €
Q : f(w) > 0}. Hence Q. is a measurable set. O

In the case where |-|,, is Archimedean, the field K, is equal to R or C. However,
the absolute value |-|,, does not necessarily identify with the usual absolute value
on K,,. By Ostrowski’s theorem (see [LL17]] Chapter II, Theorem 4.2), there exists a
number k(w) € ]0,1] such that |-|,, equals |-|*) on Q, where || denotes the usual
absolute value on C. Therefore one has ||, = |-|“) on K,, = R or C.

Proposition 3.1.2 If we extend the domain of definition of the function « to Q by
taking the value 0 on Q \ Qc, then the function k is A-measurable and integrable
with respect to v. In particular, if the function « is bounded from below on Qo by a
positive number, then one has v(Qq) < +00.

Proof The result of the proposition is trivial if Q. is empty. In the following, we
assume that Q, is non-empty. In this case the field K is of characteristic zero. One
has

Vw € Qw, In|2|, = «(w)In(2),

so that 0.0 2L}
max{0,In |2|,
v Q, =
wE k(w) n2)
Therefore the A-measurability and v-integrability of the function w +— 1n |2|,, imply
the results of the proposition. O

Proposition 3.1.3 Let S = (K, (Q, A, v), ¢) be an adelic curve. We assume that the
field K is countable. Let Q be the set of points w € Q such that the absolute value
|l on K is trivial. Then Qg belongs to A.

Proof By definition,

Qo = ﬂ {weQ:laLu:l}.

aeK*

Since the function (w € Q) — |a|, is A-measurable, the set {w € Q : |a|, = 1}
belongs to A. Since K* is a countable set, we obtain that Qg also belongs to A. O
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3.2 Examples

We introduce several fundamental examples of proper adelic curves. Some of them
are very classic objects in algebraic geometry or in arithmetic geometry.

3.2.1 Function fields

Let k be a field, C be a regular projective curve over Spec k and K be the field of all
rational functions on C. We denote by Q2 the set of all closed points of the curve C,
equipped with the discrete o-algebra A (namely A is the o-algebra of all subsets
of Q). For any closed point x of C, the local ring Oc  is a discrete valuation ring
whose fraction field is K. We let ord,(-) : K — Z U {+oo} be the discrete valuation
on K of valuation ring O¢  and |-|, be the absolute value on K defined as

YaeK*, |a|y=e @),

Let ny := [k(x) : k] be the degree of the residue field of x. Thus we obtain a map
¢ : Q — Mg sending x € Q to |-|,. We equip the measurable space (Q, A) with the
measure v such that v({x}) = n,. The relation

Yae K, Z ny ord,(a) = 0
xeQ

shows that the equality

/ In|al, v(dx) =0
Q
holds for any a € K*. Therefore (K, (Q, A, v), ¢) is a proper adelic curve.

3.2.2 Number fields

Let K be a number field. Denote by Q the set of all places of K, equipped with
the discrete o-algebra. For any w € Q, let |-|,, be the absolute value on K in the
equivalence class w, which extends either the usual Archimedean absolute value on
Q or one of the p-adic absolute values (such that the absolute value of p is 1/p). Thus
we obtain a map ¢ : Q — Mk sending w € Q to |-|,. For each w € Q, let n,, be
the local degree [K,, : Q. ], where K, and Q,, denote respectively the completion
of K and Q with respect to the absolute value |-|,,. Let v be the measure on (Q, A)
such that v({w}) = n,, for any w € Q. Note that the usual product formula (cf. [117]]
Chapter III, Proposition 1.3) asserts that

va c KX, l_[ |a|wK¢u:Qw] - 1’

we
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which can also be written in the form
Vae K%, / In|al, v(dw) = 0.
Q

Therefore (K, (Q, A, v), $) is a proper adelic curve.

3.2.3 Copies of the trivial absolute value

Let K be any field and (€, A, v) be an arbitrary measure space. For each w € Q, let
|]» be the trivial absolute value on K, namely one has |al, = 1 for any a € K*. We
denote by ¢ : Q — Mg the map sending all elements of Q to the trivial absolute
value on K. Then the equality

Yae K%, /ln lale v(dw) = 0
Q

is trivially satisfied. Therefore the data (K, (€, A, v), ¢) form a proper adelic curve.

3.2.4 Polarised varieties

Let &k be a field and X be an integral and normal projective scheme of dimension
d > 1 over Spec k. Let K = k(X) be the field of rational functions on X and Q = X(V)
be the set of all prime divisors in X, equipped with the discrete o-algebra A. We
also fix a family {Di}f’:‘ll of ample divisors on X. Let v be the measure on (€, A)
such that

VY e =XV y({Y}) =deg(D;--- Dy N[Y)).

Thus we obtain a measure space (Q, A, v).

For each Y € Q, let Ox y be the local ring of X on the generic point of Y. It is a
discrete valuation ring since it is a Noetherian normal domain of Krull dimension 1.
Moreover, its fraction field is K. We denote by ordy(+) the corresponding valuation
on K and by ||y the absolute value on K with |-|y := e °"4¥(), Thus we obtain a map
¢ from Q to the set of all absolute values on K, sending Y € Q to |-|y.

For any rational function f € K*, let (f) be the principal divisor associated with
f, which is

(f) = ordy(f)-Y.

YeQ

Therefore, the relation deg(D; - - - Dg—1 - (f)) = 0 can be written as

/ In|fly v(dY) = 0.
Q
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Hence (K, (Q, A, ), ¢) is a proper adelic curve.

3.2.5 Function field over Q

Let K = Q(7T) be the field of rational functions of one variable T and with coefficients
in Q. We consider K as the field of all rational functions on P}Q. Any closed point

X € Pé defines a discrete valuation on K which we denote by ord,(-). Let co be the

rational point of Pé such that

orde(f/g) = deg(g) — deg(f)

for polynomials f and g in Q[T] such that g # 0. Then the open subscheme ]P’«l2 \{oo}is
isomorphic to Aéz. Therefore any closed point x of P! different from co corresponds

to an irreducible polynomial Fy in Q[T] (up to dilation by a scalar in Q*). By
convention we assume that F, € Z[T] and that the coefficients of F) are coprime.
Let H(x) be the Mahler measure of the polynomial F), defined as

1
H(x) := exp (/ In |Fy(e¥)] dt).
0
Note that if the polynomial F is written in the form
Fe(T)=aqT%+ - +aiT +ay = ag(T — o) - - (T — ag),

then one has (by Jensen’s formula, see [90])
d
H(x) = |agl nmax{l,lajl} > 1.
j=1

Let ||, be the absolute value on Q(7’) such that
Ve eQ), gl =H(x) ¥

For any prime number p, let |-|, be the natural extension to Q(7') of the p-adic
absolute value on Q constructed as follows. For any

f=aqT%+- - +aT +agp € Q[T]

let

Note that one has |fgl, = |f|p - |gl, for f and g in Q[T] (see [12] Lemma 1.6.3
for example) and thus the function |-|, on Q[T] extends in a unique way to a
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multiplicative function on Q(7'). Moreover, the extended function satisfies the strong
triangle inequality and therefore defines a non-Archimedean absolute value on Q(7).

Denote by [0, 1], the set of # € [0, 1] such that e>™ is transcendental. For any
t € [0,1]s, let |-|; be the absolute value on Q(7') such that

VoeQT), el = |pe*™™),

where |-| denotes the usual absolute value of C. The absolute value ||, is
Archimedean.

Denote by Q the disjoint union Qy LI P 11 [0, 1]., where Qy, is the set of all closed
points of Pé \ {0}, and P denotes the set of all prime numbers. Let ¢ : Q — Mg be
the map sending w € Qto |-|,,. We equip €, and P with the discrete o-algebras, and
[0, 1], with the restriction of the Borel o--algebra on [0, 1]. Let A be the o-algebra
on Q generated by the above o-algebras on Qj, P and [0, 1]. respectively. Let v
be the measure on Q such that v({x}) = 1 for x € Qy, that v({p}) = 1 for any
prime number p and that the restriction of v on [0, 1]. coincides with the Lebesgue
measure. Then for any f € K[T]\ {0} one has

/an|f|w v(dw)= > In|fle+ > Inlfl, +/[01] In | £(e21)) dt.

x€Qy peP

Since [0, 1] \ [0, 1]. is negligible with respect to the Lebesgue measure, we obtain
that

1
/ In ()] dr = / In £ di
[0,1]. 0

is equal to the logarithm of the Mahler measure of the polynomial f. In particular,
if we write the polynomial f in the form

= gF" ... "
f=akFy Fr,

where xi,. .., x, are distinct closed points of P}Q \ {0}, and a € Q*. Then one has

/ In|f(e*™ )| ds =Inla| + » r;jInH(x;).
[0.1]. —

J

Therefore one has

‘/an | flo v(dw) = i(—rj) In H(x;) + Z In|al, +/ . In|f(e¥™")|ds = 0.
J=1 *

peP [0,

Hence (K, (Q, A, v), ¢) is a proper adelic curve.

This example of proper adelic curve is much less classic and may looks artificial.
However, it is actually very natural from the Arakelov geometry point of view. In
fact, one can consider Q(7) as the field of the rational functions on the arithmetic
variety ]P’% := Proj(Z[X,Y]) with T = X/Y. Then the relation
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Yo e K*, /ln|<p|wv(du))=0
Q

can be interpreted as
deg(c1(Op1 (1), 1D - (¢)) = 0,

where ||-|| is the continuous Hermitian metric of Opi (1) given by

laé; + bés|

laX +bYI6 < &) = oo s

and (¢) is the arithmetic divisor associated with the rational function ¢. The integrals
of In ||, on Q, P and I, correspond to the horizontal, vertical and Archimedean
contributions in the arithmetic intersection product, respectively.

3.2.6 Polarised arithmetic variety

The previous example treated in Subsection [3.2.5] can be considered as a very
particular case of adelic structures arising from polarised arithmetic varieties. Let K
be a finitely generated field over Q and d be its transcendental degree over Q. Let k
be the set of all algebraic elements of K over Q. Note that k is a finite extension over
Q. A normal model of K over Q means an integral and normal projective scheme X
over Q such that the rational function field of X is K.

For simplicity, the set of all C-valued points of Spec(K) is denoted by K(C), that
is, K(C) is the set of all embeddings of K into C. Let X be a normal projective model
of K over Q, namely X is an integral normal projective Q-scheme, whose field of
rational functions identifies with K. Let Spec(K) — X be the canonical morphism.
Considering the composition

Spec(C) — Spec(K) — X,

we may treat K(C) as a subset of X(C). Note that

K(© =Xx@©)\ | r@©),

YcX

where Y runs over all prime divisors on X. Indeed, “C” is obvious. Conversely, let
x € X(C) \ Uycx Y(C). Then, for any f € K*, f has no zero and pole at x as
a rational function on X(C), so that we have a homomorphism K — C given by
f = f(x), as required. Note that the restriction to K(C) of the Zariski topology on
X(C) does not depend on the choice of X. In fact, for any non-empty Zariski open
set U of X, K(C) is a subset of U(C), so that if X’ is another normal model of K
over Q and U is a common open set of X and X’, then K(C) is a subset of U(C). For
x € K(C), we set || := |ow(-)|, where oy is the corresponding embedding K «— C.
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Let Ok be the ring of integers in k. For any maximal ideal p of O, let v, be the
absolute value of k given by

vp(+) = #(Op [p) 0,

Let k, be the completion of k£ with respect to v,. By abuse of notation, the natural
extension of v, to k, is also denoted by v,. Let X be a normal projective model of
K, Xy := X Xspec(k) Spec(kp) and h : X, — X be the natural projection. Let X" be
the analytification of X, in the sense of Berkovich [9]. For x € Xé‘“, the associated
scheme point of X, is denoted by p,. We say that x is a generic point of X" if h(p.)
is the generic point of X. The set of all generic points of X;" is denoted by K3". If U
is a non-empty Zariski open set of X, then K;" C Uj", so that K" and the Berkovich
topology of Ki" do not depend on the choice of the model X. Moreover, as before,
we can see that

K;.H = X;n\ U Ypan’

Ycx

where Y runs over all prime divisors on X. For x € K", the corresponding seminorm
|-]x induces an absolute value of K because K is contained in the residue field of X
at p,. By abuse of notation, it is also denoted by |-|.

The Zariski-Riemann space ZR(K/k) of K over k is defined by the set of all
discrete valuation rings O such that k € O C K and the fraction field of O is
K. For O € ZR(K/k), the associated valuation of K is denoted by ordp. We set
|-lo := exp(-ordo(-)).

Let QI := ZR(K /k), Q" := K, Q® := K(C) and

=0, u || oruos
peMax(Oy)

where Max(Oy) is the set of all maximal ideals of Oy. Let ¢ : Q — Mg be the
map w +— |-|,,. Here we consider the o-algebra A on Q generated by the discrete
o -algebra on Qfgié‘om, the Borel o-algebra on Qg‘“ with respect to the topology of K"
for each p € Max(0Oy), and the Borel o--algebra on Q* with respect to the topology
of K(C). In order to introduce a measure on (Q, A), let us fix a normal model X of

K and nef adelic arithmetic R-Cartier divisors

Dy = (Dy1,81),....Dq = (Da,ga)

of CO-type on X (for details of adelic arithmetic R-Cartier divisors, see [113]]). The
collection (X; Dy,...,Dy) is called a polarisation of K. Let XV be the set of all
prime divisors on X. The Radon measure on Xi" given by

o (fe\gp((Dl,gl,p) <+ (Dg,8ap); ¢)

is denoted by up, g, ,).....(D4.ga,)- A measure v on Q is defined as follows: v on

Qg;‘om is a discrete measure given by
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V({O}):{geg(Dl Dy (F,O)) if O = Ox r forsome I' € X'V,

otherwise,

y on Qfi" is the restriction of 2U(D, g1 2).....(Da.ga.) 0 K", and v on Q% is given by
2¢1(D1,81.00)A. . . Ac1(Dd, 8d,o)- Then (K, (Q, A, v)) yields a proper adelic structure
of K. Indeed, for each f € K*, the product formula can be checked as follows:

[ miflov@o) = 3 ~ordr(r)deg (BB r,0)

rex®

2
+ Z ./Kun In|f] dlu(Dlagl,p),---a(Ddsgd,v)
K

peMax(Oy)

+/ In|f1>c1(D1,81.00) A - . . A c1(Das 8a,o0)-
K(C)

For a proper subvariety of ¥ of X, ¥;" and Y(C) are null sets with respect to the
MEASUTeS (D, g, ,),....(Da.ga.,) AN €1(D1,81,00) A ... Ac1(Da, 8d,), respectively. In
addition, we have only countably many prime divisors on X. Therefore, the above
equation implies

[ sl vide) = ~deg (B Ba - (1))
Q

2
+ Z / In|fI"dup, g, ,).....04.8a.)

peMax(Oy) X"

t [ mifPaDgi) A A Daga)
X(C)
On the other hand,

Ozd/e\g(ﬁ]"-Dd-(’f\))

=deg[Di---Dy-|(f) Y, —InlfPp]-In|f[e]

peMax(Oy)

= deg (D1 Da~ ((),0))

2
_ Z /an In|f1"dpp, g ,),....(Da2a.)
peMax(0y) ¥ X»

- / In|f1*c1(D1,81.00) A - - - A c1(Das 8,o0)s
X(C)

as desired. . .
This proper adelic structure is denoted by S(X; Dy,...,Dg).
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3.2.7 Amalgamation of adelic structures

Let K be a field,
(QAV),¢:Q— Mg) and ((Q,A",V),¢" : Q" — M)
be two adelic structures on K. Then the disjoint union of measure spaces
QA V)T (Q, A",V

together with the map @ : Q I Q’ — Mg extending both ¢ and ¢’ form also
an adelic structure on K. If S and S” denote the adelic curves (K, (Q, A, v),$) and
(K, (Q,A",v'"),¢’) respectively, then we use the expression S II S’ to denote the
adelic curve

(K,( QA ) L(Q,A",V),D),

called the amalgamation of the adelic curves S and S’. Similarly, one can define the
amalgamation for any finite family of adelic arithmetic structures on the field K.
Note that if S and S’ are proper, then S LI S’ is also proper. In fact, for any a € K*
one has

/ln lale v(dw) + / In |al, v'(dw) = 0.
Q Q

3.2.8 Restriction of adelic structure to a subfield

Let S = (K,(Q,A,v), ) be an adelic curve and let Ky be a subfield of K. Let
¢o : Q — Mk, be the map sending w € Q to the restriction of |-|,, to Kp. Then ¢g
defines an adelic structure on Ky, called the restriction of the adelic structure of S to
Kp. If S is proper, then its restriction to Ky is also proper.

3.2.9 Restriction of adelic structure to a measurable subset

Let S = (K, (Q, A,v),¢) be an adelic curve and )y be an element of A. Let A\ be
the restriction of the o-algebra A to Qg and vy be the restriction of the measure to
Q. Then (K, (Qo, Ao, vo), #la,) is an adelic curve, called the restriction of S to Q.
Note that this adelic curve is not necessarily proper, even if the adelic curve S is
proper.
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3.3 Finite separable extensions

Let S = (K, (Qk, Ak, vk ), k) be an adelic curve. Let K’/ K be a finite and separable
extension. For each w € Qg, let Mk~ ., be the set of all absolute values on K’ which
extend the absolute value |-|, on K. Let Qg be the disjoint union

One has a natural projection mg//x : Qg — Qg which sends the elements of
Mk o, to w. Let ¢pxr 1 Qg+ — Mg be the map induced by the inclusion maps
Mg, — Mg If x is an element of Qg-, we also use the expression |-|, to denote
the corresponding absolute value. Note that the following diagram is commutative

K’ |K
Qg —— Qg

o Jox

Mg ——> Mk

WK'|K

and identifies Qg with the fibre product of Mk and Qg over Mk in the category
of sets, where wg x sends any absolute value on K’ to its restriction to K. We
equip the set Qg+ with the o-algebra Ay generated by 7k x and all real-valued
functions of the form (x € Qg/) +— |a|y, where a runs over K’. Namely it is the
smallest o"-algebra on Q- which makes these maps measurabld] where we consider
the o-algebra Ak on Qg and the Borel o-algebra on R.

We aim to construct a measure vg- on the measurable space (Qg-, Ak-) such that
the direct image of vg+ by mg/x coincides with vk. Note that on each fibre Mg,
of mg+/k there is a natural probability measure Pg- ., such that

[K; : Ko]
v Mg o, Pkrow = ——. 3.2
X € M, Preol() = s (3:2)
We refer to [117] Chapter II, Corollary 8.4 for a proof of the equality
Ky : K]
— =1 33
Z [K’: K] (3.3)

XEMK’,(u

Intuitively the family of probability measures {Px’ ., }wecq, should form the disin-
tegration of the measure vk with respect to vx. However, as we will show below,
the construction of the measure vk relies actually on a subtil application of the
monotone class theorem and the properties of extensions of absolute values.

A map f : X’ — X of measurable spaces (X', A’) and (X, A) is said to be measurable if
f(B) e A forall B € A.
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3.3.1 Integration along fibres

If f is a function on Q- valued in R, we define Ix+/x (f) to be the function on Qg

which sends w € Qg to
>, [[ : ‘“]]f(x)

X€EMkr

This is an R-linear operator from the vector space of all real-valued functions on
Q- to that of all real-valued functions on Qg. The equality (3.3)) shows that g+ /x
sends the constant function 1 on Qg to that on Q. The following properties of the
linear operator /g g are straightforward.

Proposition 3.3.1 Let f be a real-valued function on Qg+ and ¢ be a real-valued
function on Q. Let ¢ = ¢ o mg+ k. Then

Ik ik (@f) = el k (f)-

Proof By definition, for any w € Qg one has

(k@) @) = ), e Kol 5 o)

xEMK/' [K/ ]
-y .
XEMK/Y

Proposition 3.3.2 Let K" /K’ /K be successive finite separable extensions of fields.
Let f be a real-valued function on Qg+ and f = f o wgn ks, where ngn g : Qgn —
Qg sends any absolute value in Qg ,, to its restriction to K’, viewed as an element
in Qg , (w € Qg ). Then one has

Ixr ik (F) = Ik (f). 34
Proof For any w € Qk, one has

K//.K]

(I (D) @) = )]

YEMKn

(K7 < K2 IKL: Kol
= . ’ /. f(x)
xe}%’,w yEIWZK:”,w [K K ] [K ]

ylgr=x

which can also be written as

K. : K] K} : K]
XGMKr’w ’ yeMK”,w ’
yIkr=x
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Therefore the desired equality follows from the relation

2.

YEMKr
Ylgr=x

[Ky: Ky
[K”:K']

Corollary 3.3.3 Let ¢ be an Ag-measurable function on Qg. One has
Ix k(@ ok ik) = .

Proof 1t suffices to apply the previous proposition to the successive extensions
K’/K /K and then use the fact that /g /k is the identity map to obtain the result. O

3.3.2 Measurability of fibre integrals

The following theorem shows that the operator I+ x sends an Ak -measurable func-
tion to an Ag-measurable function. This result is fundamental in the construction
of a suitable measure on the measurable space (Qg+, Ak’).

Theorem 3.3.4 For any real-valued Ak -measurable function f, the function
Ix )k (f) is Ak -measurable.

Proof Step 1: We first prove that, if a is a primitive element of the finite separable
extension K’/K (namely K’ = K(a)) and if f, is the function on Qg sending
x € Qg to |aly, then the function Ix+/k (f,) is Ax-measurable.

Let K?® be an algebraic closure of K containing K’. For each w € Qg, we extend
the absolute value ||, to K via an embedding of K into an algebraic closure
KX of K,,. We still denote by |-, the extended absolute value on K* by abuse of
notation.

Lemma 3.3.5 Let d € Ny and {ay,...,aq} be a finite family of distinct elements
in K*. For any w € Qg, one has

1
~
max |a;jl, = limsup ZQ’IN . 3.5)
je{l,...d} - N—+oo [T w
Moreover, for any separable element ¢ € K*, the function
(weQg)r—  max |7(c)lo
T€Autg (K*)
is Ag-measurable. O

Proof First of all, by the triangle inequality one has
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d 1
N
a/lN < dl/Nmax{|al|w,...,|a/d|w}.
i=1 w
Therefore
d %
max{|ai|w,- - |¥ile} = limsup ZalN
N—>+o00 im1 w
Without loss of generality, we can assume that
lat|w = ... = laclo > laciilw > .. > |adlw,

where £ € {1,...,d}.Fori € {1,...,£},let B; = @;/a;. One has B; = 1 and

Bilw = ... =1Belw = 1.
For any integer N > 1, one has
BN 1ot pN 11 1l BN
1 ' ¢ ~ B ... B, 1
Nel-1 N+£-1 Do N
++ _ _
B B, B g B,

Let . K= be the completion of K* with respect to |-|,,. We equip the vector space
(K*¢)¢ with the following norm

V(.. ze) € K, Nz ozo)ll = max |zl
ie{l,....l}
Then the vector (ﬂ{v s ﬁ?’ ) has norm 1 with respect to ||-||. Moreover, the Vander-
monde matrix above is invertible since 81, . ., B¢ are distinct. Therefore the norm of

the vector
4 4
N N+6-1
(St
i=1 i=1

is bounded from below by a positive constant which does not depend on N, which
shows that the sequence

, NeN,N=>1

w

d
=1

)

does not converge to zero when N — +co. This implies that

1

d €1
N
Dlal| > lail, = max{lail, . - leak}

lim sup ;
i=1

N —+o00

w

The equality (3.3) is thus proved.
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We now proceed with the proof of the second statement. Let

79 - 4T v+ (=14 € K[T]

be the minimal polynomial of ¢ over K, and a4, . ..,aq4 be its roots in K. Since ¢
is a separable element, these roots are distinct. By definition, for k € {1,...,d} one
has

(i1semri)€{1L,.d }*

By the fundamental theorem on symmetric polynomials (see for example [S5, §10-
11]), if F is a polynomial in K[Xj,...,Xy] which is invariant by the action of the
symmetric group Sy by permuting the variables, then there exists a polynomial
G € K[T,...,T,] such that

F(a/l,. . .,ad) = G(/l], ce ,ﬂd).
In particular, one has F(«j,...,aq) € K and hence the function
(we Q) +— |Flay,...,aq)lw

is Ag-measurable. For any N € N, N > 1, the sum Zflzl alN can be written as a

symmetric polynomial evaluated at (@, . . ., @), thus the function

d

N
2.
i=1

is Ag-measurable. Combining this observation with the equality (3.5), we obtain
that the function

(a)GQ[()I—>

w

w € Qg) — max |7(c = max |
( K) TeAutK(K““‘)| ( )|a) ie{l d}| l|w

is Ag-measurable. O

We now continue with the proof of the statement that the function /g x is Ak-
measurable. Let {yy,...,y,} be the orbit of a under the action of Autg(K*°). For

any w € Qg, let (sy(w),...,s,(w)) be the array (|Yil|w,--.»|¥nlw) sorted in the
decreasing order. Let k be an arbitrary element of {1,...,n}. For any w € Qg, one
has
si(w) - sp(w) = max max  |t(yi Vi )lw-
(w) (w) i max n}kreAmK(KaC)l iy Yi)lo
[1<...<lp

By Lemma@], we obtain that the function sy - - - sg is Ag-measurable. Therefore
all the functions sy, . . ., s, on Qg are Ag-measurable. In particular, if f; : Qg - R
is the function sending x € Qg- to |a|,, where a is the primitive element of the finite
separable extension K’/K fixed in the beginning of the step, then for any w € Qg
one has (we refer the readers to [117, page 163] for the second equality)
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K, 1 K]
()@= 3 el - Z ik = & Z si(w),
xXEMkr o i=1

which implies that Ix+/k (f.) is Ag-measurable.

Step 2: We then prove that, for any element b € K’, the function Ix//x (f5) on Qg
is Ag-measurable, where f;, denotes the function on Qg+ sending x € Qg to |b|y.

We consider the sub-extension K(b)/K of K’/K. It is a finite and separable
extension of K and b is a primitive element. Let g be the function on Qg3 sending
y € Qg p) to |b]y. One has

Jfo = 8ok IKk(b)s

where the map g/ k() : Qx» — Qk(») is defined as in Proposition[3.3.2] By (3.4),
one obtains
Ik 1k (fo) = Ixkw)k (8)-

By the result obtained in Step 1, the function /(1) x(g) on Qg is Ak -measurable.
This proves the measurability of the function Ix+/k (f5).

Step 3: We are now able to apply the monotone class theorem to prove the
announced measurability property.

Let H be the set of all non-negative and bounded functions f on Q- such that
the function /x//x(f) on Qg is Ak-measurable. Note that the constant function
1 on Q- belongs to H since Ig+/x (1) coincides with the constant function 1 on
Qg. If f and g are two functions in H such that f > g, then f — g € H since
Ix ik (f—8) = Ik k() — Ix' k() is Ak -measurable. Moreover, Proposmon_
shows that, if f and g are two functions in H, and ¢ and ¢ are two non-negative and
bounded Ag-measurable functions on Qk, ¢ = ¢ o mg/x and lz =y o gk, then
the function &1 + ¢ g belongs to H since

Ik x(f +¥g) = oIk k(f) + ¥k k(8)

is Ag-measurable. Finally, the operator /g g preserves pointwise limit. Therefore,
if {f}nen is a uniformly bounded sequence of functions in A which converges
pointwisely to a function f, then one has f € H. These properties show that H is a
A-family (see Definition[A.T.1)) on Q.

Let C be the set of all non-negative and bounded functions on Qg+ which can
be written in the form f,¢, where b is an element of K’, ¢ is a non-negative and
bounded Ak -measurable function on Q, and ¢ = ¢ o 7g//k. Note that if b and
b, are two elements of K’ then one has

fblbz = fb]be'

Therefore the family C is stable by multiplication. By the result obtained in Step 2
and Proposition[3.3.1] we obtain that C C . The monotone class theorem (Theorem
then implies that the family ¥ contains all non-negative and bounded o(C)-
measurable functions. Finally, any non-negative o(C)-measurable function on Qg
can be written as the limit of an increasing sequence of non-negative and bounded
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o (C)-measurable functions, and any real-valued o(C)-measurable function is the
difference of two non-negative o-(C)-measurable functions. Therefore, for any real-
valued o (C)-measurable function f, the function I,k (f) is Ax-measurable.

Step 4: 1t remains to prove that the o -algebras o(C) and Ak~ are the same.
Clearly one has o(C) C Ak- since any function in C is Ag--measurable. To prove
the equality it suffices to show that any function of the form f;, with b € K’ is
o (C)-measurable. Let

T+ i T™ 4o+ py, € K[T]

be the minimal polynomial of b over K. Then for any w € Qg and any x € Mg/ 4,
one has

|b|x < m'max{1a|ﬂ1|ww~,|ﬂm|w} (36)

since otherwise one should have

|1 | | tm | il
1> +-- = —,
b1 b1 Zl bl
which contradicts the equality
pm = _’ulbm—l .

For any N € N, let Ay be the set
{we Qg : max{|uiw,. ... Umlo} < N} € Axk.

The relation (3.6) shows that the function f;, - (14, o 7k k) is non-negative and
bounded. Hence it belongs to C. Finally, since

fo = Nllnlmfb “(lay © mxr/k),

we obtain that the function f}, is o-(C)-measurable. The theorem is thus proved. O

3.3.3 Construction of the measure

In this subsection, we describe the construction of a suitable measure on the measur-
able space (Qk, Ak-) to form an adelic structure on K’ and prove some compatibility
results.

Definition 3.3.6 We denote by vk : Ag: — R, U{+co} the map defined as follows:
YAe Ak, VKf(A) = / IK'/K(HA)dVK.
Qg

By Theorem [3.3.4] this map is well defined.
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Theorem 3.3.7 (1) The map vk is a measure on the measurable space (Qg', Ak)
such that, for any non-negative Ak -measurable function f on Qg one has

Fave = [ heptnan. G.7)
Qs Qx

(2) A real-valued Ak -measurable function f on Qg is integrable with respect
to vk if and only if Ix k(| f]) is integrable with respect to vi. Moreover, the
equality also holds for all real-valued A} -measurable functions on Qg
which are integrable with respect to vi-.

(3) The direct image of the measure vi: by the measurable map ng /x coincides
with vk, namely for any real-valued Ax-measurable function ¢ on Qg which
is non-negative (resp. integrable with respect to vk ), the function ¢ o ng:/k is
non-negative (resp. integrable with respect to vk+), and one has

(pomgk)dvig = / pdvk. (3.8)
K’ QK

4 S" = (K',(Qk/, Ak, vk’ ), Px’) is an adelic curve.

(5) For b € K’ \ {0}, one has

[K': K] / In|bly dvg: = / In [Nir/k (b)]ey dvc, (3.9)
Qper Qx

where N+ i (b) is the norm of bwith respect to the extension K' [ K. In particular,
if S is proper, then S’ is also proper.

Proof The operator /g preserves pointwise limits. Therefore, if {A,} e is a
countable family of disjoint sets in Ak and if A = (J,, iy An, One has

vk (A) :/Q Ixjx(14) dvg =/ Z Ik k(a,,) dvg = Z v/ (An),

K neN neN

where the last equality comes from the monotone convergence theorem.

The set of all non-negative and bounded Ak -measurable functions f which
verify the equality (3.7) forms a A-family. Moreover, this A-family contains the set
of all functions of the form 14 (A € Ak-), which is stable by multiplication. By
Theorem[A.T.3] we obtain that the equality actually holds for all non-negative
and bounded Ak -measurable functions, and hence holds for general non-negative
Ak -measurable functions by the monotone convergence theorem again.

[2)| The equality (3.7) clearly implies that a real-valued Ag--measurable function
f on Q- is integrable with respect to vk if and only if Ix:/k (| f]) is integrable
with respect to vg. Moreover, if f is a real-valued Ak -measurable function on Q-
which is integrable with respect to vk, then the equality applied to max(f,0)
and — min( f,0) shows that
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max(f,0)dvg =/ Ixr/x(max(f,0)) dvg
Qg Qx

and
(=min(f,0))dvg: = / Ix: k(= min(f,0))dvg.
Qg

Qx/

Since these numbers are finite, the difference of the above two equalities leads to
fdvk = / Igk (f) dvk.
Qg Qx
[3)|By the two assertions proved above, one has
/ (pomgk)dvg = / Ix k(@ o mgrjk) dvg.
Qg Qg

By Corollary[T.2.33] one has
Ix k(¢ oMk jk) = ¢

Thus we obtain (3-8).

[(4)|Let b be an element in K’ \ {0} and f}, be the function on Q- sending x € Q-
to |b|x. Let A = Nk, k() be the norm of b with respect to the extension K’/K. For
any w € Qg one has (see [[117] Chapter II, Corollary 8.4 and page 161)

KK,
[T 18555t =k,

XEMkr o

which implies that

Ixx(In fp,) = In f3, (3.10)

1
[K’: K]
where f) is the function on Qg which sends w € Qg to |1],.

Let Qg o be the set of all w € Qg such that |-|,, is an Archimedean absolute
value. By Proposition this is an element of Agk. Similarly, let Qg o be
the set of all x € Qg such that the absolute value |-|, is Archimedean. One has
Q.0 = ﬂ,‘(l,/K(QK,OO). We will prove the integrability of In f;, on Qg \ Qg o and
on Qg «, respectively. For this purpose we use a refinement of the method in the
Step 4 of the proof of Theorem [3.3.4]

Let

T 4+ T 4+ € K[T]

be the minimal polynomial of b over K. Then for any w € Qg \ Qk « and any
x € Mg’ ,, one has
|b|x < maX{L |l’l1|a), ] |/1m|w}

Otherwise one should have
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max |Ni|m> max |,ui|fu.
ie{l,...m} |blx i€{l,com} |b|L

However, the equality
B = —p b = =

implies that

bl < max il - 1BV
ie{l m}

.....

which leads to a contradiction. Therefore, if we denote by g the function
w +—> max{0,In |u|w,. .. In|mlw} 3.11)

on Qg, then In f;, is bounded from above by g o mg//x on Qg \ Qg . Moreover,
by the definition of adelic curves, the functions w + In |y;|,, is integrable for any
i € {1,...,m}, hence also is the function g. The function

(g © ﬂ-K//K —In fb)IlQKI\QK/Ym

is non-negative, and

Ix k(8 o ik — In fip) Moo )

= (Ixr/k (g © mxryx) = Iy (In fpy)) Tog\op
1
= (g TK K] In f/l) log\0x o

is an integrable function with respect to vx, where the first equality comes from
Proposition @ and the fact that /g g is a linear operator, and the second equal-
ity comes from Corollary [1.2.33] and (3.10). By the second assertion of the the-
orem, the function (g o mgx//x — In fp)lo,\,. ., is integrable, and hence also is
(In fo)logn0gr -

We now consider the Archimedean case. We assume that Q. is non-empty. Then
the characteristic of the field K is zero. In particular, it contains Q as its prime field.
Moreover, for any x € Mg’ ,,, one has

)

16y < m““) - max{L,|t1le, - . | ttmlo}s (3.12)

where «(w) is the exponent of |-|,, as a power of the usual absolute value on K, = R
or C. Otherwise one should have

1 1 1
N T P R B 1711
1 1 z i :
|,/ =T
However, the equality
bm = _Iulbm—l __/Jm

implies that
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61 < e IBI T |

since |-]/<) and |-|/*“) are absolute values on K’ and K respectively (which
extend the usual absolute value on Q). Therefore, the function In f;, is bounded from
above by (In(m)k +g) o g+ /k on Qk o, where g is the function defined in (3.11)), and
we have extended the function x on Qg by taking the value 0 on Qg \ Qg . Since the
function In(m)x + g is integrable, by the same argument as in the non-Archimedean
case, we obtain the integrability of the function In f, on Qg .

[(5)] follows from (3.7) and (3.10).

3.4 General algebraic extensions

Let S = (K, (Qk, Ak, vk), ¢k ) be an adelic curve. In this section, we consider the
construction of adelic curves from S whose underlying field are general algebraic
extensions of K.

3.4.1 Finite extension

Let K" be a finite extension of K and K’ be the separable closure of K in the field
K’’. By the result of the previous section, one can construct an adelic structure on
the field K’ which we denote by ((Qk/, Ak’, vk'), Px’)-

Note that K’ is a purely inseparable extension of K’ (see [29] Chapter V, §7,no.7,
Proposition 13.a). If ¢ is the degree of the extension K’/ /K’, then for any @ € K"
one has @9 € K’ (see [29] Chapter V, §5, no.1, Proposition 1). In particular, any
absolute value |-| on K’ extends in a unique way to K’’ and one has

YaeK”, |a|=|a?|'1, (3.13)

where |a| denotes the extended absolute value on K’ evaluated on «, and |a?|
denotes the initial absolute value on K’ evaluated on <. In other words, the sets
Mg and Mg~ are in canonical bijection. This observation permits to construct, for
any @ € K’ \ {0} the function

Qg >R, (x € Q) - Inlals

This function is clearly Ak -measurable since one has
1
Vxe€Qg, Inlaly=—Inla?|.
q

Moreover, it is also integrable with respect to vg- and one has
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1
/ In |a|, v/ (dx) = — / In |a?|y vk (dx). (3.14)
Qg q Qg
This fact shows that
(K", (Qk, Ak, vKr), dk7)

is actually an adelic curve, where we identify Mg, with Mg~. Note that the relation
(3.13) shows that Ak is also the smallest o-algebra on Qg+ which makes the canon-
ical projection map Qg» — Qg and the functions (x € Qg’) — |a|, measurable,
where @ € K.

Definition 3.4.1 We denote by S ® K’ the adelic curve
(K/,9 (QK!, ﬂK’a VK/)9 ¢K')

constructed as above, called the finite extension of S induced by the extension
of fields K" /K. We also use the expression mg~/x to denote the projection map
gk - Qxr — Qg described in the previous section. Similarly, we also use the
expression /g~ /k to denote the operator /- k . Note that Q}, identifies also with the
fibre product of Qg and Mk~ over Mk in the category of sets since Mg and Mg~ are
the same. Similarly, ¢ - identifies with the projection map from Qg = Qg Xpr, Mk~
to Mg» = Mg-. Note that if S is proper, then S ®k K’ is also proper (cf. (3.14) and

Theorem ).

In the following, we will prove that the above construction of adelic curves is
compatible with successive finite extensions. The lemma below is important for the
proof.

Lemma 3.4.2 Let L/K be a finite extension of fields, ||, be an absolute value on K,
and |-|,, be an absolute value on L extending |-|,. Let K*¢ be the separable closure
of K in L. Then the completion K5 of K with respect to the absolute value ||,
identifies with the separable closure of K, in L,,.

Proof The case where |-|, is Archimedean is trivial since the characteristic of the
field K is then zero and hence K¢ = L. In the following, we assume that |-|,, is non-
Archimedean. We first prove that the extension K;°/K, is separable. Let @ € K*¢
be a primitive element (see [29] Chapter V, §7, no.4 Theorem 1 for its existence)
of the separable extension K*¢/K and let F be its minimal polynomial. Assume that
F is decomposed in K;°[T] into the product of distinct irreducible polynomials as
F = F;---F,. Since F is a separable polynomial, the same are the polynomials
Fi,...,Fy. For any extension |-|,, of the absolute value |-|, to K*, there exists an
index i € {1,...,m} such that Ki° = K,[T]/(F;) (see [117] Chapter II, Propositions
8.2 and 8.3). Therefore the extension K;{ /K, is separable.

In the following, we prove that the extension L,, /K;S is purely inseparable. Note
that L,, = K, (L) = K;°(L). Since the extension L/K* is purely inseparable, we
obtain that the extension L,, /K;S is also purely inseparable since it is generated by
purely inseparable elements (see [29] Chapter V, §7, no.2, the corollary of Propo-
sition 2). By [29] Chapter V, §7, no.7, Proposition 13.c, we obtain that K} is the
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separable closure of K, in L,, since K;°/K, is separable and L,,/K;S is purely
inseparable. O

Remark 3.4.3 Let K" /K be a finite extension of fields and denote by
(K//, (QII, ﬂ/l, Vl/)’ ¢//)

the adelic curve S ®x K". The above lemma allows to write the operator Ig» /g in
the following form: for any real-valued A’ -measurable function f on Q"

[KY = Kols

R

VweQk, Uk k(f)w)= Z

XE€EMgr

where for any finite extension L, /L; of fields, the expression [L; : L], denotes the
separable degree of the extension L, /L.

Proposition 3.4.4 Let K, /K| /K be successive finite extensions of fields. If
(Qk, Ak, vk ), $x)
is an adelic structure on K and S is the corresponding adelic curve, then one has
(S ®k K1) ®k, K2 = S ®k K».
Moreover, one has
7K, /K © Ky /K, = 7Ky /K> 1k /k © Iko k= 1KoK (3.15)
where we have used the conventions of notation described in Definition[3.4.1]

Proof We denote by (K1, (Q1, A1, v1), ¢1) and (K2, (Q2, Az, v2), ¢2) the adelic curves
S ®k K1 and § ®k K, respectively. First of all, set-theoretically one has

Q2 = U MKz,w = U U MKz,x = ]_[ MKz,x,

weQg wW€eQK xeEMk 0 xeQ

and hence
TK,/K = 7K, /K © 7K, /K,

Moreover, if f is a real-valued function on Q,, by Lemma [3.4.2] and Remark [3.4.3]
for any w € Qg one has

_ [KZ,y : Kw]s
(ko x (f)(w) = ng] TR
_ [Kix: Kols [K2,y DKy x]s _
= Z K KL, Z Wf()’) = Ik, kI, k, ()W),

xEMKI,w yEMKZ,x
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where in the second equality we have used the multiplicativity of the separable
degree (see [29] Chapter V, §6, no.5).

We then show that the map ng, k, is A-measurable. Since the o-algebra Aj is
generated by 7y, /x and functions of the form f, : (x € Q) > |a|, witha € K, it
suffices to prove that the maps nx, /x © g, k, and f, o g, k, are Ap-measurable.
We have shown that g, /x © 7x,/k, = 7k, Kk, Which is clearly A,-measurable by
the definition of the adelic curve S ®x K,. Moreover, if a is an element in K,
then the map f, o 7k, /k, sends y € & to |al,. Hence it is also A,-measurable. In
particular, the o-algebra A, contains the o-algebra A in the adelic structure of
(S ®k K1) ®k, K>, namely the smallest o-algebra which makes the map 7, /k, and
all functions of the form (y € Qk) + |a|, measurable, where « runs over K5.

From the equality g, /kx © 7k,/k, = 7k,/k We also obtain that nl_{i/K(ﬂK) is
contained in ”1}1 e (A1), and thus is contained in A since 7k, /k, is A;-measurable.
Since A is the smallest o-algebra on Q; which makes the map ng,,;x and all
functions of the form (y € Qk) + |a|y, measurable, we obtain that A, < AJ.
Combining with the result obtained above, we obtain that the o--algebras A and A,
coincide.

Finally, the relation I, /x © Ix,/k, = Ik,/x shows that the measure v, coincides
with the measure in the adelic structure of the adelic curve (S ®k K1) ®k, K>. The
proposition is thus proved. O

3.4.2 General algebraic extensions

We now consider an algebraic extension L of K which is not necessarily finite. Let
&1k be the set of all finite extensions of K which are contained in L. This set is
ordered by the relation of inclusion. Moreover, it is also filtered in the sense that, if
K and K, are two finite extensions of K which are contained in L, then there exists
a finite extension K3 € &7k such that K3 2 K; U K».

By the result obtained in the previous subsection, for each element K”” in &7, /K> WE
can equipped K’ with a natural adelic structure induced from the adelic structure of
S, as described in Definition [3.4.1] We denote by ((Qk~, Ak~, vk~), ¢x~) this adelic
structure. Moreover, Proposition [317{] shows that, for successive finite extensions
K> /K, /K of the field K which are contained in L, there exist a natural projection

ﬂK’Z/Kl : (QKZ"%KZ) — (QK]’ﬂKl)

together with a disintegration operator I, /k, from the vector space of all real-
valued Ak, -measurable functions on Qg to that of all real-valued Ak, -measurable
functions on Qg , which sends v, -integrable functions to vk, -integrable functions.
These data actually define a functor from a filtered ordered set to the category of
measure spaces. Intuitively one can define an adelic structure on L whose measure
space part is the projective limit of this functor. However, the projective limite in the
category of measure spaces does not exist in general (the product of infinitely many
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measures need not make sense). Therefore more careful treatment is needed for our
setting of projective system of finite extensions of adelic curves. Our strategy is to
construct the fibres as projective limits of probability spaces, which always exist.

For any w € Q, let My, be the set of all absolute values on L which extend |-, .
Let Q;, be the disjoint union of all My, ., with w runs through Qg. In other words,
Qy is the fibre product of Qg and My, over M. The inclusion maps My, — My,
define a map from Qy to My which we denote by ¢;. Moreover, for any extension
K" € &1k and any w € Qg, one has a natural map from My , to Mk~ ,, defined by
restriction of absolute values. These maps induce a map from Qj to Qg» which we
denote by mrp g~. If x is an element of Qg~, we denote by My , the set of absolute
values on L which extends [-|.. It identifies with the inverse image of {x} by 7 /k~.
If K; € K are extensions in &7/, then one has

TL/K; = TK>/K; © TL/K,- (3.16)
Proposition 3.4.5 For any K" € &k, the map ny jg» : Qp — Qg is surjective.

Proof Let x be an element in Qg~. The absolute value |-|,, extends in a unique way
to the algebraic closure (K;)* of K}/ (see [117] Chapter II, Theorem 4.8). Therefore,
if we choose an embedding of L into (K}')*°, then we obtain an absolute value on L
which extends |-|y. O

Similarly to [65) Lemma 2.1], the set €y described above gives an explicit
construction of the projective limit of the projective system {Qk~}k~es, . in the
category of sets, where {7y k" }k7es, jk are universal maps. In fact, any absolute
value on L is uniquely determined by its restrictions on the subfields in &7 k.
We equip Q; with the o-algebra Ay generated by the maps 77/~ (namely the
smallest o-algebra which makes all maps 77 ;x~» measurable) where K’’ runs over
&1/k- Thus (Qr,Ar) identifies with the projective limit of the projective system
{(QK//,.?IK//)} K"ebpx in the category of mesurable spaces.

Let w be an element in Q. We equip My, ., with the smallest o-algebra Ay .,
such that the restriction of 7y /x» to My ,, is measurable for any K”* € &7k, where
we consider the discrete o-algebra on Mg~ ,, = ﬂl’{',, / x{w}). Let Vp , be the set of
all real-valued functions on Q7 which can be written in the form f o (77,k~|m, )
where K" is an element of &7k, and f is a function on Mk~ ,,. Let

Injkw:Ve,w —R

be the map which sends any function of the form f o (7 x~|nm, ) to the integral

/ £ dPre o, 3.17)
MK",u)

where K is the separable closure of K in K", and Px-,, is the probability measure
on Mg, defined in (3.2). Similarly to (3.13)), the fibre integral is compatible with
successive finite extensions of the field K and the map Iy ;x ., is well defined since
the value of the integral does not depend on the choice of the field K”" upon
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which we write the function in V7 , as the composition of a function on Mg~ ,, with
Lk My -

Proposition 3.4.6 The set Vi, forms an algebra over R with respect to the composi-
tion laws of addition and multiplication of functions, andthe map Iy jx «, : VLo — R
is an R-linear operator. Moreover, it induces a probability measure on the measur-
able space (ML, (., AL.w)-

Proof The first assertion comes from the fact that the set &7k is filtered, which
implies that any finite collection of functions in V ,, descend on the same space
Mk»r o,, where K" € &7 k. In particular, the family O of subsets A € My, such that
14 € VL, is an algebra (of sets), which generates Ay, as a o-algebra. Moreover,
themap Py, : D — R, whichsends A € D to I jk ,(14)is an additive functional.
Clearly it sends My ,, to 1.

The o-algebra Ay, is actually the Borel algebra of the projective limit topology
on My ., (namely the most coarse topology on My ,, which makes all maps 7y /g~
continuous, where K” € &7 /k). This topology also identifies with the induced
topology on My, ., viewed as a subset of [[pc s, x MF.0 (equipped with the product
topology), where on each set Mg, we consider the discrete topology. Note that
My ., is actually a closed subset of this product space since it is the intersection of
closed subsets of the form

Wkr = {(XF)Fe&/K € 1_[ Mp o @ mgrjp(xgr) = xp for F C K"}~
FEéDL/K

Therefore, by Tychonoff’s theorem, we obtain that My ,, is actually a compact
topological space. Moreover, any set in 9 is open and closed since it is the inverse
image of a discrete set by a continuous map. Therefore, the sets in 9 are open and
compact. As a consequence, if {A,},en is a sequence of disjoint sets in 9 whose
union also lies in D, then for sufficiently large n one has A,, = @. Hence the function
Pr.w : D — R, is actually o-additive. By Carathéodory’s extension theorem, the
function Py, extends to a Borel probability measure on (My, ., AL ) such that

It x,0(f) = / fdPL -
ML,a)

The proposition is thus proved. O

Remark 3.4.7 Let V. be the vector space of all real-valued functions f on Q; which
can be written as g o 7 /x~, where K" /K is a finite extension which is contained in
L. Then the above construction leads to a linear operator Iz /x from V to the vector
space of all real-valued functions on Q, sending f € VL, to the function

(w e Q) — Iko(flme.,)

Clearly, if g is a real-valued function on Q, then I7 /(g o 7z /k) = 8.
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The above proposition allows to define the fibre integrals for non-negative Ay -
measurable functions on Q..

Proposition 3.4.8 Let f be a non-negative Ay-measurable function on Q. For
any w € Qg, the restriction of f to My ., is AL, -measurable. Moreover, the
map Ik (f) from Qg to [0,+0co] which sends w € Qg to /ML f(x)PL.o(dx) is

Ak -measurable.

Proof Let H be the set of all bounded non-negative functions f on Qg such that
b |ML,w is AL -measurable for any w € Qg and that the map

( € Q) — /M £ PLo(d)

is Ax-measurable. Then H is a A-family of non-negative functions on Qj, (see
Definition [A.T.T). Moreover, the set H{ contains the subset C of all bounded non-
negative functions of the form g o 7y /x~, where K"’ is an element in &7 /k and g is
an Ag»-measurable function on Qg~. In fact, for any w € Qg, one has

/M om0 (X)) Pron(d¥) = ko (2)(@).

Since C is stable under multiplication, by the monotone class theorem[A.T.3|we obtain
that the family H actually contains all non-negative, bounded and o-(C)-measurable
functions. By definition, A, is the o-algebra generated by the maps nz g~ with
K" € &pjk. Therefore one has A; = o(C). Thus we obtain the result of the
proposition for bounded non-negative A, -measurable functions. For general non-
negative Ay -measurable function f, we can apply the assertion of the proposition
to the functions {min( f, n)}, en which form an increasing sequence converging to f.
Passing to limit when n goes to the infinity, we obtain the result for f. O

The above proposition allows to construct a measure vy, on the measurable space
(Qp, Ar) such that, for any subset A of Ay, one has

n= [ ([ 10FLu@o) o

For any non-negative Ay -measurable function f on ;,, one has

L s [ ([ soraa)an. 1)

We denote by Ir,x(f) the map from Qg to [0,+co] which sends w € Qg to
fML f(x)Pr (dx). More generally, for any Ay -measurable function f such that

I, K’(I f1) is a real-valued function, we define /1, (f) as the real-valued function

Ik (max(f,0)) = Ik (= min(f,0)).
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Note that, if f is of the form goxy /i~ where K" € &7k and g is an A~-measurable
function, then I,k (f) is always well defined, and one has

It k(g ompjkr) = Ixrjk(8)- (3.19)

With this notation, the equality (3.18) can also be written as
fdvp = / Ik (f)dvg. (3.20)
Qr, Qg

Thus we obtain the following result.

Proposition 3.4.9 An Ay -measurable function f is vi-integrable if and only if
Iy k(I f]) is vk-integrable. Moreover, Iy x defines a continuous linear operator
from LNQL, AL, vL) to LN Qk, Ak, vk), and the equality (3.20) also holds for
vy -integrable functions.

Note that the relations (3.19) and (3.20) also imply that, if g is a function in
LY (Qk, Ak, vk), then g oy k belongs to £1(Qp, Ay, vy), and one has

(gompk)dvy = / gdvk. (3.21)
QL QK
The following proposition shows that (L, (Qr, Ay, vy ), ¢1) forms an adelic curve.

Proposition 3.4.10 For any non-zero element a € L, the function
(z€Qp) — Inlal,
is Ay -measurable. Moreover, if S = (K,(Qk, Ak, vk), Pk ) is proper, then

(L,(Qr, Ar,ve), ¢1)

is also proper.

Proof Denote by g the function on Qj such that g(z) = In |a|,. We choose a finite
extension K" € &7k which contains a. Let f : Qg» — R be the function which
sends x € Qg to In|al,. Then f is an Ag~-measurable function on Qg~. Since
the function g identifies with the composition f o 7y k~, we obtain that g is Apg-
measurable.

We assume that S is proper. For any w € Qg, one has

I k(@) w) = Ik ,w(8) = Ik /k (f)(w).

Therefore we obtain

/ gdvi = / Iier () dvg = 0,
Q. Qg

where the second equality comes from Theorem [(D]and[(3)] m|
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Definition 3.4.11 Let S = (K, (Qk, Ak, vk),dk) be an adelic curve and L/K be
an algebraic extension. The adelic curve (L, (Qp, Ay, vr), ¢1) is called an algebraic
extension of S, denoted by S ®x L.

The following result, which is similar to Proposition[3.4.4] shows the compatibility
property of the algebraic extensions of adelic curves.

Theorem 3.4.12 Let S = (K, (Qk, Ak, vk), k) be an adelic curve and Ly /Ly /K be
successive algebraic extensions of fields. Then one has

(S®k Ly) ®r, L = S®k L. (3.22)
Moreover, the following relations hold

T K O T,/ = Tyks Ik oIy, = I, k- (3.23)

Proof Let(Ly,(Q, Ay, v1),¢1)and (Ly, (s, Az, v2), ¢2) be the adelic curves S®k L;
and S ®k L, respectively. First of all, set-theoretically one has

2 = D — 0, X — 2,X3
Q) = U My, U U My, UML

weQk weQK XEMLIVOJ xeQ

and hence
T /K = TTL /K O Ly /L, -

Moreover, for any extension K € &7,k themap ry, g, is Ar-measurable. Therefore
Ty, - 2 — € is an Ar-measurable map since the o-algebra A is generated
by the maps 7y, /k, with K] S éDL]/K.

We now proceed with the proof of the equalities (3.22) and (3.23) with the
supplementary assumption that the extension L, /L is finite. We first show that the
o-algebra A, coincides with that in the adelic structure of (S ®k L;) ® L, namely
the smallest o-algebra A on €, such that 77,7, and all functions of the form
(y € Q)  |aly are Aj-measurable, where a € L,. We have already shown that the
map 77,7, is measurable. Hence by proposition we obtain that A, C As.
Conversely, for any extension Kj € &7,k one has

MLy /Ky = TTL /K, © L, /Ly

and hence
ﬂz;/[(l (ﬂK1) = ﬂizl/Ll(”le/Kl (ﬂKl )) - ﬂZZI/LI(ﬂI) c ﬂé

If K> is an extension in &7,k , then Ky := K> N Ly € &1, /kx. Moreover, the o-algebra
Ak, is generated by mk,/k, and the functions of the form x — |al, on Qk,, where
a € K>.Notethat ry,/x, = 7r,/k, °71,/1, iS ﬂé—measurable, and forany a € K, the
composition of the function x — |a|, on Qg, with ;,,k,, which identifies with the
function y - |aly on Qy,, is also A)-measurable, we obtain that the map 7z, x, is



3.4 General algebraic extensions 197

actually A)-measurable. Since A; is the smallest o-algebra which makes all 17, /k,
measurable, where K, € &7,k , we obtain A, C ﬂé. Therefore one has A, = ﬂé.

It remains to establish the relation I, /x(Ir,/r,(f)) = Ir,/k(f) for any non-
negative A,-measurable function on Q5. By induction it suffices to treat the case
where [L, : L] is a prime number. Moreover, similarly to the proof of Proposition
by using the monotone class theorem, we only need to verify the equality
I, jx(Ur,y1, (f)) = I,k (f) for functions f of the form gony, /k,, where K> € &1, /x
and g is a non-negative Ag,-measurable function on Qg,. If K, belongs to &7, /k,
one has I,,1,(f) = g o 71, k,, and therefore

I, kU, () = Ik (8) = I,k (),

where the second equality comes from (3.19). Otherwise one has [K; : K] = [L; :
L] since [K> : K] divides [L; : L;] which is a prime number, where K| denotes
the intersection of K, with L;. Moreover, there exists an element a € K, such that
K> = Ki(a) and L, = Li(a). If a is totally inseparable over K}, then it is also totally
inseparable over L. Inthiscase I, 1, (f) = f = gony,/k, and therefore the equality

I, kU1, (f)) = I,k (f) also holds in this case.
In the following, we assume that the element a is separable over K;. Let

P(T)=TP +byTP' + -+ b, € Ky[T]

be the minimal polynomial of a over K. Since p is a prime number, and a ¢ L, we
obtain that it is also the minimal polynomial of a over L;. In particular, the element
a is also separable over L;. Let y be an element in &; and x = 77 /g, (y). Assume
that

P=P P,
is the splitting of the polynomial P in the ring K; [7] into the product of dis-
tinct irreducible polynomials. Then the polynomials Py,. . ., P, correspond to points
X1,...,% which form the set nl’{; / k, ({x}). Moreover, one has (sce (3:2) for the
definition of Pk, x)
deg(Pi)
P, x({xi}) = Y

Assume that each P; splits in L1 ,, into the product of distinct irreducible polynomials
as

Pi=0i1-Qin-
Then each factor Q; ; corresponds to a point y; ; in "Zl L ({y}) and one has
deg(Q; ;)
Pr,y(xij) = TJ

Therefore, if a non-negative function f on € is of the form g o 77, /x,, where g is a
Ak,-measurable function on Q,, then one has
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(., )0 = Y, 9, ZE 8L ) = S ) - (1) 0,

i=1 j=I

which shows that
I, 0, (f) = I, /K, (8) © 7, K, -

Therefore one has

I kU, () = I,k Uk, k,(8) © 7Ly k)
= Ik, kUK, k,(8)) = I,k (8) = I,k (f),

where the second and the last equalities come from (3.19). Thus we have established
the second equality in (3:23), which implies that the measure in the adelic structure
of (S®k L1)®r, Lo coincides with the measure v, in the adelic structure of S ®k Lj.
The theorem is then established in the particular case where [L; : L] is finite.

In the following, we will prove the general case of the theorem. Note that the
previously proved case actually implies that, for any finite extension L of Li, the
map 7y,/r» is Ar-measurable since the o-algebra Az~ in the adelic structure of
(S ®k L;) ® L” coincides with that in the adelic structure of S ®g L'/, which
is generated by the maps 7y~ /g~ with K" € &pr k. In particular, if we denote
by ﬂé the o-algebra in the adelic structure of (S ®k Li) ®r, L, then one has
A S Ap. Conversely, for any K> € &7,/k, one has np,/x, = mprjk, © Try1rs
where L” = LK, is an element in &7,,7,. Hence 77, k, is Aj-measurable. Since
K> € &,/ is arbitrary, we obtain that A, C AJ and hence A = AJ.

Again it remains to establish the equality I, /x(Ir,/r,(f)) = 11,/ (f) for any
non-negative Aj-measurable function f on €, which can be written in the form
8Om, /K, Where K» € &7, k. Let L” = KL1.Onehas L” € 6,1, andgomy,/k, =
g © /K, © 7r, 1. Therefore (3.19) implies

I, k(gomp,ik,) = 11 k(8 o mrrik,) = Ik, k (8).
Moreover, also by (3.19) one obtains

It kU, (8 0 ry/k,)) = Ik Uy, (8 © vy, © Tryyrr)))
= ILI/K(]LN/LI (go ”L/’/Kz)) = ILN/K(g o 7TL”/K2) = IKZ/K(g),

where the third equality comes from the proved case of finite extensions. Thus we

establish the relation I,k o Ir,/r, = Ir,yx which implies that the measure v,
identifies with that in the adelic structure of (S ®k L) ®;, L,. The theorem is thus
proved. O

Proposition 3.4.13 Let S = (K, (Qk, Ak, vk ), Pk ) be an adelic curve and L /K be an
algebraic extension. Let (L,(Qp, AL, vy),dr) be the adelic curve S ®k L. Then Ay,
is the smallest o-algebra making the canonical projection map rnpjx : Qp — Qg
and the functions (x € Qp) — |a|, measurable for all a € L.
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Proof By definition the projection map 7k is A-measurable. Moreover, by
Proposition[3.4.10] for any a € L, the function (x € Qr) — |aly is Ay -measurable.

Suppose that F is a map from a measurable space (E,E) to Qp such that the
composed map 77 /x o F and the functions (y € E)  |a|F(y) are measurable, where
a € L. We will show that F is measurable if we consider the o-algebra Ay on Q.
This implies that Ay is contained in the smallest o-algebra making the canonical
projection Q;, — Qg and the functions (x € Q)  |a|, measurable, where a € L.

Recall that Ay is the smallest o-algebra making the projection maps 7y /x» :
Q; — Qg» measurable, where K’’/K runs over the set of finite extensions contained
in L. To show the measurability of F it suffices to verify the measurability of
np Kk~ o F for any finite extension K"/ /K contained in L. Moreover, since Ak is
the smallest o-algebra making the projection map ng»/x : Qg» — Qg and the
functions (x € Qg~) > |a|, measurable, where a € K”’, we are reduced to verify
the measurability of mg»/x oy jxn o F = mp i o F and

(y € E) v |ala, gn(F(y), Wherea € K”. (3.24)

By the assumption on F, the map 7,k o F is measurable. Moreover, since a € K",
one has

lalz,  xn(Fiy)) = lalFy).-

Hence the function in (3.24) is also measurable. The proposition is thus proved. O

3.5 Height function and Northcott property

Let S = (K, (Q, A, v),$) be a proper adelic curve and K* be an algebraic closure of
K. Let S @ K* = (K%, (Qgac, Agac, Vkac), pgac) be the algebraic extension of S by
K@,

Definition 3.5.1 For (ag,ay, . . .,a,) € (K*)**1\{(0,...,0)}, we define the invariant
hs(ao, . ..,a,) to be

hs(dos. - - ) = /Q In (max{ldoly.. .- lanly}) vice ().
Kac

By the product formula, Ag(Aa, . . .,Ada,) = hs(ao,. . .,a,) for all 2 € K* \ {0}, so
that there is a map P"(K?°) — R such that the following diagram is commutative:

(K1 {(0,...,0)} 5~ R

|

Pn([(ac)
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By abuse of notation, the map P"(K*°) — R is also denoted by hg. For x € P"(K*),
the value hg(x) is called the height of x with respect to the adelic curve S.

Definition 3.5.2 We say that S has the Northcott property if the set
{aeK : hg(1:a)<C}

is finite for any C > 0. In the cases of Example [3.2.2] Example [3.2.5] and Exam-
ple[3.2.6] the Northcott property holds (for details, see [106] and [108]).

The purpose of this section is to prove the following theorem:

Theorem 3.5.3 (Northcott’s theorem) If S has the Northcott property, then the set
{x e P"(K™) : hs(x) < C, [K(x) : K] < 6} is finite for any C and 6.

Before starting the proof of Theorem[3.5.3] we need to prepare two lemmas.

Lemma 3.5.4 Let K’ be a finite normal extension of K. Then hs(1 : o(a)) = hg(1 :
a) forall @ € K’ and o € Autg(K’).

Proof Let K" be the separable closure of K in K’ and ¢ = [K’ : K”]. Then
0|k € Autg(K'") and a? € K”. If the assertion holds for the extension K’/ /K, then

ghs(1: o(a)) = hs(1: o(a?)) = hs(1 : a?) = ghs(1 : a),

so that we may assume that the extension K’/K is separable.

For y € ﬂI‘J/K({w}) and 7 € Gal(K’/K), amap (B € K’') — |t(B)], gives
rise to an element of 7, ({w}), which is denoted by x7. In this way, one has an
action Gal(K’/K) x ﬂ;/K({w}) - nI;I,/K({a)}) given by (7, y) — x7. Note that
the action is transitive (cf. [117, Chapter II, Proposition 9.1]) and Gal(K )’( /K,) =
Stabgai(k’/x)(x) (cf. [117, Chapter II, Proposition 9.6]). In particular, [K}, : K,,] =
[K)’(, : K] forall y, x' € ”1_<1'/K({“’})' Therefore,

w

(K} : K
[K’: K]

Ik (n(max{L|c(@)D)w) = > In(max{1, |o"(a)], })
xergh (o))
[K/{/a' : Ka/]
= ——— In(max{1, ||,
2. oy max{Llale))
xergh ({o))
= Ix//k (In(max{L, |a[}))(w),
and hence the assertion follows. O

For a polynomial F = a, X" +--- + a1 X + ap € K*[X] \ {0}, we define hg(F)
to be hs(F) := hs(a, : -+ : a1 : ap). If we set ||F||, := max{|a,l|y,...,|aol,} for
X € Qe as in Subsection[I.1.15] then

hs(F) = /Q In(F1l,) vie(dy).
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Lemma 3.5.5 For F,G € K*[X] \ {0}, one has
hs(FG) < hs(F) + hs(G) + Inmin{deg(F) + 1,deg(G) + 1}/ v(dw).
Qo
Proof By Proposition[T.1.72]
hs(FG) = [ W(IFGY (@)
QKZ\C
< /Q (In([IF[ly) + In([|Glly)) vi=(dx)
KﬂC
+ / In(min{deg(F) + 1,deg(G) + 1})v(dw),
Qo

so that the assertion follows. O

Proof (Proof of Theorem[3.5.3) Clearly we may assume that C > 0 and § > 1. Let
us begin with the following special case:

Claim 3.5.6 The set {a € K* : hg(1: a) < C, [K(a): K] < 6} is finite. m|

Proof Let F be the minimal monic polynomial of @ over K. We set F = X" +
A X" '+ @ X+ay=(X—-a1) - (X —a,) and K’ = K(ay,. . .,ay), where
@) = . Then, by Lemma[3.5.4Jand Lemma[3.5.5]

hs(F) < " hs(X = a;) + (n - 1)111(2)/Q v(dw)
i=1 ©0

Zn: hs(1: ;) + (n-— l)ln(Z)/ v(dw)
i=1 Qoo

nhs(1:a)+ (n- l)ln(2)/ v(dw)
Qoo

< - 1)In(2 dw).

<6C+(6 )n()/ng(a))

Note that As(1 : a;) < hs(F)and a; € K foralli =0,...,n — 1, so that one can see
that there are finitely many possibilities of F' because S has the Northcott property.
Therefore the assertion of the claim follows. O

Let us go back to the proof of Theorem[3.5.3] Fori = 0,...,n, let
Ti={x=(xp: - :x,) € P(K*) : hs(x) < C, [K(x): K] <6, x; # 0}.

It is sufficient to show that #((;) < oo for all i. Without loss of generality, we may
assume that i = 0. Then

Yo ={a=(ay,...,a,) € (K*)" : hs(1,a) < C, [K(a) : K] < 6}.
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Note that [K(a;) : K] < [K(ay,...,a,) : K] and hs(1 : a;) < hs(1,ay,...,a,) for
alli = 1,...,n. Thus the assertion is a consequence of the above special case. O

Corollary 3.5.7 We assume that S has the Northcott property. Let K’ be a finite
extension of K. Then S ®x K’ has also the Northcott property.

Remark 3.5.8 Theorem can be generalised to the case of an adelic vector
bundle. For details, see Proposition[6.2.3]

3.6 Measurability of automorphism actions

Let S = (K,(Q,A,v),$) be an adelic curve and L/K be an algebraic extension. We
denote by Autg (L) the group of field automorphisms of L which are K-linear. The
group Autg (L) acts on My, as follows: for any 7 € Autg (L) and any x € My, one
has

YaeL, |alx) =@

Moreover, by definition the restrictions of the absolute values ||, and |-|r(x) on K
are the same. Therefore we obtain an action of the K-linear automorphism group
Autg (L) on the set Q;, = Q Xps,. My, (Where we consider trivial actions of Autg (L)
on Q and on Mg).

Proposition 3.6.1 Ler S = (K, (Qk, Ak, vk), ¢k ) be an adelic curve and L/K be
an algebraic extension. For any T € Autg (L), the action of T on Qp is measurable,
where on Qf, we consider the o-algebra Ay in the adelic structure of S ®k L.

Proof By Proposition the o-algebra Ay is the smallest o-algebra which
makes measurable the canonical projection map 77 jx : Q; — Qg and the functions
(x € Qp) > |aly, where a € L. Let 7 € Autg(L). To show the measurability of the
action of 7 on g, it suffices to verify the measurability of the map 77,k o 7 and the
functions (x € Qp) + |al(x) with a € L. Note that by definition 7y jx o 7 = 7y /k
and |@|-(x) = |7(a)|x. The proposition is thus proved. O

Proposition 3.6.2 Let S = (K, (Qk, Ak, vk), ¢k ) be an adelic curve and L/K be a
finite extension. Let F : Qp — R be an Ay -measurable function. For any w € Q,
let

f(w)= max F(x).

xenp)({w))
Then the function [ : Qg — R is Ag-measurable.
Proof We first assume that the extension L/K is normal. By [27]], Chapitre VI, §8,

n°6, Proposition 7, for any w € Q, the action of the K-linear automorphism group
Autg (L) on My, is transitive. As a consequence, if we denote by F' the function

max For,
TeAutg (L)
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then for each w € Qg, the restriction of F to nz} x({w}) is constante, the value of
which is equal to f(w). By Proposition [3.6.1} for any 7 € Autg(L), the action of 7
on Q; is measurable and hence the function F o 7 is A -measurable. Since Autg (L)
is a finite set, we deduce that the function F is also Ay -measurable. By Proposition
the function f = IL/K(f ) is Ag-measurable.

In the general case, we pick a finite normal extension L; /K which contains L. By
applying the proved result to the function F o 7, /z, we still obtain the measurability
of the function f. The proposition is thus proved. O

3.7 Morphisms of adelic curves

In this section, we consider morphism of adelic curves.

Definition 3.7.1 Let S = (K, (Q, A, v),¢)and S" = (K’,(Q, A’,v"), ¢") be two adelic
curves, we call morphism from S’ to S any triplet a = (a/#, as, 1), where
(a) o : K = K’ is a field homomorphism,

(b) as : (Q,A’) — (Q,A) is a measurable map such that the following diagram is
commutative

Q% .0

‘| g

Mg — Mk
—oq

and that the direct image of v’ by ax coincides with v, namely, for any function
f e LY A,v), one has

foa#dv'szdv.
Q Q

©) I, : LI(Q',?{', V) — Ll(Q,.?I,V) is a disintegration kernel of ay, namely I, is
a linear map such that, for any element g € Ll(Q’,ﬂ’, v’), one has

/Ia(g)dv:/ gdv’,
Q o

and for any function f € .Z'(Q, A, v) one has I, sends the equivalence class of
f o ag to that of f.

Naturally, if S, S’ and S’ are adelic curves and if @ = (e as,l,) : 8" — §
and B = (B, Bu1z) : S — S are morphisms of adelic curves, then a o § :=
(8" o a®,ay 0 By, Iy o Ig) forms a morphism of adelic curves from S” to S. Thus the
adelic curves and their morphisms form a category.

Example 3.7.2 Let S = (K, (Q, A, v), $) be an adelic curve.
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(D) If S®k K’ = (K’',(Qk+, Ak, vk'), dk) is an algebraic extension of S, then the
triplet (K < K', g, &, Ige /k) is a morphism of adelic curves from S ®x K’ to
S, where 71(,/1( : LI(QK/,ﬂK/, VKr) — Ll(Q,ﬂ, v) is the linear map induced by
IK’/K : gl(QK/,.?{K/,VK/) i gl(Q,ﬂ, V).

(2) Assume that Kj is a subfield of K. Let Sy be the field Ky equipped with the
restriction to K of the adelic structure of S (see Subsection [3.2.8). Then the
triplet (Ko < K,Idg,1d;1(q, #,,)) forms a morphism of adelic curves from § to
So-

(3) Let K = Q(T) be the field of rational functions of one variable 7" with coefficients
in Q. Let § = (K,(Q,A,v),¢) constructed in Subsection Recall that
(Q, A, v) is written as a disjoint union Q, [[ P [1[0, 1], where Qy, is the set of
closed points of P | # is the set of prime numbers, and [0, 1], is the subset of [0, 1]

of ¢ such that e>™' s transcendental. Let tSg = (Q.(Q0, Ag, Vo), ¢) be the adelic
curve defined in Subsection u and Sg = (Q,(Qq, Ag, Vo), o) be the adelic
curve consisting of the filed Q equipped with the amalgamation of the adelic
structure of Sg and a family of copies of the trivial absolute value on Q indexed
by Q. We can also write Qasthe disjoint union of three subsets Qj [[ P [[{ 0},
where 0 denotes the trivial absolute value on Q and oo denotes the infinite place
of Q. Let o : Q — Q(T) be the inclusion map. Let a : Q — ﬁQ be the map
which sends any element of Qj [[ # to itself and send any element of [0, 1].
identically to co. Finally, let 1, : LI(Q,?I, V) — LI(QQ, ﬁQ,VQ) be the linear
map sending the equivalence class of any function f € Z'(Q, A, v) to that of
the function 1,(f) sending w € Q;, [[ P to f(w) and oo to fo . f(t)dt. Then

the triplet (o, i, I,) forms a morphism of adelic curves from S to SQ



Chapter 4
Vector bundles on adelic curves: global theory

The purpose of this chapter is to study the geometry of adelic curves, notably the
divisors and vector bundles.

4.1 Norm families

Let S = (K, (€, A, v), ¢) be an adelic curve (see §3.1). Recall that, for any w € Q, we
denote by ||, the absolute value of K indexed by w. Note that, in the case where |-|,,
is Archimedean, there exists a constant x(w), 0 < k(w) < 1, such that ||, = |-|<©),
where |-| denotes the usual absolute value on R or C. For simplicity, we assume that
k(w) = 1 for any w € Qq, namely ||, identifies with the usual absolute value on R
or C. Note that this assumption is harmless for the generality of the theory since in
general case we can replace the absolute values {||,}weo. by the usual ones and
consider the measure dv = (Ig\q_, + klq,, ) dv instead.

4.1.1 Definition and algebraic constructions

Let E be a vector space of finite dimension over K. We denote by Ng the set of norm
families {]|'|lw }weq, Where each ||-||,, is anorm on Eg,, := E ®k K,,. We say that a
norm family & = {||*||w }weq is ultrametric on Q \ Q. if the norm ||-||, is ultrametric
for any w € Q\ Q.. We say that a norm family {||||., }weq in Ng is Hermitian if
the following conditions are satisfied:

(a) for any w € Q \ Qc, the norm ||-||, is ultrametric (namely the norm family is
ultrametric on Q \ Q);

(b) for any w € Q., the norm ||-||,, is induced by an inner product (see ,
namely there exists an inner product { , )., on Eg_ such that ||{]|, = (¢, f)}uz
forany ¢ € Eg,,.

205
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We denote by HE the subset of Mg consisting of all Hermitian norm families. In the
following, we describe some algebraic constructions of norm families.

4.1.1.1 Multiplication by a numerical function

Let E be a finite-dimensional vector space over K, ¢ = {||'||lo}weco € Ne and
[+ Q — ]0,+0o[ be a positive function on Q. We denote by f¢ the norm family

{f(@llo}wea in Ng.

4.1.1.2 Restrict and quotient norm families

Let E be a finite-dimensional vector space over K and ¢ = {||-||£.w }wea be a norm
family in Ng. Let F be a vector subspace of E. For any w € Q, let ||:||r.., be the
restriction of the norm ||-| ., to Fk,, (see Definition[I.1.2). Then {||-||r . }o e forms
a norm family in N, called the restriction of & to F. Similarly, if G is a quotient
vector space of E, then each norm ||-||g . induces by quotient a norm ||-||G.., on
Gk,, (see §I.1.3). Thus we obtain a norm family {|-|¢.w}weq in Ng, called the
quotient of & on G. Note that, if the norm family £ is ultrametric on Q \ Q (resp.
Hermitian), then all its restrictions and quotients are also ultrametric on Q \ Qg
(resp. Hermitian).

4.1.1.3 Direct sums

Let . be the set of all convex and continuous functions f : [0,1] — [0, 1] such
that max{zs,1 — ¢t} < f(¢) for any ¢t € [0,1]. If E and F are finite-dimensional vector
spaces over K and if ég = {||'||g.w}weq and éF = {||-||F.w }weq are respectively
norm families in Ng and N, for any family ¢ = {¢, }weq of elements of . we

define a norm family £ ®y ér = {||-llw }weq in NEgF (see Subsection|1.1.10) such
that, for any (x,y) € Ex, ® Fk,,,

Ixlle.w )

16 Ve = (lxllE.w + ”y”F,a))l//w(—
Ixlle.0 + IVIF.0

We call ég @ &F the y-direct sum of £g and &r. If both norm families £g and &r
are Hermitian, and if

_Jmax{r,1 -1}, w € 0\ Qo
lﬁw(t) - {(tz + (1 _ t)Z)l/z’ w € Qoo’

then the direct sum &g @y, £ belongs to Hegr. We call it the orthogonal direct sum
of £ and éF.
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4.1.1.4 Dual norm family

Let E be a vector space of finite dimension over K and ¢ = {||-||» }weq be a norm
family in Ng. The dual norms (see {II'llw.+ }weq form a norm family in Ngv,
called the dual of £, denoted by £ . Note that £V is always ultrametric on Q\ Q, and
it is Hermitian if ¢ is. Moreover, if for any w € Q \ Q the norm |||, is ultrametric,
then one has (£V)Y = &, where we identify E with its double dual space EVV (see
Proposition [I.1.18 and Corollary [I.2.12). In particular, if E is a K-vector space of
dimension 1, then one has (£V)Y = &.

4.1.1.5 Tensor products

Let {E;}! | be a family of finite-dimensional vector spaces over K. For any i €
{1,...,n},let& = {|||li.w }wea be an element of Ng,. We denote by &; ®, - - - ®, &,
the norm family {||:||w.z}weq in NEg, o.--0E, » Where |||~ is the m-tensor product
of the norms ||||;,w,, i € {1,...,n} (see §I.I.TT). The norm family & ®y - - - ® &, is
called the n-tensor product of &, . . ., &,. Similarly, we denote by £; ®; - - - ® &, the
norm family in Ng, s...¢E, consisting of e-tensor products (see §1.1.TT)) of the norms
I -ltws -« s - lln.w- We call €1 ®g - - - ®, &, the e-tensor product of &1,. . ., &,. We also
introduce the following mixed version of e-tensor product and n-tensor product. We
denote by &) Q¢ x -+ Qg.x &y consisting of the norms |||, if 0 € Q\ Qo and
|'llw.z if @ € Qo. This norm family is called the &, 7-tensor product of &i,...,&,.
Note that the e-tensor product and the &, m-tensor product are both ultrametric on
Q\ Q.

If all norm families &, . . ., &, are Hermitian, we denote by £; ® - - - ® &, the norm
family {||"||w }weq in HE,s---E, » Where for each w € Q \ Qq, the norm ||-||,, is the
e-tensor product of {||-|li,w}ieq1,....n}, and for each w € Qc, the norm ||-||,, is the
orthogonal tensor product (see of {|Ili, }ie1,...n}- Wecall§ ® - - - ®&, the
orthogonal tensor product of &1,...,&,.

4.1.1.6 Exterior powers

Let E be a finite-dimensional vector space over K and ¢ = {||-||£.w }wea be a norm
family in NVg. Let i be a non-negative integer. We equip E®' with the &, n-tensor
power of the norm family &, which induces by quotient a norm family on the exterior
power A’(E) which we denote by A’&.

4.1.1.7 Determinant

Let E be a finite-dimensional vector space over K and ¢ = {||'||E.w}weq be a
norm family in Ng. Each norm ||-||¢ ., induces a determinant norm ||-||et(£),cr ON

det(E) ®k K, = det(Ek,,) (see §1.1.13). The norm family {||-||et(£), weq is called
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the determinant of ¢, denoted by det(¢). By Proposition|1.2.15|we obtain that det(¢)
coincides with A" &, where r is the dimension of E over K.

4.1.1.8 Extension of scalars

Let E be a vector space of finite dimension over K and ¢ = {||-||, }weq be a norm
family in Ng. Let L/K be an algebraic extension of the field K and ((Qr, AL, vL), 1)
be the adelic structure of the adelic curve S ®x L. We construct a norm family
& = {|I'llx}xeq, € NEgL asfollows: forany x € Q7 whose canonical image in Q is
w, if ||, isnon-Archimedean, ||||x is the norm ||-||,», 1., .« on (Ek,, )®k,, Ly induced by
|I-Il» by e-extension of scalars; otherwise |||, is the norm ||-||o,, . . on (Ek,, )®k,, Lx
induced by ||-||, by -extension of scalars (see §I.3). By Proposition if
the dimension of E over K is 1, then the norm family (£¥), identifies with the
dual norm family of &, . Moreover, by Corollary [I.3.13] if L,/L; /K are successive
algebraic extensions, then one has (¢1,)r, = £r,, where we identify E ®g L, with
(E®k L1)®r, L.

Let & = {||'llw}weq € Hg be a Hermitian norm family, where for w € Q, the
norm ||-||,, is induced by an inner product (, ),,. We denote by ff = {ll'llx}xeq, €
HEg g, . the Hermitian norm family defined as follows. For any x € Q. \ Qr « over
w € Q\ Qq, one has |||y = [|'[lw.L,.e; for any x € Qp « over w € Qe, ||||x is the
norm ||-||,z,.1s induced by the inner product (, ).z, on Er_ which extends (, ),
on Eg_ (namely |-||; is the orthogonal tensor product norm of ||-||,, and || if we
identify Er . with Ex, ®k,, Ly, see Remark . One has (V) = (£f)Y (see
Proposition[I.3.20](T)]for the ultrametric part and Remark[T.3.2]for the inner product
part).

4.1.1.9 Comparison of norm families
Let E be a finite-dimensional vector space over K, and & = {||||w }weq and & =

{IIl, Yweq be two elements of Ng. We say that & is smaller than ¢’ if for any w € Q
one has |||l < [|-|l;,- The condition “¢ is smaller than &” is denoted by ¢ < &’ or

&>&
4.1.1.10 Local distance

Let E be a finite-dimensional vector space over K, and ¢ = {||-||o }weq and &’ =
{II-I, }weq be two norm families in Ng. For any w € €, let

dw(&.&) = sup |Infisll, —Inls]l,|-

s€Ek,\{0}



4.1 Norm families 209

We call d,,(&,¢") the local distance on w of the norm families ¢ and £’. By Proposition

[T.1.43] one has
dw(€",(£)7) < du(&,€), (4.1)

and the equality holds if w € Q orif |||, and ||-||/, are both ultrametric.

4.1.2 Dominated norm families

Let E be a finite-dimensional vector space over K and ¢ = {||-||, }weq be a norm
family in Ng.

Definition 4.1.1 We say that the norm family & is upper dominated if, for any
non-zero element s € E, there exists a v-integrable function A(-) on Q such that
In ||s|l, < A(w) v-almost everywhere. Note that the upper dominancy is equivalent
to

Vs € E\ {0}, /ln [|5]lw v(dw) < 400
Q

with the notation of Definition [A.4.1] Similarly, we say that the norm family ¢ is
lower dominated if, for any non-zero element s € E, there exists a v-integrable
function B(-) on Q such that B(w) < In||s||, v-almost everywhere. Note that the
lower dominancy is equivalent to

Vs € E \ {0}, /m 115/l v(dw) > —co.
JQ

Definition 4.1.2 We say that £ is dominated if ¢ and £ are both upper dominated.
Note that the upper dominancy of & and &Y implies the lower dominancy of &Y and
&, respectively, because (see Proposition[A.4.7) In |||y« +In||sl, > Oforalls € E
and @ € EY with a(s) = 1, so that if £ is dominated, then & and &V are upper and
lower dominated.

Remark 4.1.3 If ¢ is a dominated norm family, then also is £V In fact, for any w € Q
one has ||*||w,« < |||l (see (T:3)). Therefore the upper dominancy of ¢ implies that
of €Y. The converse is true when |||, is ultrametric for w € Q \ Q. since in this
case one has ||||w.«+ = ||-|lw for any w € Q (see Proposition and Corollary

Remark 4.1.4 Itis not true that if £ is upper and lower dominated then it is dominated.
Consider the following example. Let K be an infinite field. We equip K with the
discrete o-algebra A and let v be the atomic measure on K such that v({a}) = 1
for any @ € K. For any a € K, let |-|, be the trivial absolute value on K. Then
S = (K,(K,A,v),{|'|la }ack) forms an adelic curve. Consider now the vector space
E = K? over K. For any a € K let ||-||, be the norm on K? such that
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0, ifx=y=0,
I, Mlla =41/2, ify=ax,x+#0,
1, else.

Then for any vector s € K2, s # 0, one has ||s||, = 1 for all except at most one a € K.
Therefore the function (¢ € K) — In||s||, on K is integrable, and in particular
dominated. Therefore the norm family & = {||-||, }ack is upper dominated and lower
dominated. However, for any a € K, the dual norm ||-||,.. on K? (we identify K?
with the dual vector space of itself in the canonical way) satisfies

0, ifx=y=0,
e lax =91, ifx=-ay,y#0
2, else.

Therefore, for any non-zero element s € K2, one has In ||s]|,.. = In(2) for all except
at most one element a € K. The dual norm family £V is thus not upper dominated.

Example 4.1.5 A fundamental example of dominated norm family is that arising
from a basis. Let E be a vector space of finite dimension r over K,and e = {ey,...,e,}
be a basis of E over K. For any algebraic extension L/K and any x € Qp, let ||-|le.x
be the norm on E ®k L, such that, for any (4;,...,4,) € L,

maxX;eqi,. ) |Adily, fx€Qr\Qp o
||ﬂ]€1 +"'+Arer“e,x = .
[A1lx + -+ Ay, ifxe QL,oo,

where Qp . denotes the set of all x € Qp such that the absolute value || is
Archimedean. Let & be the norm family {||-|l¢,w }weq- Note that one has & 1 =
{lIlle.x }xeq, for any algebraic extension L/K. Moreover, for any non-zero vector
s=aye; +---+aye, € E®g L,with (aj,...,a,) € L", one has

VxeQp, In|sllex< {r{lax }ln|a,-|x +1n(r)]19Lym(x).
1€ r

.....

Since the functions x +— In|al|, are vy -integrable for all a € L \ {0} and since
ve(QL,0) < 4o (see Proposition [3.1.2), we obtain that the function (x € Q) —

In ||s|le,x is vz -integrable. If we denote by {e}’,. ..,e} the dual basis of e, then for
any @ = aje] +---+are) € EV ® L with (ay,...,a,) € L" and any x € Qp one
has

llalle,x,« = max{|aily,....|ar|x}

Therefore the function (x € Qp) — [|@|le x.« iS A-measurable. If & # 0, then the
function (x € Qp) — In||@|lex,« is vL-integrable. Hence the norm family &, ;. is
dominated. Note that (see page[209]for the definition of the local distance function)

VxeQr, do(éer) bev.r) <In(r)lg, (%), (4.2)
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where eV denotes the dual basis of e.

Proposition 4.1.6 Let E be a finite-dimensional vector space over K, &1 and & be
norm families in Ng. We assume that &) is dominated. If the local distance function
(w € Q) > dy(&,&) is v-dominated (see Definition|A.4.9), then the norm family &
is dominated. In particular, if there exists a basis e of E over K such that the function
(w e Q) d, (&, &) is v-dominated, then the norm family & is dominated.

Proof Assume that &; is of the form {|||li.w}wea, i € {1,2}. Let s be a non-zero
element in E. For any w € Q, one has,

In||s|l2.w —In||sll,e < do(é1,€2)  v-almost everywhere.

Moreover, since the norm family &) is dominated, one has

/ In 15100 v(dw) < +oo;
Q

since the local distance function d(¢1,&;) is dominated, one has

/Q do(E1,62) v(dw) < +o.

Therefore by Proposition [A.4.4]one has

/ In [15lh.0 v(de) < / In 15l o0 v(de) + / (1,62 V(dw) < +0.
Q Q Q

By (@.1)), one has d,(¢),£)) < d,(£1,£2) for any w. Hence the same argument as
above applied to the dual norm families shows that

Ya e EY\ {0}, /ln l]l2.0.« V(dw) < +o0.
Q

Therefore, the norm family &, is dominated. To establish the last assertion, it suffices
to apply the obtained result to the case where & = &, (see Example[d.1.5]for the fact
that the norm family &, is dominated). O

Proposition 4.1.7 Let E be a vector space of finite dimension over K and & =
{I'llw}weq be an element of Ng which is dominated. Then for any basis e =
{e1,...,e,} of E, there exists a v-integrable function A, on Q such that, for any
algebraic extension L/K and any x € Qp one has (note that £k = £V in the case
where L = K)

dx(ér.ée.1) < Ae(mp k(X)) 4.3)

In particular, the local distance function (x € Qp) v dy(é1,&e.1.) is vi.-dominated.

Proof Let x be an element in Q7. Assume that s is a non-zero vector of E;,_ which
is written as s = aje; + - - - + are, with (ay,...,a,) € LL. Then one has
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lIslle <4 r
la;lx - lleillx, if x € Qf .
=1

Thus In [|s||x < In||s|le,x + max;eq1,.. ) In|le;||x. Moreover, one can also interpret

.....

llsle,x

0#seEy, ”S”x
X

as the operator norm of the L,-linear map
ldg,, : (EL |l llx) — (B [l llex)s
which is equal to the operator norm of the dual L,-linear map
gy (B[ llewx.s) — (B[ M-llx.s)

since the norm |||, is reflexive (see Proposition (I.1.22). Let {e i_, be the dual
basis of e. For any & = bye +--- + b,e/ € E] , one has

max (Bils-llef L), ifx € Q1 \Qp o,
i yeens
[

D ibile - lle) N, itx € Qp .

i=1

Thus we obtain

In{[@lx. = In[|aflex,. < o nax }ln lle; llx,« +In(r)lg, (x).
1 r

.....

Therefore, for any s € Ef,, one has

..........

4.4)
Note that, if w = 77 /x (x), then one has (see Proposition|I.3.1)

Vie{l,...,r}, leillx = lleillw, -
Moreover, if w = 7y /k(x) belongs to Q \ Q.,, then
e s = llef o Ly.es = ll€] Nl Lo = ll€] lleo e

where the second equality comes from Proposition[T.3.20J(T)|and the last one comes
from Proposition If w = 7k (x) € Qoo, then

”e,y”x,* = ”ely”w,Lx,ﬂ,* = ”ely”w,*,Lx,s = ”el\'/”w,*’
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where the second equality comes from Proposition |1.3.20) and the last one
comes from Proposition [I.3.1] Since the norm family ¢ is dominated, there exists a
v-integrable function A on Q such that (see Remark {.1.3)

.....

Therefore, by {@.4), we obtain
dy(ér,ée,1) < Ae(mp/k(x)) v-almost everywhere,

with
VweQ, Ae(w):=Aw)+In(r)lg (w).

Note that the function A, is v-integrable on (2, A). The proposition is thus proved.O

Corollary 4.1.8 Let E be a vector space of finite dimension over K, & and & be
norm families in Ng which are dominated and ultrametric on Q\ Q. Then the local
distance function (w € Q) — d,(£1,&) is v-dominated.

Proof Let e be abasis of E over K. By Proposition[4.1.7] the local distance functions
(w € Q) > dy,(&1,&) and (w € Q) — d,(&,&) are both v-dominated. Since for
any w € Q one has

dw(f] s §2) < dw(é:l > ?‘;:8) + dw(é:z, é:e)’
by Propositions and the function (w € Q) — d,(£1,&;) is v-dominated.OO

Remark 4.1.9 The assertion of Corollary[4.1.8]does not necessarily hold without the
condition that the norm families are ultrametric on Q \ Q. Consider the following
counter-example. Let K be an infinite field, A be the discrete o-algebra on K
and v be the atomic measure on K such that v({a}) = 1 for any a € K. For any
a € K, let ||, be the trivial absolute value on K. We consider the adelic curve
S = (K,(K,A,v),{|"la}ack)- For any a € K, let ||-||, be the norm on K? such that

0, ifx=y=0,
e lla =42, ify=ax,x#0,
1, else.

Note that for any s € K2\ {(0,0)}, one has ||s||, = 1 for all except at most one a € K.
Therefore the norm family & = {||-|l.}acx is upper dominated. If we identify K?>
with the dual vector space of itself in the canonical way, then for any a € K one has

0, ifx=y=0,

Vxy) € K% (I y)llan =
1, else.

Hence the dual norm family &V is also upper dominated. Now let e = {(1,0),(0,1)}
be the canonical basis of K2. For any a € K one has
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0, ifx=y=0,
V(.X,y) € Kz’ ”(x’y)”e,a =

1, else.
Therefore one has d,(¢,&,) = In(2) for any a € K. Since K is an infinite set, the local
distance function (a € K) + d,(¢,&.) is clearly not upper dominated.

Corollary 4.1.10 Let E be a finite-dimensional vector space over K and & =
{lI'llo }weq be a norm family in Ng. The following assertions are equivalent:

(1) the norm family ¢ is dominated and the local distance function (w € Q) +—
d,(&,EVY) is v-dominated;

(2) for any basis e of E, the local distance function (w € Q) — d,(&,&) is
v-dominated;

(3) there exists a basis e of E such that the local distance function (v € Q)
de(€,&.) is v-dominated.

Proof {(DF={(2)]": Note that the norm family ¢V is ultrametric on Q\ Q.. Moreover
it is dominated since ¢ is dominated (see Remark {.1.3). By Proposition 4.1.7] we
obtain that, for any basis e of E, the local distance function (w € Q) + d,,(£VV, &)
is v-dominated. By the assumption that the function (w € Q) > d,(&,EYY) is
v-dominated, we deduce that the function (w € Q) — d,,(&,&,) is also v-dominated.

2=I3)" is trivial.

43)=[(D): By Proposition.1.6} the norm family ¢ is v-dominated. By Proposi-
tion4.1.7] the function (w € Q) > d,,(£"V,&) is v-dominated. Since d,,(&,¢VY) <
dy,(&,&) + d (VY. &,), we obtain that the function (w € Q) — d, (& YY) is v-
dominated. m]

Definition 4.1.11 Let E be a finite-dimensional vector space over K and £ be a norm
family on E. We say that £ is strongly dominated if it is dominated and if the function
(w € Q) — d,(&,EYY) is v-dominated (or equivalently, (E,&) satisfies any of the

assertions in Corollary |4.1.10).

Remark 4.1.12 Let E be a finite-dimensional vector space over K and & be a norm
family on E. If the norm family ¢ is ultrametric on Q \ Q, then the function
(w € Q) > d,(&,EYY) is identically zero (and hence is v-dominated). Therefore,
in this case & is dominated if and only if it is strongly dominated. In particular, in
the case where E is of dimension 1 over K, the norm family ¢ is dominated if and
only if it is strongly dominated. Moreover, if ¢ is a dominated norm family on a
finite-dimensional vector space, then the dual norm family ¢ is strongly dominated
since it is dominated (see Remark [4.1.3)) and ultrametric on Q \ Q.

Corollary 4.1.13 Let E be a vector space of finite dimension over K and & =
{I'llw}weq be a norm family in Ng. If € is dominated, then for any algebraic
extension LK the norm family & is strongly dominated. Conversely, if there exists
an algebraic extension L|K such that the norm family &1 is dominated and if the
function (w € Q) — dy(&,&YY) is v-dominated, then the norm family & is also
dominated.
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Proof Assume that the norm family ¢ is dominated. By Proposition for any
basis e of E, the local distance function (x € Q1) — dx(ér,&. 1) is vr.-dominated.
Therefore, by Proposition 4.1.6] we obtain that the norm family &; is strongly domi-
nated.

Conversely, we assume that L/K is an algebraic extension and &;, is dominated.
Let e be a basis of E over K. Since &, is dominated and since the norms in the family
&1 corresponding to non-Archimedean absolute values are ultrametric, the function
fi(x €Qp) > di(ér.&. 1) is vp-dominated. Moreover, by Proposition[I.3.7] one
has f = g o mp K, where g sends w € Q to d,(£"V,&,) (one has & = &V since it
is ultrametric on Q \ Q). Since the function f is v; -dominated, there exists a vy -
integrable function A on Q such that | f| < A almost everywhere. By Proposition
3.4.9] the function Iy /x (A) is v-integrable. Moreover, one has Iy k(| f|) = |g| since
|| = |gl o mryk (see Remark . Therefore, the function g is v-dominated
by the v-integrable function Ik (A), which implies that the norm family £¥V is
dominated. Finally, by Proposition and the assumption that the function (w €
Q) > d, (& &VY) is v-dominated, we obtain that the norm family & is dominated. O

Remark 4.1.14 Let E be a finite-dimensional vector space over K. Corollary{4.1.10),
implies that there exist Hermitian norm families on £ which are dominated. In
fact, let e = {e;}/_, be a basis of E over K. Consider the following norm family

& ={ll"llo}wea with

maxje(i, .. r} |ilw, ifw€Q\ Qu,

larer + - + arerllw = {(Zf_l @l2)' ifwe Qu,

for all (ai,...,a,) € K/,. It is a Hermitian norm family on E. Note that one has
dp(€,&) < %ln(r)]lgm (w). Therefore (w € Q) — d,(&,&) is a v-dominated func-
tion on Q. By Corollary .1.T0] we obtain that £ is a dominated norm family.

Let ¢ be a Hermitian norm family on E. If ¢ is dominated, then for any algebraic
extension L/K, the norm family g-‘f is dominated. In fact, by Corollary the
norm family &7 is dominated. By Proposition [I.3.1] the local distance function
(x € Qp) — dx(fL,fllf) is bounded from above by 5 In(2)lg, . By Proposition
we obtain that the norm family §£’ is dominated.

Proposition 4.1.15 Let E be a finite-dimensional vector space over K and L/K be
an algebraic extension of fields. For any w € €, we fix an extension |-|. ., on L of
the absolute value ||, and denote by L, the completion of L with respect to the
extended absolute value. Let e = {e;};_, be a basis of E ®k L. For any w € Q, let
I-|l2, be the norm on E ®k L,, defined as

V(Ai,...,4) € L], lldiei+---+ Adrerlll, = max |A]r e
ie{l,...,r}

.....

and let |||l be the restriction of |||, 10 E ®k K. Then the norm family & =
{II'llw Yweq in NE is strongly dominated.

Proof We first prove that, for any element b € L, the function
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(weQ)r— In|b|p e
is bounded from above by a v-integrable function. Let
F(X)=X"+ap 1 X" '+ 4+ a9 € K[X]

be the minimal polynomial of b. By the same argument as in the proof of Theorem

we obtain that

In|b|, < lg_(w)In(n) + max{0,In |agly,- - .,In|am-1|o}-

By Proposition [3.1.2} the function I, is v-integrable. Moreover, by the definition
of adelic curves, for any i € {0,...,n— 1} such that q; # 0, the function (w € Q) —
In |a;|,, is also v-integrable, we thus obtain the assertion.

Let f = {fi}]_, be a basis of E over K and A = (a;;) j)e(1
the transition matrix between e and f, namely

r)2 (S MrXr(L) be

,,,,,

r

Vie{l,...,r}, fi= Zai,-e,-.

J=1

Let (bij)i jyeq1,...r12 € Mrxr(L) be the inverse matrix of A. Then one has

.....

Vie{l,...,r}, e= Zbijfj-
=

By the above assertion, there exists a v-integrable function g on Q such that

Yw e Q, max  max{ln |a;j|,,In |b;jle} < g(w).
(i )e{l,.r}?

We will prove that the local distance function d(&,£y) is v-dominated. Let w € Q
and x = A1 fi +--- + A, f, be an element of E ®k K,,. One has

r r r r
X = Z/li Zaijej = Z (Zaijxli)ej.
i=1  j=1 j=1 Vi=l1
Therefore
Inlx|l, = max In a;jA; < max In|d;]e + glw) + In(r) g, (w)
Jellr} |4 Lo i€{l.r)

< Inllx|lf o + g(w) +In(r) 1o, (w).

Similarly, if we write x as x = uje; + - - - + ppe,, with (ug,. .., ) € L], one has

r

v= 3 St = (3 )5
=1 j=1 i=1

=
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Namely A; = 7, bijp; forany j € {1,...,r}.Ifw € Q\ Q then

.....

.....

If w € Q, then

0 lxll0 = In () I4jl) = 1n(

J=1 J=1

Zr: bij,ui‘ )
i=1 w

<In ( ) {nllax } |,ul-|L,a,) +g(w) + ln(rz) =1In||x||o + glw) + ln(rz).
LE r

.....

Therefore, one has
YweQ, dy&ér) < glw)+2In(r)lg (w),

which implies that the local distance function d(¢,&y) is v-dominated. By Corollary
[.1.10] we obtain that the norm family ¢ is dominated. mi

The following proposition is a criterion of the dominance property in the case
where the vector space is of dimension 1.

Proposition 4.1.16 Let E be a vector space of dimension 1 over K and & =
{lI'llo }eweq be a norm family on E. Then the following conditions are equivalent:

(1) the norm family ¢ is dominated;

(2) for any non-zero element s € E, the function (w € Q) +— In||s||,, is v-dominated;

(3) there exists a non-zero element s € E such that the function (w € Q) +— In||s]|,
is v-dominated.

Proof {D={(2))=[@3)}’ are trivial. In the following, we prove ‘{Q)={(DJ. If s’

is a non-zero element of E, then we can write it in the form s’ = as, where a is a
non-zero element of K. Then one has

YoeQ, In|s'le=1Inlaley+1nls|, =Inlal, +1n]s|e.

Since the function (w € Q) +— Inlls||, is v-dominated and the function (w €
Q) — Inlal, is v-integrable, we obtain that the function (w € Q) +— In||s’||, is
v-dominated. Moreover, if we denote by s the dual element of s in EV, then one has

I lsllw,« = =InIs]le 4.5

for any w € Q. By the same argument as above, we obtain that, for any non-zero
element @ € EV, the function (w € Q) — In |||, is v-dominated. Therefore the
norm family £ is dominated. O
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Let K’ be a finite extension field of K and let
Sk =S ek K' = (K',(Qk', Ax', k'), $x)

be the algebraic extension of S by K’. Let E be a finite-dimensional vector space
over K and Exs = E ®k K’. Note that, for any w € Q and any w’ € Qg such
that mg//x(w’) = w, the vector space E ®k K, can be naturally considered as a
K,,-vector subspace of Ex’ ®k' K L’U,.

Proposition 4.1.17 Let & = {||“||w}weq and &' = {|I'|], }or ey, be norm familes of
E and Ex-, respectively, such that

VweQ Vo' €y x({w}), Vs € E®k Ko, Isllw = lIsll,.  (4.6)
If &' is dominated (resp. strongly dominated), then & is also dominated (resp. strongly
dominated).

Proof Assume that ¢’ is dominated. Let s be a non-zero element of E. By the
assumption (#.6) one has

/1n||s||w v(dw) = / In||s|l, vk (dw”) < +o0.
Q Qs

Hence the norm family & is upper dominated. Let & be a non-zero element in EV.
For any w € Q and any w’ € ﬂl‘<1,/K({w}), one has

lar(s)]ew _ s lar(s)]e <l

lellw,s = .

u 7
seEoxko\ (0} ISllo  seeerxk oy IS,

Since (¢’)V is upper dominated, we deduce that £ is also upper dominated.
Assume that ¢’ is strongly dominated. Let e = {¢;}!", be a basis of E. Then, for

weQandw’ €1} (w),

K'|K

do@ o) = sup |l =08 e k]
S'E(EKI®K/K:‘),)\{O}
> sup | nllsll = sl
se(E®k Ku)\{0}
= sp[Wllslo = llslleo| = o ).
SE(E‘X’KKw)\{O}

By our assumption together with Corollary the function (w’ € Qg/) +—
du(¢',ée.x) 18 vrr-dominated, that is, there is an integrable function A” on Qg
such that d, (¢',&e k) < A'(w’) for all w’ € Qk-, so that the above estimate implies
that d,,(¢, &) < Ix/x(A")(w) for all w € Q. By Proposition[3.4.9} one has

/ A0 v (do) = / I k(') (@) V(dw)
Qpr 0
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and hence ¢ is strongly dominated by Corollary |4.1.10] again. O

Corollary 4.1.18 Let f : X — SpecK be a geometrically reduced projective K-
scheme and L be an invertible Ox-module. Let Xg+ = X Xspec kK Spec K’ and
Lx = L ®k K'. For each w € Q and ' € Qg', X, Ly, Xk’ v and Lg oy are
defined by

Xo = X Xgpec(k) Spec(Ko,), L, = L®gK,,

XK',a)' = Xk XSpec(K’) Spec(Kc’o,), LK',w’ = Lk Qg+ Kc,o’
Moreover, for each w € Q and W' € nI}}/K(a)), let ¢, be a metric of L, on
X, and ¢k’ .y be the metric of Lk obtained by ¢, by the extension of scalars
(cf. Definition . Let ||‘llg,, and ||llgy, ., be the sup norms on H°(X,, L)
and HO(XK/,w/,LKr,wr) associated with the metrics ¢, and ¢k’ .y, respectively. If
(g = {”'H‘Pk',w’}m'egw on H(Xk, L) is dominated, then & = {ll'llp, Ywea on
HO(X, L) is also dominated.

Proof Forw € Q, w' € ), (w) and s € H(X,,Ly,), one has |[sllg., ., = lIsllg,

(see Proposition [2.1.19), so that the assertion follows from Proposition@d.1.17] O

The following proposition shows that the dominance property is actually preserved
by most of the algebraic constructions on norm families.

Proposition 4.1.19 (1) Let E be a finite-dimensional vector space over K and & be
a dominated (resp. strongly dominated) norm family on E. Then the restriction
of & to any vector subspace of E is a dominated (resp. strongly dominated) norm
family.

(2) Let E be a finite-dimensional vector space over K and & be a dominated (resp.
strongly dominated) norm family on E. Then the quotient norm family of & on
any quotient vector space of E is a dominated (resp. strongly dominated) norm
family.

(3) Let E be a finite-dimensional vector space over K and & be an element of NE.
If € is dominated, then the norm family & is strongly dominated.

(4) Let E and F be finite-dimensional vector spaces over K, and (g and & be
elements of Ng and N, respectively. Let  : Q — . be a map such that
U = Yo outside of a measurable subset Q' of Q with v(Q') < +oo, where
denotes the function in . sending t € [0,1] to max{t,1 — t}. If both norm
families £ and £ are dominated (resp. strongly dominated), then the -direct
sum Eg ®y EF is also dominated (resp. strongly dominated).

(5) Let E and F be finite-dimensional vector spaces over K, and ég and éF be
elements of Ng and NF, respectively. Assume that both norm families £ and
& are dominated. Then the e-tensor product ég Q. £F and the €,m-tensor
product £ ®¢ x EF are strongly dominated. If in addition both norm families ég
and & are Hermitian, then the orthogonal tensor product ég @ Ef is strongly
dominated.
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(6) Let E be a finite-dimensional vector space over K and & be an element of Ng.
Assume that & is dominated. Then, for anyi € N, the exterior power norm family
A€ is strongly dominated. In particular, the determinant norm family det(€) is
strongly dominated.

Proof [(T)] and [2)] in the dominated case: We first show the following claim: if
¢ = {|l"llw }weo is an upper dominated norm family, then all its restrictions and
quotients are also upper dominated. Let F be a vector space of E and & = {||||w }wen
be the restriction of ¢ to F. Forany s € F\{0} and any w € Qonehas ||s||F o = ||5]lw-
Since the norm family & is upper dominated, the function (w € Q) > In||s||F ¢ is
upper dominated. Let G be a quotient vector space of E and &6 = {|||G.w }wea
be the quotient of &£ on G. For any t € G \ {0} and any s € E which represents
the class ¢ in G, one has ||t||g,» < ||s|lo for any w € Q. Therefore the function
(w € Q) — In||t||lG,e is upper dominated.

Let ¢ = {|||lw}weq be a norm family on E such that the dual norm family &V is
upper dominated. Let G be a quotient vector space of E. We identify G with a vector
subspace of EV. By Proposition if £G denotes the quotient norm family of &
on G, then £’ identifies with the restriction of £” to G”. By the claim proved above,
we obtain that fé is upper dominated. Similarly, if F is a vector subspace of E and
if é&F = {||'llF.0 Jweq is the restriction of & to F, then, for any w € Q, ||*||F.w,+ 18
bounded from above by the quotient of the norm ||-||,,.. on F¥ (viewed as a quotient
vector space of EV). Therefore, by the claim proved above, we obtain that the norm
family &)/ is upper dominated.

in the strongly dominated case: Let F be a vector subspace of E. Let f
be a basis of F. We complete it into a basis e of E. For any w € Q one has
dw(ér,€&p) < dw(€,&). Since the function (w € Q) = d,,(£,&) is v-dominated,
also is the function (w € Q) — d,,(¢F,&r). By Corollary we obtain that the
norm family &F is strongly dominated.

in the strongly dominated case: Let g = {g;}!", be a basis of G. For any
i € {1,...,m}, we choose a vector ¢; in E such that the canonical image of ¢; in
G is g;. We complete the family {e;}!”, into a basis e of E. Then for any w € Q
one has d,,(éG,ég) < dw(é,&.). Therefore, the function (w € Q) — d,(ég,&g) is
v-dominated, which implies that &g is strongly dominated.

[3)]has already been shown in Remark[.1.3] see also Remark[4.1.12]for the strong
dominancy.

[(4)]in the dominated case: We first show the following claim: if both norm families
&r and & are upper dominated, then also is the direct sum &g @y, &F. In fact, if (s, )
is an element in E @ F, for w € Q \ ©’ one has

[1Css D)llew = max{||slle.w» I]lF.e}s
and for w € Q’, one has

1 Dlleo < lIsllE.w + l2llF.0 < 2Zmax{{ls|lz.w [|7]lF.o}
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where ||-||,, denotes the norm indexed by w in ég ®y &r. Therefore the function
(w € Q) — ||(s,1)|| is upper dominated.

Let i’ be the map from Q to . sending any w € Q \ Q to ¥ and any w € Qg
t0 Y/ (w). (see Definition[1.1.48). By Proposition|[1.1.49| we obtain that (££ @, ér)"
identifies with £} @, &. By the claim proved above, if £ and &, are upper
dominated, then also is (¢g @y &r)".

[(4)]in the strongly dominated case: Let e’ and e’ be bases of E and F respectively,
and e be the disjoint union of e’ and e”’, viewed as a basis of E & F. Since £g and
& are both dominated, by Corollary [d.1.10|there exist v-integrable functions A’ and
A”" such that

doy(ép,ée) < A'(w),  dy(€F,&en) < A”(w) v-almost everywhere.

Moreover, if (s,) is an element in E @ F, for w € Q \ Q' one has

IG5 Dl = max{l[slle.w 17]lF.0}

and for w € Q’, one has

max{ {1511z 1llF.0} < 165Dl < Isllz.w + 1llFo < 2max{slle o Ifllro ),
where |||, denotes the norm indexed by w in ég @, &r. Therefore

dw(éE Oy &F.ée) < max{A'(w),A”(w)} + In(2)1o(w) v-almost everywhere.

Note that the function (w € Q) — max{A’(w), A”(w)} +In(2) Iy (w) is v-integrable.
Hence the norm family g @y £F is strongly dominated (by Corollary .T.10).

By the norm families £, and £,/ are both dominated. Therefore, without
loss of generality, we may assume that ||-|| . and ||:||F,., are ultrametric norms for
w € Q\ Q. (see Deﬁnition, see also Proposition @ .Lete = {e;} | and
f= {Jj}]’.”:l be bases of £ and F' over K, and let e® f = {€;® f; }(i j)e(1....n}x{1,....m}-
Note that e ® f is a basis of E ® F. Moreover, for any w € Q, the norm ||-|legf.
identifies with the e-tensor product of the norms ||-||£,., and ||-||F... Since the norm
families ég and &F are dominated, there exist v-integrable functions Ag and Ar on
Q such that

dw(€e.ée) = sup |In||s]lE.w —ln||s||e,w| < Ag(w) v-almost everywhere, (4.7)
0

#seE

and

dw(ér,éf) = sup |Inllt]|F,, —In ||t||f,w) < Ap(w) v-almost everywhere.
0#teF

By (@), we obtain

do (g, &) =sup

0+a€cEY

In|lellE,ws —In|lelle,w«| < Ag(w) v-almost everywhere,
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which implies (see (4.2))
dw(éh,éev) < Ap(w) + In(n) 1o (w)  v-almost everywhere.

Therefore, for any w € Q and any non-zero tensor ¢ € Homg(EY,F) = E ®k F,
one has (see Remark[T.1.53)

le(@)llF.e ll£(@)lf .o
sup In——— - sup In———

0#acEY ”a’“E,w,* 0#£acEY ”a’”ev,w
< Ap(w) + Ar(w) + In(n) 1o, (w)

I llgle. = 10 [@lless.o| =

v-almost everywhere, where ||-||c,, denotes the e-tensor product of ||:||£,., and
|'l|F.o- Therefore the e-tensor product norm family ég ®, &éF is dominated (and
hence is strongly dominated since it is ultrametric on Q \ Qc,, see Remark [4.1.12)).
By using the fact that £ £ ®,  EF = (£ ®:£7)" (see Corollaryand Proposition
[I.1.57)for the non-Archimedean and the Archimedean cases respectively), we deduce
the dominance property of é£ ®, £ from the above result and the assertion [(3)]
of the Proposition. Finally, by Propositions and we deduce that the
orthogonal tensor product norm family £ ® &F is also strongly dominated, provided
that £ and & are both Hermitian.

is a direct consequence of [(2){and |[(5)[since A’¢ is a quotient norm family of
the i-th &, m-tensor power of &. O

Remark 4.1.20 Let E be a finite-dimensional vector space over K. We denote by
Dg the subset of Ng of all strongly dominated norm families & = {||*]|, }wea On
E. By Corollary we obtain that, for any pair (£,£”) of norm families in Dg,
the local distance function (w € Q) — d,,(£,¢7) is v-dominated. This observation
allows to construct a function dist(-,-) on Dg X Dg, defined as (see for the

definition of the upper integral /Q h(w) v(dw))

w@m:é@@wmw

Clearly this function is symmetric with respect to its two variables, and verifies the
triangle inequality, where the latter assertion follows from the triangle inequality of
the local distance function and Proposition Therefore, dist(:,-) is actually a
pseudometric on Dg. Moreover, for any pair (¢,£”) of elements of D, dist(£,£7) =0
if and only if £, = &/, v-almost everywhere (see Proposition [A.4.10). Therefore,
the pseudometric dist(-, -) induces a metric on the quotient space of Dr modulo the
equivalence relation

E~E =&, =¢, v-almost everywhere.

This quotient metric space is actually complete. In fact, assume that {&, },ey is a
Cauchy sequence in Dg. Then we can pick a subsequence {&,, }xew such that
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VkeN, /Q (Ve iy, 524 ) vdw) < 275

The set of w € Q such that {&,, , }xen is not a Cauchy sequence (with respect the
the metric defined in is a v-negligible set. Let & be a norm family such that
{&ny.w } e converges to &, v-almost everywhere (see Remark for the local
completeness). Then, by the same argument as in the proof of Proposition [A.4.14]
we obtain that dist(&,, &) converges to 0 when n goes to the infinity.

4.1.3 Measurability of norm families

Let E be a vector space of finite dimension over K and ¢ = {||||lu}weq be a
norm family in Ng. We say that the norm family & is A-measurable (or simply
measurable when there is no ambiguity on the o-algebra A) if for any s € E the
function (w € Q) — ||s||, is A-measurable. By definition, if the norm family &
is A-measurable on €, then also is its restriction to a vector subspace of E. The
following proposition shows that measurable direct sums preserve the measurability
of norm families.

Proposition 4.1.21 Let E and F be finite-dimensional vector spaces over K and
&e = {llleg,wlwen €F = {llllF v }wea be respectively norm families in Ng and NF.,
which are both A-measurable. For any map ¢ : Q — ¥ which is A-measurable,
where we consider the Borel o-algebra on . induced by the topology of uniform
convergence, the direct sum g @y ér = {|||ly 0 Yweq is A-measurable.

Proof Consider the map g : .% X [0, +o0[> = R

( b) SN O; a+ b = O,
ShURS (a+bma)(a+b), a+b#0.

We claim that the map g is continuous. Let {(17,,,a,,b,)}nen be a sequence in
7 % [0,+00[%> which converges to (n,a,b) € & X [0, +oo[2. If a + b # 0, then
ay/(a, + by) converges to a/(a + b), and therefore

|77n(an/(an +by)) —n(a/(a+ b))|
< [n(an/(an + bn)) = nlan/(@n + ba))| + [1an/(an + by)) = n(a/(a + b))|
< ”7]n - 7]”sup + |7](an/(an + bn)) - Tl(a/(a + b))i

converges to 0 when # tends to the infinity. We then deduce that
lim (., an,by) = g0, a,D).

Ifa+ b =0, then
lim g(17n,an,by) = 0 = g(n,a,b)
n—+oo
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since the sequence of functions {1, }, ey is uniformly bounded and a,, + b,, converges
to 0 when n tends to the infinity.

Note that .7 is a closed subset of C°([0,1]), the space of all continuous real
functions on [0, 1]. Since C°([0, 1]) admits a countable topological basis (see [32]
Chapter X, §3.3, Theorem 1), also is .. Being a metric space, the topological space
& is thus separable. Therefore, the Borel o--algebra of the product topological space
& x [0, +0o[* coincides with the product o-algebra of the Borel o--algebras of .
and [0, +00[2 (see [93]] Lemma 1.2). In particular, the function F is measurable with
respect to the product o--algebra. If (s,7) is an element in E @ F, then one has

G5 Dlly.co = 8W (@) [IsllE, 00 1]l 00)s

which is an A-measurable function since the maps ¥, w — ||s||g,» and w — ||t]|F .0
are all A-measurable. O

Proposition 4.1.22 (1) Let E be a vector space of dimension 1 over K and & be
a norm family in Ng. Then & is A-measurable if and only if there exists an
element s € E \ {0} such that the function (v € Q) > ||s||, is A-measurable.

(2) Let E be a vector space of dimension 1 over K and & be a norm family in Ng
which is A-measurable. Then the dual norm family &V is also A-measurable.

(3) Let Ey and E> be vector spaces of dimension 1 over K, and &1 and & be norm
SJamilies in Ng, and NE, respectively. We assume that both norm families & and
& are A-measurable. Then the tensor product &1 ® & (which is also equal to
&1 ® & and €1 ®x &) is also A-measurable.

(4) Let E be a vector space of dimension 1 over K and & be a norm family in NE.
Assume that there exists an integer n > 1 such that £®" is A-measurable, then
the norm family & is also measurable.

Proof [(T)] The necessity follows from the definition. For the sufficiency, we assume
that there exists s € E\ {0} such that the function (w € Q) > ||s||,, is A-measurable.
If s’ is a general element in E, there exists a € K such that s” = as. Note that for any
w € Q one has

s N> = lale - lIslleo-

Since the function (w € Q) + |al, is A-measurable, we obtain that the function
(w € Q) > |5l is A-measurable.

[@)|Let s be anon-zero element of E and @ be the element of E¥ such that a(s) = 1.
For any w € Q one has |||, = ||s]|;,'. Since the function (w € Q) > ||s]|,, is A-
measurable, we obtain that the function (w € Q) +— ||a||, is also A-measurable.
Therefore, by [(1)| we obtain that the norm family £ is A-measurable on Q.

@]Let s1 and s, be non-zero elements of E| and E; respectively. Then s; ® s»
is a non-zero element of E; ® E;. Moreover, for any w € Q one has ||s] ® s2||o =
511l * |Is2]lew- Since the functions (w € Q) — ||s1]le and (w € Q) > ||s2||., are
A-measurable, we obtain that the function (w € Q) + ||s1 ® 52|/ is A-measurable.
By|[(T)] the norm family &; ® &, is A-measurable.

Let s be a non-zero element of E. For any w € Q, one has ||s®"||,, = ||s]|.

1/n
w

Hence ||s]le = ||s®"]|)". Since £®" is A-measurable, the function (w € Q) —
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|s®" ||, is A-measurable. As a consequence, the function (w € Q) — ||s]|, is also

A-measurable. By [(D] we obtain that the norm family ¢ is A-measurable. O

Remark 4.1.23 It is not clear that other algebraic constructions of norm families
preserve the A-measurability. We consider the following counter-example. Let K =
R and (2, A, v) be the set R equipped with the Borel o--algebra and the Lebesgue
measure. Let ¢ : Q — My be the constant map which sends any point of Q to the
trivial absolute value. Then (K, (Q, A, v), ¢) is an adelic curve. Let f : R — ]0, 1] be
a map which is not Borel measurable. Let E be a vector space of dimension 2 over
R and {e, ey} be a basis of E. For each t € Q = R, let ||||; be the norm on E such
that ||[A(e + ten)||; = f(¢) for A € R\ {0}, and ||s||; = 1if s € E \ R(e + tez). Then
& = {|Ills }+er is an element of Ng. Note that, for any s € E the function ¢ — ||s]|; is
Borel measurable on R since it is constant except at most one point of R. However,
if we denote by G the quotient space E/Re; and by é6 = {||'ll.+ }:er the quotient
norm family of £. The one has

VieR, |

el = F(@).
Therefore the quotient norm family &g is not A-measurable on Q.

The following results show that, at least in the particular case where K is a
countable set, the algebraic constructions of norm families defined in the previous
subsection preserve the A-measurability of norm families.

Proposition 4.1.24 We assume that, either A is discrete, or the field K admits a
countable subfield Ky which is dense in K, for any w € Q.

(1) Let E be a vector space of finite dimension over K and ¢ = {||'||w}weq be a
norm family in Ng which is A-measurable. Then

(1.a) for any quotient space G of E, the quotient norm family éG = {||||G.0 }wea
on G of € is A-measurable;

(1.b) the dual norm family £¥ = {||-|lw,« }weq is A-measurable;

(1.c) for any algebraic extension L/K, the norm family &1, = {||'||lx}xeq, on
Ep = E ®k L is Ay -measurable. If in addition & is Hermitian, then the
norm family 511:1 is Ayr-mesurable.

(2) Let E and F be finite-dimensional vector spaces over K, ég = {||'||E.w }weq and
Er = {|I'llF.,w }wea be respectively norm families in Ng and Np. We assume
that £ and Ep are both A-measurable. Then

(2.a) the m-tensor product ég ®, &F, the e-tensor product ég ®. Ep and the
&, m-tensor product (g ®¢ » EF are all A-measurable;

(2.b) if in addition the norm families £ and Ep are Hermitian, the orthogonal
tensor product ég ® éF = {||'||EeF .w }wea is A-measurable.

(3) Let E be a finite-dimensional vector space over K and ég = {||'||E.0 fweq be
a norm family in Ng which is A-measurable. Then the exterior product norm
family A'¢ is A-measurable for any i € N. In particular, the determinant norm
Sfamily det(¢) is A-measurable.



226 4 Vector bundles on adelic curves: global theory

(4) Let E be a finite-dimensional vector space over K, and ¢ = {|||lw }wea and
& = A1, Ywea be two A-measurable norm families in Ng. Then the local
distance function w — d,(&,&") is A-measurable.

Proof It suffices to treat the case where K admits a countable subfield which is dense
in all K,,.

Let p : E — G be the projection map and F be its kernel. Let Fy be a
finite-dimensional Ky-vector subspace of F' which generates F' as a vector space over
K. Note that for any w € Q the set Fy is dense in Fx,,. Forany £ € G and any w € Q,
one has

€llG.o = seEfI,l,fs sl = Jnf llso + tlle

where sg is an element of E such that p(sg) = €. As the norm family &g is A-
measurable on Q, the function (w € Q) +— ||s||,, is A-measurable for any s € E.
Hence the function w +— ||{||G.« is also A-measurable since it is the infimum of a
countable family of A-measurable functions.

[(T.b)| Let E; be a finite-dimensional Ky-vector subspace of E which generates E
as a vector space over K. For any @ € EV and any w € Q, one has

| (s)lw _ (8o

see\{0} IISllo  seeov(o} ISllw

”a'”w,* =

since Ep \ {0} is dense in Eg, \ {0}. As the norm family £ is A-measurable
on Q, the function (w € Q) — |[|s|l, is A-measurable for any s € E. Moreover,
a(s) belongs to K, and thus the function w +— |a(s)|, is A-measurable. Hence
the function (w € Q) — ||@||w,« is A-measurable since it is the supremum of a
countable family of ‘A-measurable functions.

Let Hy be a finite-dimensional Ky-vector subspace of EY which generates
EY as a vector space over K. Then Hy \ {0} is dense in E,\éw \ {0} for any w € Q.
Let s be an element in Ey.. For any x € Qp, let

P ) ()l
w,Ly, e — - 5
peEY, \{0} el @eHy\{0} lellew,

where w = 77k (x), and |||, . denotes the dual norm of [-]|,. We have seen in
[(1b)| that the dual norm family & = {|| |l «}weq is A-mesurable on Q. Therefore
the function

(x € Q) ¥ @l (x),0

which is the composition of the A-measurable function w — ||¢||e, . With 77k,
is A -measurable. Moreover, the function x — |@(s)|, on Q; is Ay -mesurable.
Therefore, the function x — ||$||w, 1, . on Qr, which is the supremum of a countable
family of measurable functions, is also measurable. Therefore the norm family
{lI'll:}xeq, is measurable. This result applied to £¥ shows that the norm family

{Illles .+ & }xeq,, is measurable. By Proposition[I.3.20](D} [2)} the norm family &

identifies with the dual of {||-||w,, L, £ }xeq, » and hence is measurable.
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Assume that the norm family ¢ is Hermitian. Let s be an element of Ey , which is
written as 51 ® Ay + -+ + 5, ® A,,, where (s1,...,5,) € E" and (44,...,4,) € L".
For any x € Qp one has

n n
112 = 7 > 5008 ) (i Ay
i=1 j=1
Note that the function

1
(@ € Qo) = (sis8j) = 5 (Ilsi + sille = Nsillz, = lls;l1e)

is Alq,,-measurable (hence its composition with 717k |a, ., is ALlo, .,-measurable)
and the function

(1 + 412 = 112 = 1412)

| =

(x (S QL,oo) —> </]'l7/ll>x =

is Arla, ,,-measurable. Therefore the function (x € Q7 ) ||s||2 is A -measurable
on Q.. Moreover, by the measurability of &;, proved above, this function is also
Ap-measurable on Q \ Qf . Hence it is A -measurable.

Let s be an element of E ® F, ¢ be the K-linear map from E" to F which
corresponds to s, and r be the rank of ¢. Let {¢;}"" | be a basis of EY such that
®r+15- - -»9n belong to the kernel of f and let {e;}!" | be the dual basis of {¢;}] ;.
Fori € {1,...,r}, let f; be the image of a; by ¢. We complete the family {f;}]_, to
a basis {fj}j";] of F. One has

s=e1®fi+t--+e Q fr.

Let Ey and Fy be Ko-vector subspaces of £ and F generated by {e;}I", and {f; ;“z 1
respectively.
By definition, for w € Q one has

N S=X| @y +- -+ XN QYN
Islleco =03 > i llE e - 1yillF e : forsome N €N, (v, xw) € ER 4
i=1 and (y1,...,yN) € Fg

We claim that ||s]| ., is eqal to

N S=X1 QY1+ - +XN QYN
sl 2= i0F > N1l e - 1yillF e © forsome N €N, (i, ...xn) € EY o
i=1 and (y1,...,yn) € F¥

4.8)
Clearly ||slx,o, is bounded from above by ||sl|; . We will show that ||s]l;,. >
lIsll% - By Proposition|l.1.11} there exists @ € ]0, 1] such that the bases {e;}"" | and
{fj}jL, of Ek,, and Fx,, are both a-orthogonal (see Definition . Assume that
s is written in the form
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S=Xx1Q®y1+-:---+xNy QYN,
where (xi,...,xy) € EY and (yi,...,yn) € FY . For any € > 0, there exist

(x{,....xp) € EY and (y],...,y}) € F¥ such that

sup  max{|[xe — x;llE.w lye = VllF.0} < €. 4.9)
te{l,...,N}

We write x, — x; into the form

n

Xe— X, = Zag,iei, where (a¢,1,...,aen) € KJ'.
i=1
Since the basis {e;}", is a-orthogonal, one has

i=1

€2 lxe = xllEw > @ .E{HllaX }|al’,i|w leillz,w- (4.10)
1 .

EEEEE

Similarly, if we write y, — y; as
m
Dibeifi (acs....arm) € KL,
=1

one has

F.w- 4.11)

.....

Let

M= sup max{llx;llew llyellF.e}-
te{l,...,N}

If we write x; and y¢ into linear combinations of {e;}"" | and { fj};”: | respectively:
n m
X, = Z ciei, Yo = Z dej fis
=1

i=1

one has

M>a max |coile-lleillewand M > @ max |dg; Fw- (4.12)
e{1 n} Jje{l m}

.....

Note that
N
7 7 ’ ’ ’ ’
S=X @y~ —xXy®Yy = E (xe ® ye = x; ® yp)
t=1

N
= D (e = x) @ ye +x,® (ye — ¥)))
=1
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n m N
= Z(Za[,[d[,j+C(’[b[’j)€i®f}'.
i=1 j=1 (=1

For (i,j) € {1,...,n} x{1,...,m}, let

N

Aij= Z acide,j + ce,ibe .
¢=1

Since {e; ® fj}i.je(l.....n}x{1,...m} is a basis of Ey ®k, Fy over Ky and a basis of
Ex, ®k,, Fk, over K,,, one obtains that A; ; € Ko for any (i,j) € {1,...,n} X
{1,...,m}. Therefore one has

N n m
sl < D 17 IE - 157 lF0 + D D 1A jlo - ez o - 1fillF o
=1 i=1 j=1

N n m
< (el e + XUyellrw + )+ Y- > 1Al - leillew - I fllr o
=1

i=1 j=1

-2
< D Ulxellew + )llyellr.w + €) + @™ “emnMN,

M=

~
I
—_

where the first inequality comes from the definition @.8) of ||-l; . the second
inequality results from (4.9), and the third inequality comes from (@.10), (4.11) and
(@.12). Since € is arbitrary, we obtain ||s]|} ,, < S0 lxell - llyell, which leads to
Isllx o < IIsllz,w since the writing s = x; ® y1 + -+ + xn§ ® yn is arbitrary.

As the set

U{(xl,...,xN,yl,...,yN)EE(I)VXFéV PS=X QY+ -+ XN YN
NeN

is countable, we obtain that the function (w € Q) = [|$|lr.w = IS0 is A-
measurable. Therefore the norm family £ ®, &éF is A-measurable.

By Proposition one has &g ®, &r = (&) ®, &})". Hence by the
of the proposition established above, we obtain that the norm family ég ®. &F is
also A-measurable. Finally, by Corollary [I.2.20] and Proposition [I.1.57] one has
EE ®en éF = (€ ®, &f)". Therefore the norm family £ ®, . &F is also A-
measurable.

[(2.b)] We proceed with the measurability of the orthogonal tensor product norm
family in assuming that both norm families £ and &£ are Hermitian. In the first step,
we treat a particular case where E = F" and ¢ = &)/ In this case the tensor product
space E ®k F is isomorphic to the space Endx (F) of K-linear endomorphisms of F,
and the e-tensor product norm family £ ® &5 identifies with the family of operator
norms. Let {x;}", be a basis of F over K and Fp be the Ko-vector subspace of F
generated by {x;}"_,. By using the basis {x;};_, one can identify Endg,(Fp) with
M1 (Kp), the space of all matrices of size n X n with coefficients in K. Similarly, for
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any w € Q, one can identify Endg (Fk,, ) with the space M, (K,,) of all matrices of
size n x n with coefficients in K,,. In particular, Endg, (Fp) is dense in Endg (Fk,,).
For any f € Endx(F) and any w € Qq, let || f||us.., be the Hilbert-Schmidt norm

of f. By Proposition[I.2.61] one has

r 1/2

= inf — 2|2 s
s = (3ot 17l

= rk(g)<i-1
where ||-||, denotes the operator norm on Endg  (Fk,, ). Note that the set

{g € Endg,(Fp) : tk(g) <i—1}

is dense in
{g € Endk (Fk,) : tk(g) <i—1}.
Hence
r 1/2
= inf —-g|?
s = 35, pinf 15 sl
rk(g)<i-1

By the result of on the measurability of e-tensor product, the function

(@ € Qo) = |If =~ gl

is Alq,-measurable. Hence we deduce the A|q -measurability of the function
(w € Qo) = || flus - Finally, since the norm ||-||zsF.« identifies with the e-tensor
product ||-]|e.e for w € Q\ Qc, by the result of the function (w € Q\ Q) —
I fllEeF,w is Ala\o,-measurable. Thus we obtain the A-measurability of the norm
family ég ® éF.

We now consider the general case. Let T be a tensor vector in E ®k F, viewed as
a linear map from EV to F. Let G be the direct sum E & F and &g be the orthogonal
direct sum of £ and £x. By Proposition and the result obtained in (1.b), the
norm family &g is A-measurable. Moreover, the linear map 7 : EY — F induces a
2 8 of EVY® F. For any w € Q, the Hilbert-Schmidt
norm of T with respectto ||| £, and ||-||F ., identifies with the Hilbert-Schmidt norm
of f withrespect to the orthogonal direct sum norm ||-||gveF - By the particular case
proved above, we obtain the measurability of the function (w € Q) = ||T||EoF -
Combined with the measurability of ég ®. & proved in which implies the
measurability of the function (w € Q\ Qo) — ||T||EoF.w, We obtain that the function
(w e Q) ||IT||EgF . is A-measurable. The assertion is thus proved.

(3) We equip E®' with the i-th &, 7-tensor power of &. By this norm family
is A-measurable. The exterior power norm family is its quotient. By [(T.a)] we obtain
that the norm family A'¢ is A-measurable.

(4) Let Ey be a finite-dimensional Ky-vector subspace of E, which generates E
as a K-vector space. For any w € Q, Ej is dense in Ek,, . Therefore one has

K-linear endomorphism f =
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de(&,6") = sup |Insllo —Inllsllg|.
0#s€eEy

Since Ej is a countable set and since the functions (w € Q) — ||s||,, and (w € Q)
|Is]l,, are both measurable, we obtain that the function (w € Q) — d,,(¢,£’) is also
measurable. O

Remark 4.1.25 We assume that K is a number field. Let § = (K, (€, A, v), ¢) be the
standard adelic curve as in Subsection 3.2.2] Let E be a finite-dimensional vector
space over K and & = {||||lw }weo be a norm family of E. Since A is the disctere
o -algebra, every function on Q is measurable, so that (E,£) is measurable.

Theorem 4.1.26 We assume that K admits a countable subfield K which is dense
in K, for any w € Q. Let E be a finite-dimensional vector space over K and
& = {ll'llw }weq be a measurable norm family on E which is ultrametric on Q \ Q.
For any € > 0, there exists a measurable Hermitian norm family £ = {||-||2} e
on E such that ||-||H = |||l for any w € Q\ Qo and that

H 1/2
o < 115 < ¢+ €)1l
for any w € Q, wWhere r denotes the dimension of E over K.

Proof The assertion is trivial when Q, is empty. In what follows, we assume that
Q. is non-empty. In this case the field K is of characteristic 0. We divide the proof
of the theorem into two steps.

Step 1: In this step, we show that there is a family {¢,, }weq,, of embeddings
Yo : K — Csuchthat ||, = |, (+)| for all w € Qy and, for any a € K, the function
(w € Q) b (@ (a) € C)is A|q,, -measurable, where |-| denotes the usual absolute
value on C.

For each w € Q, we fix an embedding ¢, : K — C such that ||, = |@.(-)]. We
denote by f,,(a) and g,,(a) the real part and the imaginary part of ¢, (a), respectively,
that is, $u(a) = fu(a) + V-1g.(a) for a € K. We claim that, for any a € K, the
function (w € Q) — f,(a) is Alg,-measurable. In fact, we can write f,,(a) as
la + %li —lal?, - }T. Therefore the claim follows from the definition of adelic curve.
Moreover, for any a € K, the function (w € Qu) > g, (a)? is measurable since we
can write g,,(a)* as |a|2, - f.,(a)?. In particular, the function (w € Qu) = |g.(a)| is
measurable. As a consequence, for any couple of elements (a, b) in K, the function
(w € Q) > gw(a)gw () is measurable because

8w(@)gw(b) = %(gw(a + b)2 - gw(a)z - gw(b)z)-

Claim 4.1.27 Let a be an element of K. Assume that s : Q. — {1,—1} is a map such
that the function (w € Q) > s(w)gw(a) is Al -measurable. Then for any function
N : Qo — R such that the function (w € Qo) — gu(a)n(w) is Alq, -measurable,
the function (w € Qo) = s(wn(w)llg, (a)z0 is Al -measurable. In particular, for
any b € K, the function (w € Qo) > $(w)gw(b) g (a)20 is Al -measurable. O
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Proof Let h, 5 : Qo — R be the function defined by

$(w)gw(@)™" = (s(w)gw(@) ™!, if gu(a) 20,

ha.s(@) = {o, if g0,(@) = 0.

As the function (w € Qo) — s(w)g(a) is Alg,, -measurable, also is &, 5. Since the
function (w € Q) > g, (a)n(w) is measurable, we deduce that the function

(W € Qu) F= ha s(W)gu(@n(w) = s(w)n(w)1g,, )20

is Alq,, -measurable, which proves the first assertion. The second assertion follows
from the first one and the fact that the function (w € Q) — gu(a)gw(b) is Ala,, -
measurable. o

In the following, we show that there exists a map s : Qo — {1,—1} such that,
for any a € K, the function (w € Q) > s(w)gy(a) is Alq_-measurable. Since K
is countable, we can write its elements in a sequence {a, },ecn. We will construct
by induction a decreasing sequence of functions s, : Qo — {1,—1} (n € N) which
satisfy the following conditions:

(1) for any n € N and any i € {0,...,n}, the function (w € Qo) > s,(wW)gw(a;) is
Alq., -measurable,
(2) for any n € N, one has
{w € Qu 1 sp(w) =1} 2 {w € Qo : gulag) = -+ = gwla,) = 0}.

In the case where n = 0, we just choose

1’ lf gw(aO) 2 03
so(w) = .
-1, ifgy,(ag) <O.
Then one has so(w)gw(ao) = |gw(ao)|. Therefore the function
(w € Q) > so(w)gw(a:)
is Alq, -measurable. Moreover, by definition one has

{w € Qux : so(w) =1} 2{w € Qs : gwlao) =0}.

Assume that the functions sy, . . ., s, have been constructed, which satisfy the condi-
tions above. We choose

_sn(w)’ if gw(aO) == gw(an) =0and gw(an+l) <0,
Sn+1("~)) = .
sp(w),  otherwise.
Clearly, if g.,(ap) = -+ = gw(an) = gw(an+1) = 0, then 5,41 (w) = sy(w) = 1, so that

the above condition (2) for s, is satisfied. Moreover, if g,(ag) = - -+ = gu(an) =0
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and g, (an+1) < 0, then s, (w) = 1 and s,,41(w) = —s,(w) = —1. Hence we always
have s,11(w) < sp(w) for any w € Q. For any i € {0,...,n} and any w € Q. one
has

Sna1(w)gw(ai) = sp(w)gw(a;)

since s;+1(w) = s,(w) once g, (a;) # 0. Hence by the induction hypothesis the
function (w € Qo) > sy11(W)gw(a;) is Alg,, -measurable.

In what follows, we show that the function (w € Q) > $;11(W)gw(an+1) is also
Al -measurable. For any i € {0,...,n}, the set

{w € Qu ¢ gular) =0} = {w € Qo : gulai)’ =0}

belongs to A since the function (w € Qo) — gu(a;)? is Alq.-measurable. By

Claim4.1.27] the function
(w € Qo) — Sn+1(w)gw(an+1)]lgw(ao)io (4.13)

is Alq,,-measurable. Similarly, for any i € {1,...,n} we deduce from the Alq_-
measurability of the function

(‘U € Q) — gw(ai)gw(anﬂ)]lgw(ao):o te ]lgw(a,-,l):O
that the function

(w € Q) [ — Sn+1(w)gw(an-%—l)]lgw(a()):o e ]lgw(ai_l):O ]lgw(ai);tO (414)

is Alq,,-measurable. Moreover, the function

(W € Q) F= Sp41(W)8e(@n+1) g, (ag)=-=go (an)=0 (4.15)
is Alq,-measurable since s,:1(w)gw(@n+1) = |g€w(@n+1)| once the condition
gwlag) = -+ = gwlay) = 0 holds and since the set

{w € Qo : gulag) =+ = gula,) = 0}
={we Qs : gw(a0)2 == gw(an)2 =0}

belongs to A. We then obtain the A|q  -measurability of the function (w € Q) —
Sn+1(W)gw(an+1) since we can write the function as the sum of (#.13), (#.15) and
@#T14) for i € {1,...,n}. Let s be the limit of the decreasing sequence of func-
tions {s, }nen. For any n € N, the function (w € Q) — s,(wW)gw(ay) is Ala,.-
measurable for any integer m > n. By passing to limit when m — +co, we obtain
that the function (w € Q) — s(w)gw(a,) is Al -measurable.

Here we define ¢, : K — Cto be

. P if s(w) =1,
o = the complex conjugation of ¢, if s(w) = —1.
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By the measurability result proved above, we obtain that, for any a € K, the function
(w € Qo) P @y (a) is Alg,, -measurable.

Step 2: Let Q. . be the set of w € Q such that K, = C. Then one has
Qo \ Quoc = ﬂ{w € Qu : pula) € R}.
ack

Therefore, the sets Q.  and Q. \ Qo belong to A (by Proposition the set
Q. belongs to A).
Let {e;}!_, be a basis of E over K. We consider C"™" as the space of complex
matrices of size r X r and equip it with the Euclidean topology and Borel o--algebra.
Let 7’ = r + &. For any w € Qu ¢, let G(w) be the set of all matrices A € C™"
such that, for any (1y,...,4,) € K", if we note (x1,...,%) = (¢u(A1), .- ., Pu(dr)),
then one has

X1
lxier + -+ xperl2, < (X1, ., X)AA| 1 | <P lxier + -+ xeer||2,

Xy

where A* = "A. For any w € Qu, \ Qc.c, let G(w) be the set of all matrices A € C™"
such that, for any (4y,...,4,) € K" and any (17,...,4.) € K", if we note

15 20) 1= (@ (1) + V=100 (A)), . ., Pu(Ar) + V=1g,(AL)),
then

21
llzier + -+ + zrerlli,C S@n..L)ATA L[ < lzier + -+ zrer||3),c,

2r

where the norm |||, c is defined as follows

V(ey) € Ex o llx+ V=Tylloc = (IxlIZ + [Iy1I5) 772
For any A € C"™", let E(A) be the subset of C" defined as

{xeC" : "XA"Ax < 1}.

For any w € Q., let

B, :={(x1,...,x)€C" : |lxie1 + - + xrer|lwc < 1}
Then a matrix A belongs to G(w) if and only if the following conditions hold

(r")'?B,, C E(A) C B,,.



4.1 Norm families 235

In fact, this relation is equivalent to, for any (zy,...,z-) € C",
21
l|ziep + -+ zrerlli’(c S@p..nz)ATA L[ < lzer + - + Zr@r”i,@- (4.16)
ir

Hence it implies that A € G(w). The converse implication is also true since gow(f )+
\/—_hpw(l?) is dense in C if K, = R, and ¢w(E) is dense in Cif K, = C.

Let 6§ > 0 such that (1 + 6)\F < Vr’. By Theorem (see also Remark
[[:22.33), there exists a Hermitian matrix A¢ such that

(1+6)"'r" V2B, C E(Ag) € (1 +6) 'B,.

This shows that Ay belongs to the interior of G(w) and hence the interior G(w)° of
G(w) is not empty. We denote by F(w) the closure of G(w)°. If U is an open subset
of C"™", one has

{weQw : UNF(w) # 3} ={w € Qs : UNG(w)° #+ T}
= |J (weas:aecwry,

—rXr

AeQ nU

where Q denotes the set of algebraic numbers in C. For any matrix A € C™"
{weOue AcG = [ (| Qucln),
HEQN(0,1) a=(a,,...,A,)eKT™
where Qe (1, A1, . . ., A,-) is the set of w € Qq . such that
‘pw(/ll)
L+ mlldrer +--+ drerlley < (o1 -, 0 (1) AA

$w(Ar)
<= prlldrer + -+ drer |2,

Note that Qo (g, A1, . . ., 4,-) belongs to A since the functions
(w € Qo) > ||A1e + -+ + /lrer”Z)

and
(weQw)'_"Pw(/li) (iE{l,...,r})

are Alq, -measurable. We then deduce that {w € Qw . : A € G(w)°} belongs to
A. Similarly,
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{w €O\ Qe 1 A€ G(w)}

- U [ ’

HeQN0,1) a=(ay,...,1,)eK"
""" = (Qeo\ Qoo ), A, 7
=(,..., /t',)eKr( \Qeo, ) (11,4, )

where (Qoo \ Qoo )(1t, 4, 4") is the set of w € Qe - such that

(U )l drer ++ -+ dregll + llArer + -+ Arer2)
z1(w)
< (Z1(w),. .., 7 (w)A*A
Zn(w)
< (1= (Idver + -+ Aperl + 14 en + -+ Al )

Hence {w € Qu \ Qwo.c : A € G(w)°} belongs to A.
Gathering the results we obtained, one can conclude that

{weQw : UN F(w) # @}

belongs to (A, so that by the measurable selection theorem of Kuratowski and
Ryll-Nardzweski (see [A.2.1), we obtain that there exists an A|q_ -measurable map
a : Qo — C™ such that a(w) belongs to F(w) for any (w € Q). Finally, for any

w € Qy and any (44,...,4,) € K], we let (where we extend ¢,, by continuity to
K, —©C)
1/2
‘pw(/ll) /
”/llel +-et /lrerng = (()Dw(/ll), . ’Qow(/lr))a(w)*a'(w) :
Po(dr)

Then ||-||¥ is a Hermitian norm which satisfies

H 1/2
Il < FIE < (7 + )2 ]|

For w € Q \ Qu, let ||-|| := ||||o. Then by the measurability of the map a(-) we
obtain that the norm family £ := {||-||Z},,cq is measurable. The theorem is thus
proved. O

4.1.4 Adelic vector bundles

In this section, we introduce the notion of adelic vector bundles on an adelic curve
S = (K,(Q,A,v),$). An adelic vector bundle is a finite-dimensional vector space
E over K equipped with a family of norms indexed by €, which satisfies some
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measurability and dominance conditions so that the height of non-zero vectors is
well defined (see Definition[4.1.28). In the classic setting of global fields, the notion
of adelic vector bundles was defined differently in the literature (see for example
[62]): one requires that almost all norms come from a common integral model of
E. However, in our setting it is not relevant to consider integral models. The readers
will discover the link between our definition and the classic one via the dominance

property described in Proposition[d.1.7]

Definition 4.1.28 Let E be a finite-dimensional vector space over K, and £ be a
norm family in NVg. If both norm families & and &Y are A-measurable on Q and if
¢ is dominated (resp. strongly dominated), we say that the couple (E, &) is an adelic
vector bundle (resp. a strongly adelic vector bundle) on S. The rank of an adelic
vector bundle or a strongly adelic vector bundle (E, ¢) is defined as the dimension of
E over K.

If the norm family & is Hermitian (in this case (E, &) is necessarily a strongly
adelic vector bundle), we say that (E, &) is a Hermitian adelic vector bundle on S. If
the dimension of E is 1 (in this case & is necessarily Hermitian), we say that (E,&)
is an adelic line bundle on S.

Proposition 4.1.29 Let E be a vector space of dimension 1 over K and & be a norm
Sfamily in Ng. If € is A-measurable and dominated, then (E,&) is an adelic line
bundle on S.

Proof Since E is of dimension 1 over K, any dominated norm family is strongly dom-
inated (see Remark [.1.12). Moreover, by Proposition[d.1.22] if ¢ is A-measurable,
then also is &V. m|

Proposition 4.1.30 Let (E, &) be an adelic line bundle on S. Then (EY,&Y) is an
adelic line bundle on S.

Proof By definition, the norm family &Y is A-measurable on Q. Moreover, by

Proposition[4.1.19|[(3)] the norm family ¢V is dominated. By Proposition[4.1.29] we

obtain that (EV,£") is an adelic line bundle on S. m|

The following proposition is fundamental in the height theory of rational points
in a projective space over an adelic curve.

Proposition 4.1.31 Let (E, &) be an adelic vector bundle on S.

(1) Any vector subspace of dimension 1 of E equipped with the restriction of the
norm family & forms an adelic line bundle on S.

(2) Any quotient vector space of dimension 1 of E equipped with the quotient norm
family of & forms an adelic line bundle on S.

Proof Let F be a vector subspace of rank 1 of E and &p be the restriction of &
to F. Clearly £ is A-measurable. Moreover, by Proposition the norm
family £¢ is dominated. By Proposition[d.1.29] (F, &) is an adelic line bundle on S.

[@)|Let G be a quotient space of dimension 1 of E and &; be the quotient of the
norm family £ on G. Then G identifies with a vector subspace of dimension 1 of EV
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and £/, identifies with the restriction of £ to GV (see Proposition|1.1.20). Therefore
(GY, .fé) is an adelic line bundle on S. Finally, by Proposition and the fact that
&g = &5 (where we identify G with G¥Y), we obtain that (G, £g) is an adelic line
bundle on S. m]

Proposition 4.1.32 (1) Let (E,¢) be an adelic vector bundle (resp. a strongly adelic
vector bundle) on S, F be a vector subspace of E and & be the restriction of
& to F. If the norm family &) is A-measurable, then (F,&F) is an adelic vector
bundle (resp. a strongly adelic vector bundle) on S.

(2) Let (E, &) be an adelic vector bundle (resp. a strongly adelic vector bundle) on
S, G be a quotient vector space of E and &g be the quotient norm family of &.
If the norm family &g is A-measurable, then (G,&) is an adelic vector bundle
(resp. a strongly adelic vector bundle) on S.

(3) Let (E, &) be an adelic vector bundle on S. Assume that the norm family ¥V is
measurable. Then (EV,&V) is a strongly adelic vector bundle on S.

(4) Let (E,ég) and (F,&F) be adelic vector bundles on S. If the norm families
&g ®. EF and (Eg ®, EF)Y are A-measurable, then (E ® F,ég ®, £F) is a
strongly adelic vector bundle on S. Similarly, (E ® F,ég ®¢ x £F) is a strongly
adelic vector bundle on S provided that the both norm families ég ®c » £ and
(e ®c.n £F)Y are measurable. If in addition £ and & are both Hermitian,
and if both norm families g ® ép and (g ® &)Y are A-measurable, then the
orthogonal tensor product (E @ F,&g ® &) is a Hermitian adelic vector bundle
onS.

(5) Let (E,¢) be an adelic vector bundle on S. If det(¢) is A-measurable then
(det(E),det(¢)) is an adelic line bundle on S.

Proof These assertions are direct consequences of Proposition[d.1.19] We just men-
tion below some particular points. For the assertion [(T)] since ¢ is A-measurable,
by definition &F is also measurable. For the assertion since &Y is A-measurable,
and fé identifies with the restriction of £¥ to GY, it is also A-measurable. For the
last assertion, since det(E) is of dimension 1 on K, the A-measurability of det(¢)
implies that of its dual. O

Corollary 4.1.33 Let (E|,&1) and (E», &) be adelic line bundles on S. Then the
tensor product (Ey ® E», &1 ® &) is also an adelic line bundle on S.

Proof By Proposition F.1.22][(3)] the tensor product norm family & ® & is A-
measurable. By Proposition we obtain that (E; ® E»,& ® &) is an adelic
line bundle on S. O

Remark 4.1.34 By using the measurability results obtained in the previous subsec-
tion (notably Propositionf.1.24), we obtain that the assertions of Proposition[d.1.32]
remain true without supplementary measurability assumptions, if the o-algebra A is
discrete, or if the field K admits a countable subfield which is dense in all completions
Ko, we Q.

In the case of direct sums, the measurability result in Proposition .1.2T]leads to
the following criterion (without any condition on K).
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Proposition 4.1.35 Let (E,£g) and (F,&F) be adelic vector bundles (resp. a strongly
adelic vector bundle) on S, and ¥ : (w € Q) — Y, € . be an A-measurable map.
We assume that there exists a measurable subset Q' of Q such that v(Q') < +oo and
that W, = Wy on Q\ Q', where Yy denotes the function in . sending t € [0,1] to
max{t,1 —t}. Then (E & F,Eg ®y éF) is an adelic vector bundle (resp. a strongly
adelic vector bundle) on S.

Proof Since (E,ég) and (F,&p) are adelic vector bundles (resp. strongly adelic
vector bundles) on §, the norm families &g, &F, % and f}é are all A-measurable,
and the norm families £ and & are dominated (resp. strongly dominated).

By Proposition [#.1.21] the y-direct sum £ @y &F is also A-measurable. Let
V' = {¥/ }weq be the family in .% such that y,, = Yo on Q \ Qo and ¥, = Y, «
(see Definition [I.1.48) on Q.. then one has

(e ®y ér)" = ép &y Ep.

Note that the map from . to itself sending ¢ € . to ¢, is continuous. This is
a consequence of (T.TT) and Proposition Therefore, the map ¢’ is also A-
measurable. Still by Proposition [4.1.21] we obtain that the norm family (¢¢ @ &r)"
is A-measurable.

By Proposition[d. T.T9|(4)} the norm family &g @, éF is dominated (resp. strongly
dominated). Therefore (E @ F,&g ®y &) is an adelic vector bundle (resp. strongly
adelic vector bundle) on S. m|

4.1.5 Examples

In this subsection, we present several examples of adelic vector bundles, which
include most classic constructions.

Torsion free coherent sheaves

Let k be afield and X be a normal projective scheme of dimension d > 1 over Spec k,
equipped with a family {D;}¢-! of ample divisors on X. Let K = k(X) be the field
of rational functions on X and Q = X1, equipped with the discrete o-algebra. We
have seen in that S = (K,(Q,A,v), ) is an adelic curve, where the measure
v is defined as

vYeQ=Xx" y{Y}) =deg(D Dy N[Y])

and the map ¢ : Q@ — Mg sends Y € Qto ||y = e dr(),

Let & be a torsion-free (namely the canonical homomorphism & — &YV is
injective) coherent sheaf on X and E := & ®¢, K. The latter is a finite-dimensional
vector space over K. Moreover, for any Y € Q, & ®¢, Ox.y is a torsion-free module
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of finite type over the discrete valuation ring Ox y (the local ring of X at the generic
point of Y), hence is a free Ox y-module of finite rank. We define a norm ||-||y on
E ®k Ky as follows

VseE®gKy, |sly:=inf{laly : a € K}, a”'s € & ®p, Ox.v}

where 5X,y is the completion of Ox y, which identifies with the valuation ring of
Ky (the completion of K with respect to |-|y). This norm is clearly ultrametric. Thus
we obtain a Hermitian norm family in Ng, which we denote by £g. Note that the
dual norm family §g identifies with £gv, where & denotes the dual Ox-module of
&.

Since torsion-free coherent sheaves are locally free on codimension 1, we obtain
that, for any basis e of E, the norms ||-||y and ||-||¢.y are identical for all but a finite
number of Y € Q. Therefore, the couple (E, g) is a strongly adelic vector bundle on
S.

Hermitian vector bundles on an arithmetic curve

Let K be a number field and Ok be the ring of algebraic integers in K. Recall that
a Hermitian vector bundle on Spec O is by definition a couple (&, {||'|lo }o:k>C)»
where & is a projective Ox-module of finite rank, and for any embedding o : K — C,
|Illo- is a Hermitian norm on E®¢,, - C. We also require that the norms {||-||o- } o5k —c
are invariant under the complex conjugation, namely for sy,...,s, in &, 41,...,4,
in C, and o : K — C, one has

[ @51+ + Ay ®Sulle = |1 ® 514+ + Ay ® Sl

Welet E := & ®g, K.

Let S = (K, (Q, A, V), ) be the adelic curve associated with the number field K,
as described in §3.2.2] Recall that Q is the set of all places of K, A is the discrete
o-algebra on Q and v({w}) = [K, : Q.

Recall that any finite place of K is determined by a maximal ideal p of Ok. Let
5K,p be the completion of the local ring Ok ,, which is also the valuation ring of
K,. We construct a norm ||-||, as follows

VseE®k Ky, sl :=inf{lal, : a € K}, a”'s € E®0, Ok p)-

Let v be an Archimedean place of K. Then v corresponds to an embedding o of K
into C, we let |||, be the restriction of |||l to E ®k K, . Note that the condition
that the norms {||||lo }o:x—c are invariant under the complex conjugation ensures
that the norm |||, does not depend on the choice of the embedding o : K — C
corresponding to v. Thus we obtain a norm family & = {||-||, },eq in Ng. Since & is
alocally free sheaf, we obtain that, for any basis e of E over K, one has ||-|l, = ||-|le.v
for all but a finite number of v.
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Ultrametrically normed vector space over a trivially valued field

Let K be an arbitrary field and Q be the one point set {w}. Let |-|,, be the trivial
absolute value on K. We then obtain an adelic curve S by taking the discrete o -
algebra A on Q and the measure v on (Q,A) such that v({w}) = 1. Then any
ultrametrically normed finite-dimensional vector space over K is a strongly adelic
vector bundle on S.

Remark 4.1.36 Let K be a number field and E be a finite-dimensional vector space
over K. In [62, §3], a structure of adelic vector bundle on E has been defined as a
norm family & € Ng such that, for all but finitely many w € Q (where Q denotes
the set of all places of K), the norm &, is induced by a projective Og-module of
finite type &. Clearly such a structure of adelic vector bundle is a dominated norm
family. We denote by D}, the subset of Dg consisting of all structures of adelic
vector bundles in the sense of [62]. We claim that DE is dense in Dg (with respect
to the metric dist(-, ) defined in Remark [4.1.20). In other words, given a dominated
norm family & on E, there exists a sequence {&,}nen in Dy, which converges to
£. In fact, we can choose an arbitrary element & in Dy,. The main point is that, if
we modify finitely many norms in the family &, we still obtain a norm family in
Dy,. Since the local distance function d(¢,&) is v-dominated, we can construct a
sequence {Q, },>1 of subsets of Q, such that Q \ Q,, is a finite set and that

lim o, (w)dy (€, &) v(dw) = 0. 4.17)
Q

n—+oo

We then let &,, be the norm family such that

& _ &0, w € Q,
T b weQ\Q,.

Then the sequence {&,} e is contained in Dj, and converges to ¢ (see @.17)).
Combined with the completeness of the space Dr explained in Remark f.1.20] we
obtain that Dg is actually the completion of the metric space Dj,.

4.2 Adelic divisors

Let S = (K, (Q, A, v),$) be an adelic curve. We call adelic divisor on S any element
¢ in the vector space L'(Q, A, v) (see Sectio. For the reason of customs
of arithmetic geometry, we use the notation Divg(S) to denote the vector space
LYQ,A,v).

If £ is an adelic divisor on S, we define its Arakelov degree as

deg(¢) := /Q {(w)v(dw) € R. (4.18)
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The function deg is a continuous linear form on EER(S ). If a is an element of K*,
we denote by (a) the adelic divisor represented by the function which sends w € Q
to —In |a|,,, called the adelic divisor associated with a. The map

() : KX — Diva(s)

is additive and hence extends to an R-linear homomorphism from K*®zR to DIVR(S ),
which we denote by ( )z The closure of the image of this map is denoted by PDIVR(S )
and the elements of this vector space are called principal adelic divisors. We denote
by GIR(S ) the quotient space E—i;R(S )/ ITDTIR(S ). Note that it forms actually a Banach
space with respect to the quotient norm. Two adelic divisors lying in the same
equivalent class in GIR(S) are said to be R-linearly equivalent.

We say that an adelic divisor { on S is effective if { is v-almost everywhere non-
negative. Denote by Divg(S), the cone of all effective adelic divisors on S. Clearly,
if £ is effective, then deg(¢) > 0.

Let S’ = (K',(Q, A’,v"), ") be another adelic curve and a = (a®, a4, 1,) : S’ —
S be a morphism of adelic curves (see Section [3.7). If ¢ is an adelic divisor on S,
which is represented by an element f € Z!'(Q, A, v), we denote by a*() the adelic
divisor on S’ represented by the function f o ay (the equivalence class of f o ax
does not depend on the choice of the representative f since v identifies with the
direct image of v’ by ax). If {’ is an adelic divisor on S’, we denote by a.({’) the
adelic divisor 1,({") on S. Since I, is a disintegration kernel of v’ over v, one has
a(a*({)) = ¢ for any adelic divisor ¢ on S.

We assume that S is proper. Then one has deg({) = 0 if £ is a principal adelic
divisor. This is a direct consequence of the product formula and the fact that deg(-) is
a continuous linear operator. Therefore the R-linear map deg(-) induces by passing
to quotient a continuous R-linear map from GIR(S) to R which sends any class [{]
to deg(¢). We still denote this linear map by deg(-) by abuse of notation.

4.3 Arakelov degree and slopes

The purpose of this section is to generalise the theory of Arakelov degree and slopes
to the setting of adelic vector bundles over adelic curves. Throughout the section,
let S = (K, (€, A, v), $) be a proper adelic curve. For all subsections except the first
one, we assume in addition that, either the o-algebra A is discrete, or there exists a
countable subfield K of K which is dense in all K, w € Q.

4.3.1 Arakelov degree of adelic line bundles

Definition 4.3.1 Let E be a finite-dimensional vector space over K and & be a
dominated and measurable norm family on E. If s is a non-zero vector of E, then the
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function (w € Q) > In||s||,, is v-dominated and A-measure, hence is v-integrable.
We denote &i\\lg(s) by the adelic divisor defined by this function, which is called the
adelic divisor of s with respect to £. We define the Arakelov degree of s with respect
to & as the Arakelov degree of ai\vf(s), that is,

deg,(s) := deg (&ng(s)) - / 1n 5|, v(dw).
) Q
Moreover, by the product formula (3.1)) we obtain that, for any a € K*, one has
deg,(as) = deg,(s). (4.19)
Remark 4.3.2 We assume E = K" and ¢ = {||||o }weq is given by

(@1, ... an)llw = max{|aile,....|anlw}

for each w € Q. Then hg(s) = —d’e\gf(s) for all s € E \ {0} (for the definition of Ag,

see Defintion [3.5.1).

Remark 4.3.3 Let E be a finite-dimensional vector space over K and & = {||-|| }wea
be a family of seminorms, where ||-||,, is a seminorm on E ®k K,,. If s is an element
of E such that the function (w € Q) — ||s]|, is measurable and upper dominated,
we denote by cfé?g £(s) the value

- / In||sle v(dw) € ]—o0, +o0].
Q
Since the adelic curve S is proper, for any a € K*, one has cfc\g £(as) = cfc\g £(s). This
notation will be used in Chapter[7]on families of supremum seminorms.

Definition 4.3.4 Let (E, £) be an adelic line bundle on S. We call Arakelov degree of
(E,£) the number deg,(ss), where s is a non-zero element of E. Note that the relation
@19) shows that the definition does not depend on the choice of the non-zero
element s of E. We denote the Arakelov degree of (E, &) by d/e\g(E ).

Proposition 4.3.5 Let (E, &) be an adelic line bundle on S. Then (EV,£Y) is also an
adelic line bundle on S. Moreover, one has

deg(EY,£") = —deg(E.£). (4.20)

Proof By Proposition [4.1.30} the couple (EY,&Y) is also an adelic line bundle, so

that the Arakelov degree deg(EY,&Y) is well defined. If @ is a non-zero element of
EY and s is a non-zero element of E then one has

Vo eQ, |a(9)lo = llallovs - lIsllo-

By the product formula
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/ In |a(s)], v(dw) = 0,
Q
we obtain the equality (#.20). O

Proposition 4.3.6 Let (E\,&1) and (E», &) be adelic line bundles on S. Let E =
E\ ®k Ep and &€ = &1 ®, & (which is also equal to & ® & and &) ®x &). Then one
has

deg(E) ® En,&1 ® &) = deg(E1,&1) + deg(En, &2). (4.21)

Proof Let s and s, be non-zero elements of £] and E,, respectively. For any w € Q,
one has
In |51 ® s2[lw = In[[s1 e + In[[52]|e- (4.22)

By taking the integral with respect to v, we obtain the equality (@.21). mi

4.3.2 Arakelov degree of adelic vector bundles

From now on and until the end of the section, we assume that, either the o--algebra
A is discrete, or there exists a countable subfield K, of K which is dense in each
K., where w € Q.

Definition 4.3.7 Let (E,£) be an adelic vector bundle on S. By Proposition 4.1.32}
(det(E), det(¢)) is an adelic line bundle on S. We define the Arakelov degree of (E, &)
as

deg(E.£) := deg(det(E), det(£)).

Note that, the Arakelov degree of the zero adelic vector bundle is 0. By Proposition

one has det(¢) = det(¢V"). Therefore
deg(E.£) = deg(E.£"). (4.23)
Proposition 4.3.8 Let (E,¢) be a Hermitian adelic vector bundle on S. One has
deg(E.&) = ~deg(E".£"). (4.24)

Proof The determinant of EV is canonically isomorphic to the dual vector space of
det(E), and the norm family det(¢") identifies with det(¢)¥ under this isomorphism
(see Proposition [1.2.47), provided that ¢ is Hermitian. Therefore, by Proposition
[4.3.5] we obtain the equalities. O

Definition 4.3.9 Let (E,¢) be an adelic vector bundle on S. We denote by 6(¢) the
function on Q sending w € Q to 6,,(€) := 6(Ek,,. ||-l) (see §1.2.7). Recall that the
function §(¢) is identically 1 on Q \ Q. (see Proposition[1.2.47), and takes value in
[1,77/2] on Q. (see Proposition[1.2.46|and the inequalities (T.74) and (T-47)), where
r is the dimension of E over K. In particular, the function In §(¢) is v-dominated
since it is bounded and vanishes outside a set of finite measure.
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Similarly, we denote by A(¢) the function on Q sending w € Q to A,(¢) :=
A(Ek,,, |I'll) (see Definition [1.2.41)). This function is bounded from below by the
constant function 1. Moreover, it identifies with the constant function 1 if & is
Hermitian.

Proposition 4.3.10 Let (E, ¢ = {||'||lw twea) be an adelic vector bundle on S. Then
the function (w € Q) > 8,(¢) is A-measurable and its logarithm is integrable with
respect to v. It is a constant function of value 1 when ||-||., is induced by an inner
product once w € Q. Moreover, the following relations hold

0 < deg(E, &) + deg(E",¢")

= / In(6,,(€)) v(dw) < %dimK(E)ln(dimK(E))v(Qoo). (4.25)
Q

In particular, one has deg(E, £) + deg(EY,£Y) = 0 if for any w € Qo the norm ||-|l
is induced by an inner product.

Proof By Proposition [4.1.32] we obtain that both couples (det(E),det(¢)) and
(det(EY),det(¢Y)) are adelic line bundles on S. Let n be a non-zero element in
det(E) and n¥ be its dual element in det(¢). By (1.38)), one has

(= 17llw,ded) + (=10 17" leo, x,ge) = InSo (€.

Therefore the function (w € Q) - §,,(¢) is A-measurable. Moreover, by Proposition
1.2.477| we obtain that §,,(¢) = 1 if w € Q\ Qe or if w € Qy and the norm |||, is
induced by an inner product. Therefore {.25)) follows from the inequalities

0<In 5({1) < %dimK(E) ln(dimK(E))IlQm,

which also implies the v-integrability of In §(&). ]

Proposition 4.3.11 Let (E, &) be a strongly adelic vector bundle on S. The function
In A(¢) is v-dominated.

Proof Lete = {e;}]_, be abasis of £ over K. By Corollary[4.1.10] the local distance
function (w € Q) — d,, (&, &) is v-dominated. We write the norm families ¢ and &,
in the form of ¢ = {||'[|w}weq and & = {||lle,w }wea, respectively. Let w € Q. If
Il is @ norm on Ek, bounded from below by ||-|le ., Which is either ultrametric
or induced by an inner product, then the norm e%~(¢-¢)||.||,, ., is bounded from below
by |||l This norm is also ultrametric or induced by an inner product. Therefore we
obtain that

InAL(€) <InAy (&) +dy(€,&) < %rln(r)]lgm(w) +dy(4,&,),

where the second inequality comes from (1.44). Since v(Q) < +oo (see Proposition
3.1.2)), we obtain that the function In A(¢) is v-dominated. O
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Definition 4.3.12 Let E = (E, &) be an adelic vector bundle on S. We denote by
8(E) the integral [ In(6,,(£)) v(dw), which is also equal to deg(E, &) + deg(EY,&Y)
(see Proposition 4.3.10). We denote by A(E) the lower integral fQ In(A, (¢)) v(dw),

which takes value in [0, +o0]. It is finite once the function (w € Q) — W(&,EVY) is
v-dominated (see Proposition4.3.11), namely E is a strongly adelic vector bundle.

Let E, F and G be vector spaces of finite dimension over K, and &g, éF and &g
be norm families in Ng, Nr and Ng respectively. We say that a diagram

0 —= (F.¢r) —> (E.é5) —*= (G.ég) —= 0

is an exact sequence if

0 F E G 0

is an exact sequence of vector spaces over K and if the norm family & is the
restriction of £ to F, and the norm family & is the quotient of the norm family of
&g on G (see page[206). Note that if £z is Hermitian, then both norm families
& and &g are Hermitian.

Proposition 4.3.13 Let (E, &) be an adelic vector bundle over S and
0=FEyCE C...CE,=E

be a flag of vector subspaces of E. For any i € {1,...,n}, let & be the restriction of
& to E; and let n; be the quotient norm family of & on E; | E;_1. Then one has

> deg(E:/Ei-1.mi) < deg(E.£) (4.26)
i=1

and

n

deg(E.&) - AE.§) < ) (deg(Er/Eiovmi) = MESEm). (427)
i=1

If in addition ¢ is ultrametric on Q \ Qq, then

n

deg(E.&) ~ 6(E.€) < ). (dea(Es/Eiov) = 6B Em)) . (428)
i=1

In particular, if & is Hermitian, then one has

deg(E,&) = ) deg(Ei/Ei-1.m). (4.29)

i=1
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Proof Foranyi € {1,...,n}, we have an exact sequence
0 —— (Ei-1,&i-1) — (Ei, &) — (Ei/Ei-1,mi)) —>= 0.

In particular, one has a canonical isomorphism (see [28] Chapter III, §7, no.7,
Proposition 10)
det(E;) = det(E;—) @ det(E;/E;_1).

For any i € {1,...,n}, we pick a non-zero element @; € det(E;/E;—;) and let
Bi = a1 ® -+ Q a;, viewed as an element in det(E;). By convention, let 8y be the
element 1 € det(Ey) = K. By Corollary and Proposition|1.2.43| one has

Au(&i-1)Ao (i)
Aw(fi)

If £ is ultrametric on Q \ Q., then by Proposition|1.2.51} one has

5w(§i71)5w(ni)

In ||l + Inf|Bi-1]lw +1n <IniBille < Infleille + Inf|Bi-1llo.

In |l + Inf|Bi-1]lw +1n < InfiBillw,

6w(§i)
Taking the sum with respect to i, we obtain
Y =nflaillo < =1 lBallo < (D ~Inllaillo ) + 10 80 @ = ( D10 AuGr))
i=1 i=1 i=1

(4.30)
and, in the case where £ is ultrametric on Q \ Q,

n

il < (Y ~Inllall) + n6u€) - (Y o m).
i=1

i=1

By taking the integrals with respect to v, we obtain the inequalities (#.26) and

(@28). Moreover, (#.30) leads to

0Bl + Y0 80n) < (3~ llarll) +In A (6)
i=1

i=1

Taking the lower integrals, by Proposition [A-4.5]and the inequality (A-4) we obtain

@.27).
If £ is a Hermitian norm family, then each 7, is a Hermitian norm family, i €
{1,...,n}. By Proposition[#.3.10] all functions In §(¢) and In 6(z;) vanish. Therefore

the equality (#.29) holds. m
Proposition 4.3.14 Let (E,&) be an adelic vector bundle on S. If L /K is an algebraic
extension of fields, then one has det(ér) = det(¢)p. In particular, deg(E,¢) =
deg(EL,&L).

Proof The relation det(¢) = (deté), comes from (for the non-Archimedean
case) and[(2)] (for the Archimedean case) in Proposition[T.3.19}
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Let & be a non-zero element of det(E). For any x € Q7 and w = 7k (x),
one has In ||@||y = In||e||,. By taking the integral with respect to v, we obtain

deg(E, &) = deg(EL,éL). O

Definition 4.3.15 Let (E, £g) and (F, £r) be adelic vector bundleson S. Let f : E —
F be a K-linear map. If f is non-zero, we define the local height function of f as the
real-valued function on Q sending w € Q to In||fx, ||, where fx is the K,,-linear
map Ex, — Fk,, induced by f, and || fx, || is its operator norm.

Proposition 4.3.16 Let (E,£g) and (F,Er) be adelic vector bundles, and f : E — F
be a K-linear map. The local height function of f is A-measurable. If (E,&g) and
(F,&F) are strongly adelic vector bundles, then the local height function of f is
v-dominated.

Proof We first prove the measurability of the local height function. The statement is
trivial when the o--algebra A is discrete. In the following, we prove the measurability
under the hypothesis that there exists a countable subfield K, of K which is dense
in each K. In this case there exists a countable sub-Ky-module Ey of E which
generates E as a vector space over K. For any w € Q, viewed as a subset of Ex, , Eg
is dense. Therefore one has

xeEp\ {0} IXIE.-

Ik Nl =

Since (E,&g) and (F, &) are adelic vector bundles, for any x € Ey, the functions
(w e Q) - ||x|lg,w and (w € Q) = || f(x)||F. are A-measurable. Therefore the
function (w € Q) - In|| fx,, || is A-measurable.

We now proceed with the proof of the dominancy of the function. We consider f
as an element of EV ® F and equip this vector space with the norm family £ ®; &

denoted by {||||lw.z }wea- By Remark|1.1.53] the norm of
Ik Bk 1B w,0) = (Fi s 1P,

identifies with || f ||, By Proposition[4.1.19[(3)|and[(5)} the norm family £/ ® ér
is dominated. Hence the function (w € Q) + In||f]|,.s is v-dominated. Note that
one has

|l fic, Il = 10l fllo,e| < (@57 + doo (€, €

where || fk,, || denotes the operator norm of fx : (Ex,,|'|lg.0) = (Fk.,,|'l|F.0)-
As the local distance functions (w € Q) = d,,(€g,£4") and (w € Q) = doy(éF, L)
are v-dominated, we obtain that the function (w € Q) — In|| fk,, || is v-dominated.
The proposition is thus proved. O

Definition 4.3.17 Let (E,&g) and (F, &) be adelic vector bundles, and f : E — F
be a K-linear map. We define the height h(f) of f as the lower integral

[ il o)
Jo
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By Remark|1.1.53] in the case where £ and &F are ultrametric on Q \ Qc, one has
h(f) = _deggg ®cEF ()

Proposition 4.3.18 Let (E|,¢1) and (E», &) be adelic vector bundles on S and f -
E\ — E; be a K-linear isomorphism. One has

deg(E1,&)) - deg(Ex, &) = h(det(f)). 31
In particular, . .
deg(E1,&)) < deg(Ea, &) + rh(f). (4.32)

Proof By definition one has

h(det(f)) = —deg( det(Ey)” @ det(Ey).det(&1)” ® det(£y))

leg ® (4.33)
= —deg(E},&1) + deg(Ep, &),

where the second equality comes from Propositions [4.3.5] and 3.6 Finally the
inequality (#.32) is a consequence of (#.31) and Proposition [I.1.64] m

4.3.3 Arakelov degree of tensor adelic vector bundles

Let E = (E,ég) and F = (F,&f) be adelic vector bundles on S. We denote by
E Qe F the couple (E ®x F, EE ®¢ x £F), called the g, m-tensor product of Eand F.
By Proposition}4.1.32|(see also Remark i E ®;, F is an adelic vector bundle
on S. If both E and F are Hermitian adehc vector bundles, we denote by E ® F

the couple (E F ,&E ® £F), called the orthogonal tensor product of E and F. By
Proposition 2| E ® F is a Hermitian adelic vector bundle on S.

Proposition 4.3.19 Let E = (E, &) and F = (F,&r) be adelic vector bundles on S.
One has L _ L L
deg(E ®; » F) = dimg (F) deg(E) + dimg (E) deg(F). (4.34)

If E and F are Hermitian adelic vector bundles, then one has
deg(E ® F) = dimg (F) deg(E) + dimg (E) deg(F). (4.35)

Proof Letn and m be the dimensions of E and F over K respectively. By Propositions
[T-T.69]and [T.2.39] under the canonical isomorphism

det(E)®™ @ det(F)®" = det(E ®x F),

the norm family det(£g)®™ ® det(ér)®" identifies with det(ég ®; . €F). Therefore

the equality (4.34) results from Proposition [4.3.6]
The equality (.33)) can be proved in a similar way by using Propositions [I.2.63]

and mi
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4.3.4 Positive degree

Let (E,¢) be an adelic vector bundle on S. We define the positive degree of (E,£) as
deg, (E.¢) = sup deg(F.ép),
FCE

where F runs over the set of all vector subspaces of E, and £ denotes the restriction
of £ to F. Clearly one has deg(E, &) > 0.

Proposition 4.3.20 Let (E,¢(g) be an adelic vector bundle on S, F be a vector
subspace of E and G be the quotient space of E by F. Let £F be the restriction of €
to F and &g be the quotient of ég on G. Then one has

deg, (F,£r) < deg,(E,&g) < deg, (F,&) +deg,(G,éG) + ME.p).  (4.36)
If in addition (E,&g) is ultrametric on Q \ Qc, then

deg, (F,ér) < deg,(E,£x) < deg, (F,ér) + deg,(G,é6) + 6(E,&5).  (4.37)

Proof The first inequality of (4.36) follows directly from the definition of positive
degree. In the following, we prove the second inequality of (4.36).

Let E; be a vector subspace of E, F; = F N E| and G| be the canonical image of
E in G. Then we obtain the following short exact sequence of adelic vector bundles:

0 —— (F1,¢ér,) — (E1,¢g) — (G1,éG,) —= 0,

where &g, is the restriction of the norm family &g, &F, is the restriction of &g, to
Fi and &g, is the quotient norm family of é¢, on Gj. Note that the norm family
&F, coincides with the restricted norm family of & induced by the inclusion map
F, — F. Moreover, if we denote by §’Gl the restricted norm family induced by the
inclusion map G| — G, then the identity map (G1,ég,) — (Gl,fé;l) has norm < 1

(see Proposition[I.I.T4J(2.b)) on any w € Q. In particular, by Proposition[4.3.18|one
has

deg(G1.¢,) < deg(G1.£5,) < deg,(G.£G).
Therefore, by Proposition[4.3.13] one has

deg(Ey,éx,) < deg(Fi,€x,) + deg(G1,€6,) + ME1 £x,)
< deg, (F,&r) + deg, (G,£G) + M(E1,€R,)
< deg, (F,&r) + deg, (G,£G) + A(E, éx),

where the last inequality comes from Corollary [1.2.44] Similarly, by Propositions
4.3.13|and|1.2.51] in the case where &g is ultrametric on Q \ Q., we have

deg(E),x,) < deg, (F,ér) + deg, (G, £6) + 6(E, k).
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Since E; C E is arbitrary, we obtain (4.37)). m]

Proposition 4.3.21 Let (E, ¢ = {||'||lo twea) be an adelic vector bundle on S. Then
we have the following:

(1) Let (F,n) be an adelic vector bundle on S such that F is a vector subspace of E
andn > ép on F. Then deg (F,n) < deg, (F,¢r) < deg, (E,€).
(2) Let ¢ be an integrable function on Q. Then

deg, (E,exp(-¢)f) < deg, (E, &) + dimg (E) ‘ /Q o(w) v(dw)’,

deg. (E,exp(¢)é) > deg, (E.£) - dimk (E) ‘ /Q ¢(w) v(dw)‘ :
Moreover, lf/ ¢v(dw) > O, then
Q

deg, (E,£) < deg, (E,exp(-9)f) and deg, (E,exp(¢)f) < deg, (E,£).

Proof (1) The inequality d/e\g L(FéF) < d/e\g +(E,&) has been proved in Proposi-
tion[4.3.20} For € > 0, there is a vector subspace W of F such that

deg, (F.n) — € < deg(W.qw),

so that _ . _ _
deg,(F,n) — & < deg(W,nw) < deg(W,éw) < deg,(F.éF),

as required.
(2) Let F be a vector subspace of E over K. Then

deg(F.exp(~¢)ér) = deg(F.ér) + dim (F) /Q () V(dw) 4.38)

so that if/ pv(dw) > 0, then d/e\g(F, exp(—@)éF) = (Te:\g(F,fp), which leads to the
Q
third inequality. Moreover, by ({#.38)),

deg(F,exp(~¢)ér) < deg, (E,exp(~¢)é) + dim (E) ' /Q p(w) V(dw)’,

and hence the first inequality follows.
If we set &’ = exp(p)&, then the first and third inequalities imply the second and
fourth inequalities, respectively. O
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4.3.5 Riemann-Roch formula

Here we consider a Riemann-Roch formula of an adelic vector bundle on S.

Proposition 4.3.22 Let V = (V, &) be an adelic vector bundle on S. Then one has
0 < deg(V) - (deg. (V") - deg, (V")) < 6(¥). (4.39)
If € is ultrametric on Q \ Q,, then one has
0 < deg(V) - (deg, (V) - deg, (V")) < (7). (4.40)

Proof Let € > 0. We choose a vector subspace W of V such that cff;g(W,fw) >
deg, (V) — €, where &y is the restriction of £ to W. Let £" be the dual norm family
of £ on VY, & )w be the quotient norm family of & on V/W, and .f‘i W be the dual

norm family of & ,w on (V/W)Y. If we consider (V/W)" as a vector subspace of
VY, then £ s identifies with the restriction of &Y to (V/W)Y by Proposition|[1.1.20}
so that

deg((V/W)",&y ) < deg, (VY. £Y).

On the other hand, one has
deg((V/W)".&) ) + deg(V /W, &y w) > 0
by Proposition[4.3.10]and
deg(W. &w) + deg(V/W. év w) < deg(V.£)
by Proposition[4.3.13] Therefore,
deg, (VY,£") > deg((V/W)". &) ) > —deg(V/W. & w)
> deg(W.£w) - deg(V.£) > deg (V.£) - deg(V.£) ~ €

and hence L L
deg, (V) —deg, (VY) < deg(V). (4.41)

Replacing V by V" in @#4T), we obtain
deg,(V¥) - deg, (V") < deg(V"), (4.42)

which, by Proposition [4.3.10} implies the second inequality of (4.39). Replacing v
by VYV in (@41), by the fact that ||*||o «x+ = ||*|lw,« for any w € Q (see Proposition

[[.2.T4|(T)) and the equality (#.23)) we obtain
deg, (V") - deg, (V") < deg(V), (4.43)
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which leads to the first inequality of (4.39).

In the case where ¢ is ultrametric on Q \ Qc,, one has |||, = ||*|lw .« forall w € Q
by Proposition[T.T.18](Archimedean case) and Corollary[T.2.12] Thus (.40) follows
from (#.39). mi

4.3.6 Comparison of cTéTg + and 1 in the classic setting

In this subsection, we compare deg, with the invariant 4° in the classic settings of
vector bundles on a regular projective curve and Hermitian vector bundles on an
arithmetic curve.

4.3.6.1 Function field case

Let k be a field, C be a regular projective curve over Spec k and K = k(C) be
the field of rational functions on C. Let Q be the set of all closed points of the
curve C, equipped with the discrete o-algebra ‘A and the measure v such that
v({x}) = [k(x) : k] for any x € Q. Let ¢ : Q — Mk be the map sending x to
|-|x = e°9x() We have seen in that S = (K,(Q,A,v),¢) is an adelic curve.

Let & be a locally free Oc-module of finite type and E = Ek := & ®¢,. K be its
generic fibre. For any x € Q, let ||-||, be the norm on E ®k K, defined as

Vs € E®k Ky, |lsllx = inf{laly : a € K}, a™'s € E®0 . Oc,x» }

where 5(;,,6 is the completion of Oc , which identifies with the valuation ring of
K. Then &g = {||*|lx}xea forms a Hermitian norm family on E and (E,&g) is an
adelic vector bundle on Q. Note that the Arakelov degree of (E,&g) identifies with
the degree of the locally free Oc-module &, namely

deg(E, &g) = deg(c1(&) N [C)).

The Harder-Narasimhan flag of (E,&g) is also related to the classic construction of
Harder-Narasimhan filtration of &. In fact, there exists a unique flag of locally free
Oc-modules

0=60c&EC...2&E,=6&

such that each sub-quotient &;/&;_1 is a locally free Oc-module which is semistable
and that

u(81/80) > /1(82/81) > 00> /1(8"/8"_1).
Then the Harder-Narasimhan flag of the Hermitian adelic vector bundle (E,&g) is
given by
0=8,k CEILKG...SEk =E.



254 4 Vector bundles on adelic curves: global theory

The notion of positive degree for locally free Oc-modules of finite rank has been
proposed in [42] and compared with the dimension (over k) of the vector space of
global sections, by using the Riemann-Roch formula on curves. For any locally free
Oc-module of finite rank &, we denote by h°(&) the dimension of H(C, &) over k.

Theorem 4.3.23 Let g(C) be the genus of C relatively to the field k (namely g(C) =
ho(a)c/k), wc/k being the relative dualising sheaf of C over Spec k). For any locally
free Oc-module of finite rank &, one has

1h9(E) - deg, (E.é5)| < dimg(E) max(g(C) - 1, 1). (4.44)

We refer the readers to [42, §2] for a proof.

4.3.6.2 Number field case

Let K be a number field and Q be the set of all places of K, equipped with the discrete
o-algebra A. For each w € Q, we denote by ||, the absolute value on K extending
either the usual absolute value on Q or one of the p-adic absolute values (with
Iplo = p~! in the latter case). We let K, (resp. Q) be the completion of K (resp.
Q) with respect to the absolute value |-|,,. Let v be the measure on the measurable
space (Q, A) such that v({w}) = [Ky, : Qu]- Then S = (K, (A, v), ¢ : w — |-|»)
forms an adelic curve.

Let Ok be the ring of algebraic integers in K. Recall that a Hermitian vector
bundle on Spec Ok is by definition the data & = (&,{|-|ls }o-eq..) Of a projective
Ok -module of finite type & together with a family of norms, where ||-||, is a norm
on the vector space & ®¢, K., which is induced by an inner product. Similarly to the
function field case, the Ok -module structure of & induces, for each non-Archimedean
place p € Q \ Q, an ultrametric norm ||-||, on & ®¢,. K, as follows :

Vs e&®ox Ky, Islly = inf{lal, : a € K, alseé& ®ox Op},

where O is the valuation ring of K. Let E be & ®¢, K and let £z be the norm family
{ll"llo }weq- Then the couple (E,¢&z) forms an adelic vector bundle on S, which is
said to be induced by E.

Recall that the space HO(E) of “global sections” of & is defined as

HYE):={s €& : sup,cq_ lIslle <1} ={s € E : sup,eq sl < 1}.

This is a finite set. However it does not possess a natural vector space structure
over a base field. We define (compare to the case of function field of a regular
projective curve over a finite field) 1°(E) to be In card(H' 0(8)) The invariants hO(S)
and deg +(E,<f§) have been compared in [42} §6] (see also [37]). We denote by

— B, the unit ball in R", where n € N,
— vol(By,) the Lebesgue measure of B, which is equal to 7/ /T'(n/2 + 1),
— r1(K) the number of real places of K,
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— r(K) the number of complex places of K.

Theorem 4.3.24 Let & be a Hermitian vector bundle on Spec Ok, and (E, &g) be
the adelic vector bundle on S induced by E. then

() - deg, (E.&5)| < dimg (E) In | Dk | + C(K, dimg (E)),

where Dk is the discriminant of K over Q, and for any n € N,

C(K,n) :=n[K : Q]In(3) + n(r|(K) + r»(K))In(2) + g In | Dk |
— ry In(vol(B,,)n!) — rp In(V(By,)(2n)!) + In(([K : Q]n)!).

4.3.7 Slopes and slope inequalities

Let (E, &) be an adelic vector bundle on S such that E # {0}. We define the slope of
(E.£) as N
~ deg(E.¢)
E¢) = ———.
HE,£) dimp(E)
We define the maximal slope of (E,¢) as

ﬁmax(Evf) = sup ﬁ(F,fF),
0+FCE

where F runs over the set of all non-zero vector subspaces of E and £r denotes the
restriction of ¢ to F. Similarly, we define the minimal slope of (E,¢) as

Umin(E, &) = inf (G, &), 4.45
/Jmm( ‘f) E—»%L{O} /Jmax( fG) ( )
where G runs over the set of all non-zero quotient spaces of E, and £ denotes the
quotient norm family of £. By definition one has fimin(E) < imax(E) and u(E) <
Emax(_E ) (note that here the vector space E has been assumed to be non-zero). If
E = 0 is the zero adelic vector bundle, we define by convention

ﬁmax(a) = 0o, ﬁ(a) =0, ﬁmin(a) = too.

Proposition 4.3.25 Let E = (E, &) be a non-zero adelic vector bundle on S. One
has . .
ﬁmin(E) + ﬁmax(Ev) > 0’ (446)

provided that fipax(EV) < +00 (we will show in Proposition{4.3.30\that this condition
is always satisfied, and, as a consequence of the current proposition, that one has
Hmin(E) > —00).

Proof Let G be a non-zero quotient vector space of E and &g be the quotient
norm family of &g. Note that GV identifies with a vector subspace of E¥ and by
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Proposition (1.1.20] the dual norm family _f(v; identifies with the restriction of &} to

G". By Proposition 4.3.10 one has
0< ﬁ(G,fG) + ﬁ(Gv’g(\;) < ﬁmax(G,gG) + ﬁmax(Ev,fl\é)'
Since G is arbitrary, we obtain the inequality (4.46). mi

Classically in the setting of vector bundles over a regular projective curve or in
that of Hermitian vector bundle over an arithmetic curve, the minimal slope is rather
defined as the minimal value of slopes of quotient bundles. A direct analogue would
replace fimax by [ in (@.43) for the definition of the minimal slope. However, it can
be shown that the two definitions are actually equivalent.

Proposition 4.3.26 Let E be a non-zero adelic vector bundle on S. One has
min(E) = inf  @(G),
finn(E) = _inf 7i(G)

where G runs over the set of non-zero quotient vector spaces of E, and in G we

consider the quotient norm family of that in E.

Proof Clearly fimin(E) > infg_,G(0} 4(G), so that we assume by contradiction that
min(E) > inf  1(G).
Hmin(E) EJ&{O}“( )

We fix € € R.( such that

gt (G) < finn(E) - &
Among the non-zero quotient vector spaces of E of slope bounded from above by
Hmin(E) — &, we choose a G having the least dimension over K, that is, i(G) <
Hmin(E) — € and if Q is a non-zero  quotient vector space of E such that dimg (Q) <
dimg(G), then fimin(E) — £ < [i(Q). As umm(E) — & < Jimax(G), one can find a
non-zero subspace G’ such that fiyin(E) — & < ,u(G ). Note that G’ ¢ G. We have a
short exact sequence

0 G’ G G/G'——0,
which leads to (by Proposition[4.3.13)
deg(G") + deg(G/G") < deg(G). (447)
On the other hand, since 0 < dimg(G/G”) < dimg(G), one has
deg(G7) + deg(G/G') = dimy G'A(G") + dim (G/G')H(G/G')
> dimg (G')(Hmin(E) = ) + dimg (G/G')(min(E) — &)
= dimg (G)(Hmin(E) — &),
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and hence [i(G) > [imin(E) — & by @A7). This is a contradiction.

Corollary 4.3.27 Let E = (E,£g) be a non-zero adelic vector bundle on S. One has
- = ~ = ] .
ﬂmin(Ev) + Umax(E) < ) In(dimg (E)) v(Q)- (4.48)

Moreover, one has fimin(E") + fmax(E) = 0 if E is Hermitian.

Proof Let F be a non-zero vector subspace of E and ér = {||||F.w}wea be the
restriction of ég = {||-||E.w }wea to F. For any w € Q, ||-||F ..+ is bounded from
above by the quotient norm of ||-|| ., « by the canonical surjective map E;, — Fy .

Hence by Proposition 4.3.26| one has G(F") > [imin(E"). Therefore,

AF)+ iia E¥) < AF) + AF") = 5= [ 10606 vido)
< 3 Ik (F)V(O0),

where the equality follows from Proposition #.3.10] and the last inequality comes
from Remark[T.2.55] Since F' is arbitrary, we obtain (4.48)).
If E is Hermitian, then for any non-zero vector subspace F of E one has

A(F) + fimin(E") < {(F) + G(FY) = 0,

which leads to fmin(E") + fmax (E ) < 0. As we have seen that Hmin(EY) + [imax (E) >
0 in Proposition |4.3.25| (note that EY" = E when E is Hermitian), the equality
ﬁmin(Ev) + Umax(E) = 0 holds. ]

4.3.8 Finiteness of slopes

Let E = (E, &) be an adelic vector bundle on S such that & is Hermitian. We assume
that the vector space E is non-zero and we denote by ®@(FE) the set of all K-vector
subspaces of E. Forany F € O(E), the vector subspace F equipped with the restricted
norm family forms a Hermitian adelic vector bundle on § (see Proposition [4.1.32).
We denote by F' this Hermitian adelic vector bundle. Note that the dimension and the
Arakelov degree define two functions on ®(E), which satisfy the following relations:
for any pair (E1, E») of elements in ®(E), one has

diI’IlK(El NEy) + dimK(El + Eg) = dimK(El) + diI’IlK(Ez), (4.49)
deg(E1 N Ey) + deg(Eq + Ey) > deg(E}) + deg(E>), (4.50)

where the inequality (4.50) comes from Corollary [I.2.52]
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Proposition 4.3.28 Let E be a non-zero vector space of finite dimension over K
and O(E) be the set of all vector subspaces of E. Assume given two functions
r:0(E) - Ry and d : O(E) — R which verify the following conditions:

(1) the function r(-) takes value 0 on the zero vector subspace of E and takes positive
values on non-zero vector subspaces of E;
(2) for any couple (E, Ey) of elements in O(E) one has

r(E1 N Ey) +r(Ey + Ep) = r(Ep) + r(Ez)

and
d(El N Ez) + d(El + Ez) > d(El) + d(Ez);

(3) d({0}) < 0.

Then the function u = d/r attains its maximal value pmax on the set ®*(E) of all
non-zero vector subspaces of E. Moreover, there exists a non-zero vector subspace
Eq4es of E such that u(Eqes) = [max and which contains all non-zero vector subspaces
F of E such that u(F) = tmax.

Proof The first relation in the condition (2) implies that, if Ly,...,L, are vector
subspaces of dimension 1 of E, which are linearly independent, then one has

r(Ly +-+-+Lp)=r(Ly)+--- +r(Ly).

In particular, if L and L’ are different vector subspaces of dimension 1 in E then one
has r(L) = r(L’). In fact, if s and s” are non-zero vectors of L and L’ respectively,
and L' is the vector subspace of E generated by s + s’ (which is of dimension 1),
then one has

r(LY+r(L"”y=r(L+L")=r(L")+r(L").

Therefore the function r(-) is proportional to the dimension function. Without loss
of generality, we may assume that the function r(-) identifies with the dimension
function.

We prove the proposition by induction on the dimension of the vector space E.
The case where the r(E) = 1 is trivial. In the following, we assume that r(E) > 2
and that the proposition has been proved for vector spaces of dimension < r(E).
If for any non-zero vector subspace F of E one has u(F) < u(E), then there is
nothing to prove since u(E) = pmax and E = Eges. Otherwise there exists a non-
zero vector subspace E’ of E such that u(E’) > u(E). Moreover, we can choose
E’ such that r(E’) is maximal (among the non-zero vector subspaces of E having
this property). Clearly one has r(E’) < r(E). Hence by the induction hypothesis
the restriction of the function u(-) to ®*(E’) attains its maximum, and among the
non-zero vector subspaces of E’ on which the restriction of the function u(-) to ®(E’)
attains the maximal value there exists a greatest one Ej . with respect to the relation
of inclusion. Let Eges := E ées be this vector space. We claim that Eq.s verifies the
properties announced in the proposition.

Let F be a non-zero vector subspace of E. If F C E’, then clearly one has
U(F) < p(Eges). Otherwise the dimension of F N E’ is smaller than »(F) and the
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dimension of F + E’ is greater than r(E’). Moreover, since F N E’ C E’, one has
(here we use the condition that d({0}) < O to treat the case where F N E’ = {0})

d(FNE’) < p(Eges)r(FNE');
since F+ E’ 2 E’,one has u(F + E’) < u(E) < u(E’). Therefore

AdFNEY+dF+E)=uFNEYY(FNE)+ u(F +E)r(F+E’)
< (Eges)r(FNE") + u(E")r(F + E').

Combining this relation with the inequality in the condition (2) of the proposition,
we obtain

H(Eae)r(F N E’) + w(E")r(F + E') > w(E")r(E") + p(F)r(F).
By the equality in the condition (2), we deduce
H(F)r(F) < p(Eqe)r(F N E') + p(E")(r(F) = r(F N E")) < p(Eges)r (F).

Therefore, the function u(-) attains its maximal value piyax at Eges. Moreover, if F
is a non-zero vector subspace of E such that u(F) = u(Eqges), then one should have
F C E’, and hence F C Eges by the induction hypothesis. The proposition is thus
proved. O

Definition 4.3.29 Let E be a non-zero Hermitian adelic vector bundle on S. We can
apply the above proposition to the functions of dimension and of Arakelov degree to
obtain the existence of a (unique) non-zero vector subspace Eges of E such that

ﬁ(Edes) = /«Tmax(E) = Ssup ﬁ(f)
0+F €O(E)

and which contains all non-zero vector subspaces of E on which the function p
attains the maximal slope of E. The vector subspace Eqe is called the destabilising
vector subspace of the Hermitian adelic vector bundle E.XfEgs = E, we say that
the Hermitian adelic vector bundle E is semistable. In particular, for any non-zero
Hermitian adelic vector bundle E on S, the Hermitian adelic vector bundle Edes is
always semistable.

Proposition 4.3.30 Let (E, &) be a non-zero adelic vector bundle on S. Then one has
ﬁmax(E’é:) < 400 and ﬁmin(Evf) > —00.

Proof Let r be the dimension of E over K. We first prove the inequality fimax(E,€) <
+00 in the particular case where ¢ is ultrametric on Q \ Q. By Theorem [4.1.26|
there exists a measurable Hermitian norm family ¢ on E such that

VweQ dy¢el) < %ln(r + Dlg_ ().

Therefore, for any non-zero vector subspace F' of E one has
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—~ —~ 1
|E(F,&p) = BOF, 66| < 5 In(r + 1)v(Qu)-

Moreover, by Proposition the maximal slope imax(E, &) is finite. Therefore
one has fiyax(E, &) < +o0.

We now proceed with the proof of the relation m.x(E,&) < +oo in the general
case. We write ¢ in the form {]|-||,, }weq- Note that for any w € Q one has |||/, <
lIllo- Therefore fimax(E,&YY) > fmax(E,€). The norm family &YV is ultrametric
on Q\ Qu, and (E,£YY) is an adelic vector bundle (see Proposition [4.1.32][(1).
By the particular case proved above, one has fim.(E,&YY) < +oco. Thus we obtain
ﬁmax(E’é:) < +oo.

Applying the above proved result to (EV,£Y) we obtain fmax(EY,&Y) < +o0.
Therefore, by Proposition [4.3.25| we obtain fimin(E, &) > —oo.

4.3.9 Some slope estimates

The following proposition is a natural generalisation of the slope inequalities to the
setting of adelic curves. We refer the readers to [[18], §4.1] for this theory in the classic
setting of Hermitian vector bundles over an algebraic integer ring.

Proposition 4.3.31 Let (E, &) and (E», &) be adelic vector bundles on S, and
f : Ey = E; be a K-linear map.

(1) If f is injective, then one has Umax(E1,&1) <
(2) If f is surjective, then one has lmin(E1,&1) <
(3) If f is non-zero, then one has fmin(E1,&1) <

Amax(EZ,é:Z) + h(f)
ﬁmin(EZa 62) + h(f)
ﬁmax(E2v§2) + h(f)

Proof The assertion is trivial if f is the zero map since in this case E; = {0}
and fmax(E1,&1) = —oo by convention. In the following, we assume that the linear
map f is non-zero. Let F| be a non-zero vector subspace of E| and F, be its image
in Ej. Let g : F1 — F; be the restriction of f to Fj. It is an isomorphism of vector
spaces. Moreover, if we equip F; and F, with induced norm families, by Proposition
one has

ﬁ(Fl’gFl) < ﬁ(FZ»é:Fz) + h(g) < ﬁmax(EZ’é:Z) + h(f)’

where ér, and &F, are restrictions of &1 and &, to F and F>, respectively. Since Fj is
arbitrary, we obtain the inequality fm.x(E1,&1) < Hmax(E2,&2) + h(f).

The assertion is trivial if f is the zero map since in this case E, = {0}
and fimin(E, &) = +oo by convention. In the following, we assume that thE linear
map f is non-zero. Let G, be a non-zero quotient vector space of E; and f be the
composition of f* with the quotient map E; — G. Let Fy be the kernel of f, G| be
the quotient space E1/F), and g : G| — G be the K-linear map induced by f. It is
a K-linear isomorphism. By [(T)] one has
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ﬁmin(El,‘fl) < ﬁmax(Gl,fGl) < ﬁmax(GQ,‘sz) + h(g) < ﬁmax(GZ,sz) + h(f),

where &G, and £g, are the quotient norm family of £; and &, respectively. Since G2
is arbitrary, one obtains min(E1,&1) < fmin(E2,&2) + h(f).

Let G be the image of E; by f, which is non-zero since f is non-zero. We
equip G with the restriction &g of & to G. As G is non-zero, one has [inin(G, &) <
ﬁmax(GvfG) < ﬁmax(E2a§2)- By (2), one has /jmin(El"fl) < //Imin(G’fG) + h(f)
Hence ﬁmin(Elsé:l) < ﬁmax(EZ, §2) + h(f) o

Proposition 4.3.32 Let (E’, &) and (E,€) be adelic vector bundles on S, and f :
E’ — E be an injective K-linear map. Let E"' be the quotient vector space E | f(E")
and &" be the quotient norm family of ¢ on E”'. Then the following inequality holds

ﬁmin(E, f) > min(ﬁmin(E,’ ‘f/) - h(f)’ ﬁmin(EN’ f//))~ (4-5])

If in addition [nin(E’,€") = h(f) > Umin(E",£""), then the equality jinin(E,€) =
Tmin(E”,£") holds.

Proof The inequality @.51) is trivial if £ = {0} since in this case one has
Hmin(E, &) = +00 by convention. Moreover, one has E”” = {0} since E” is a quotient
vector space of E. Therefore the equality pimin(E,&) = Hmin(E”’, &) holds.

In the following, we assume that E # {0}. Let Q be a quotient vector space of E
and &g be the quotient norm family of £&. Let 7 : E — Q be the quotient map. If the
composed map 7 - f is non-zero, by Proposition 4.3.31][(3)} one has

ﬁmin(E’aé:,) < ﬁmax(Qaé:Q) + h(ﬂ"f) < ﬁmax(Qaé:Q) + h(f)

Otherwise the quotient map 7 : E — Q factorises through E’* and by Proposition

[E331][(Z) one has
ﬁmin(E,,sf’,) < ﬁmin(Qs‘fQ) < ﬁmax(stQ)-

Since Q is arbitrary, the inequality @.51) is true.
If fmin(E",€") = h(f) > Hmin(E”',£"), then @.5T)) implies

Hmin(E, &) > Hmin(E”,€").
Moreover, by Proposition [4.3.3T][(2)| one has
Hmin(E, &) < Hmin(E”,&").
Hence the equality fmin(E, &) = tmin(E”, &) holds. O

Proposition 4.3.33 Let {(E;,éE,)}, be a family of adelic vector bundles, where
n €N, n > 2. Assume that

| a3 [0%] Ap-1 ap

Ep := {0} E, ——E; Eq

E;
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is a sequence of injective K-linear maps. For any i € {l,...,n}, let B; =
@y °- oy, where by convention 8, := Idg,. For any i € {1,...,n}, let Q; be
the quotient space E;[a;(E;_1) and &g, be the quotient norm family of €g,. Then one
has

ﬁmin(En’ é:En) > . min (ﬁmin(Qi, é:Q,) - h(ﬁl))
ie{l,..., n}

Proof The case where n = 2 was proved in Proposition[4.3.32} In the following, we

assume that n > 3 and that the proposition has been proved for the case of n — 1

adelic vector bundles. For any i € {2,...,n},let E 1’ be the cokernel of the composed

linear map

and let &g/ be the quotient norm family of £g, on E]. Let E{ = {0}. Then the sequence
(4.52) induces a sequence of K-linear maps

’ ’ ’ ’

’ @ , B ’ -1 ’ @n ’
E] := {0} Ej E] E E; . (4.53)
For any i € {2,...,n}, let ,81{ = oo a/[f+1, where by convention S, = Idg/.

For any i € {2,...,n}, let Q] be the quotient space E//a/(E; ) and £o: be the
quotient norm family of £g;. Note that Q; is canonically isomorphic to Q;, and
under the canonical isomorphism Q; = Q, the norm family &p, identifies with £o

(see Proposition |1.1.14). Therefore one has fimin(Q:,€0,) = ﬁmm(Ql’.,fQ:_) for an}'1
i € {2,...,n}. Applying the induction hypothesis to (4.53) we obtain

> min  (Umin(Qi,€0,) — M(B:)),
i€{2,...,n}

where the second inequality comes from Proposition[I.1.14] Finally, by Proposition
B33 one has

ﬁmin(En,fEn) > min {ﬁmin(E,;’fE,’l )’ ﬁmin(El’é:El) - h(ﬁl)} .
The proposition is thus proved. O

Proposition 4.3.34 Let E and F be adelic vector bundles on S. One has
H(E ®c x F) = Q(E) + i(F).
If E and F are both Hermitian, then
H(E ® F) = G(E) + i(F).
Proof These equalities are direct consequences of Proposition O

Proposition 4.3.35 Let E = (E, &) and F = (F,&r) be adelic vector bundles on S.
One has
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fimax(E ®¢.x F) > fimax(E) + fmax (F). (4.54)
If E and F are Hermitian adelic vector bundles, then
Timax(E ® F) > fimax(E) + Fimax (F). (4.55)

Proof Let E| and F be vector subspaces of E and F respectively. Let £g, and &F,
be the restrictions of £z and £r to E; and F; respectively. By Proposition [4.3.34]
one has

H(E| ®:x F1) = W(E}) + i(Fy).
If é¢ and & are both Hermitian, then
H(E| ® F1) = W(E)) + i(F1).

By Proposition [T.T.60} if we denote by & the restriction of g ®¢ » éF to E1 ® Fi,
then the identity map from E| ®. » F to (E| ® F1,£) has height < 0 and therefore

ﬁ(El) + ﬁ(fl) = ﬁ(El ®s,7r fl) < ﬁ(El (297 Fl»é:) < ﬁmax(E ®8,7r f)

Similarly, if both norm families £z and &¢ are Hermitian, then by Proposition[T.2.58]
the restriction of £ ® éF to E| ®k F) identifies with é, ® &€F,. Hence

H(E) + f(F1) = W(E) ® F1) < fnax(E ® F).
Since E| and Fj are arbitrary, we obtain the inequalities (#.54) and ([@.53). O

Lemma 4.3.36 Let (E,&) be an adelic vector bundle over S. Then we have the
following:

(1) Let ¥ be an integrable function on Q. Then
s (B2 = ina£.6) = [ 0/v(d).
Q

() If fimax(E. &) < 0, then deg, (E,&) = 0.
Proof (1) Let F be a non-zero vector subspace of E. Then, as
AF.eter) = i gr) - [ wvido

we obtain (1).

(2) Let F be a non-zero vector subspace of E. By our assumption, u(F,&r) < 0,
that is, deg(F,&Fr) < 0, so that the assertion follows. m]
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4.3.10 Harder-Narasimhan filtration: Hermitian case

It had been discovered by Stuhler [[138] (generalised by Grayson [71]]) that the
Euclidean lattices and vector bundles on projective algebraic curves share some
common constructions and properties such as slopes and Harder-Narasimhan filtra-
tion etc. Later Bost has developed the slope theory of Hermitian vector bundles over
spectra of algebraic integer rings, see [16, Appendice] (see also [[137] and [18] §4.1]
for more details, and [62} 22} 65]] for further generalisations).

The Hermitian adelic vector bundles on S form a category in which a theory
of Hader-Narasimhan filtration can be developed in a functorial way. We refer the
readers to [2,141]] for more details. In this subsection, we adopt a more direct approach
as in [22].

Let E be a non-zero Hermitian adelic vector bundle on S. We can construct in a
recursive way a flag

O0=EyCE C...CE,=FE

of vector subspaces of E such that E;/E;_y = (E/Ei_1)4s called the Harder-
Narasimhan flag of E, where E | E;_; is equipped with the quotient norm family, and
E;/E;_; is equipped with the subquotient norm family (namely the restriction of the
norm family of E/E;_j to E;/E;_}).

Proposition 4.3.37 Let E be a non-zero Hermitian adelic vector bundle on S and

O0=EyCEC...CE, =F

be the Harder-Narasimhan flag of E. Then each subquotient E;|E;_| is a semistable
Hermitian adelic vector bundle. Moreover, if we let u; = H(E;/E;_y) for i €
{1,...,n}, then one has u; > ... > uy.

Proof We reason by induction on the length n of the Harder-Narasimhan flag. When
n = 1, the assertion is trivial. In the following, we suppose that n > 2. By definition

0=E1/E1 - Ez/El c... ¢ En/El

is the Harder-Narasimhan flag of E/E|. Therefore the induction hypothesis leads to
M2 > ... > uy. It remains to establish p; > u. Since E; is the destabilising vector
subspace of E and E; contains strictly £, one has

= H(EY) > H(E>). (4.56)

Moreover,
0 E 1 Ez EJE, —=0

forms an exact sequence of adelic vector bundles on S. Therefore one has
deg(E2) = deg(E}) + deg(E2/Er) = py dimg (E1) + pa dimg (E2/ Ey).

By ([@.36) we obtain
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py dimg (Ey) + po dimg (E>/Ey) < py dim(Ey)
and hence u; > uy. The proposition is thus proved. O

The Harder-Narasimhan flag and the slopes of the successive subquotients in the
previous proposition permit to construct an R-filtration #3,, on the vector space E,
called the Harder-Narasimhan R-filtration as follows:

VieR, F(E)=E; if u <t <, 4.57)

where by convention py = +oo and p,4+1 = —oo. If E is the zero Hermitian adelic
vector bundle, by convention its Harder-Narasimhan R-filtration is defined as the
only R-filtration of the zero vector space: for any ¢ € R one has /(E) = {0}.
Note that the Harder-Narasimhan R-filtration is locally constant on the left, namely
ﬁl’n‘g(E) = Th’n(E) if £ > 0 is sufficiently small. Moreover, each subquotient

SAbn(E) := Fy(E)/Fian (E)

with 7—;’11*(5) = Ugso ﬁ’n*a(f), viewed as a Hermitian adelic vector bundle in
considering the subqutient norm family, namely the quotient of the restricted norm
family on ?;I’H (E), is either zero or a semistable Hermitian adelic vector bundle of
slope ¢. The following proposition shows that the Harder-Narasimhan R-filtration is
actually characterised by these properties.

Proposition 4.3.38 Let E be a non-zero Hermitian adelic vector bundle on S and ¥
be a decreasing R-filtration of E which is separated, exhaustivd’|and locally constant
on the left. Assume that each subquotient Sq'(E) := F'(E)/F'*(E) equipped with
the subquotient norm family, is either zero or a semistable Hermitian adelic vector
bundle of slope t. Then the R-filtration F coincides with the Harder-Narasimhan
R-filtration of E.

Proof We will prove an alternative statement as follows. Let
0O=FhcCFh<¢..CF,CE (4.58)

be a flag of vector subspaces of E. We will prove that, if each subquotient F;/F;_;
(i € {1,...,m}) is a semistable Hermitian adelic vector bundle and if the relations

H(F\[Fo) > ... > i(Fon/ Fu-1)

hold, then (@38) identifies with the Harder-Narasimhan flag of E. This alternative
statement is actually equivalent to the form announced in the proposition. In fact,
the data of an R-filtration of E is equivalent to that of a flag (of vector subspaces

! Let E be a vector space over K and {F*(E)};<r be a decreasing R-filtration of E. We say that
the filtration ¥ is separated if ' (E) = {0} for sufficiently positive . We say that the filtration F
is exhaustive if F'(E) = E for sufficiently negative ¢.
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figuring in the R-filtration) and a decreasing sequenc of real numbers indicating the
indices where the R-filtration has jumps, see §I.1.8] notably Remark [T.1.40}

We will prove the statement by induction on the dimension of E over K. The case
where dimg (E) = 1 is trivial. In the following, we assume that dimg (E) > 2 and
that the alternative assertion has been proved for any Hermitian adelic vector bundle
of rank < dimg (E). Let

O=EyCE C...CE,=FE

be the Harder-Narasimhan flag of E. We begin by showing that F; = Ej. Since E;
is the destabilising vector subspace of E, one has u(F;) < u(E1). Moreover one has

O=FNE CFNEICFHNE C...F,NE| =E.

Note that each subquotient (F; N E)/(F;—1 N Ej) identifies with a vector subspace
of F;/F;_1. Since F;/F;_; is semistable, one has

deg((F; N EN)/(Fi- N E)) < A(Fi/Fmy) dimg ((F; 0 E)/(Fioy 0 E))
< [(Fy) dimg ((F; 0 Ey)/(Fioy N EY)),

where the second inequality is strictif i > 1 and if (F; N E})/(F;-1 N E}) is non-zero.
Therefore we obtain

m

deg(E)) = . deg((Fi N EN/(Fr1 N En) < @(F)dimg(E)).  (4.59)

i=1

Combining with the inequality i(F1) < @(E1) = fimax(E), we deduce that the in-
equality (@.59) is actually an equality, which also implies that (F; N E})/(Fi—1 N E;) =
{0} once i > 1. Therefore one has F| = E;, which also leads to the alternative as-
sertion in the particular case where E is semistable.

In the case where E is not semistable, namely n > 2, note that

0=FE\/E\ S EJE\ G ... CE,/E\ = E/E, (4.60)

is the Harder-Narasimhan flag of E/E; = E/F). By the induction hypothesis applied
to E/Fy, we obtain that the flag

0=F/FLFCFKR/FL<...C F,/FL =E/F
coincides with ([@.60). The proposition is thus proved. O
Definition 4.3.39 Let E be a non-zero Hermitian adelic vector bundle on S, and
0=EyCEC...CE,=E

be its Harder-Narasimhan flag. For any i € {1,...,dimg(E)}, there exists a unique
j € {L,...,n} such that dimg(E;_;) < i < dimg(E;). We let [1;(E) be the slope
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HU(E;/E;j_y), called the i-th slope of E. Clearly one has
m(E) > ... > i (E),

where r is the dimension of E over K. Moreover, by definition 1 (E) coincides with
the maximal slope of E.

Remark 4.3.40 As in the classic case of vector bundles on projective curves or
Hermitian vector bundles over algebraic integer rings, one can naturally construct
Harder-Narasimhan polygones associated with Hermitian adelic vector bundles on
adelic curves. Let E be a non-zero Hermitian adelic vector bundle on the adelic
curve S. We consider the convex hull C5 in R2? of the points (dimg (F),deg(F)),
where F runs over the set of all vector subspaces of E. The upper boundary of this
convex set identifies with the graph of a concave function P on [0,dimg (E)] which
is affine on each interval [i — 1,i] with i € {1,...,dimg(E)}. This function is called
the Harder-Narasimhan polygon of E. If

0=EyCE C...CE,=E

is the Harder-Narasimhan flag of E, then the abscissae on which the Harder-
Narasimhan polygon Pz changes slopes are exactly dimg(E;) for i € {0,...,n}.

Moreover, the value of P on dimg (E;) is (I(%(Ei).

Proposition 4.3.41 Let E be a non-zero Hermitian adelic vector bundle on S and r
be the dimension of E over K. One has

i (E) = - (EY). 4.61)

In particular, i, (E) is equal t0 fimin(E).

Proof Let
O0=EyCE ¢...CE,=E

be the Harder-Narasimhan flag of E. Note that
0=(E/En)" G (E[Ep1)" & ... C(E[Ey)’ = E" (4.62)
is a flag of vector subspaces of EV, and fori € {1,...,n} one has
(E/Ei-))' [(E/E)Y = (Ei/Ei-).

By Proposition [4.3.38] (notably the alternative form stated in the proof), we obtain
that (#.62) is actually the Harder-Narasimhan flag of EV. Therefore

W(EY) = @(E/En1)") = ~WE[En-y) = — iy (E),

where the second equality comes from Proposition #.3.10}
Note that E/E,—; is a non-zero quotient Hermitian adelic bundle of E which
is semistable (so that W(E/E,,_1) = Hmax(E/E,_1)). Therefore one has fimin(E) <
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- (E). Conversely, if F is a vector subspace of E such that F ¢ E and G is the
quotient space E/F. Then G identifies with a non-zero vector subspace of E".
Moreover, by Proposition the dual of the quotient norm family of G identifies
with the restriction of the dual norm family in the adelic vector bundle structure of
EY. Hence one has

AGY) < n(EY) = ~1in(E).
Still by Proposition 4.3.10] one obtains
fimax(G) > [(G) > iy (E).
The equality [imin(E) = fi,-(E) is thus proved. m]

The following proposition, which results from the slope inequalities, proves the
functoriality of Harder-Narasimhan R-filtration (see [41] for the meaning of the
functoriality of Harder-Narasimhan R-filtration).

Proposition 4.3.42 Let E and F be two Hermitian adelic vector bundles on S, and
f : E — F be anon-zero K-linear map. For any t € R one has

_ B~
FFLE) € Fo"D(F).
Proof We will actually show by contradiction that the composition of maps
— f h(f) ~

Fir (E) —— F — F /%, "V (F)

is zero. If this map is not zero, then by Proposition 4.3.31][(3)| one obtains
Fmin( Ty (E)) < Fimax (F /Ty " (F)) + ().
By we obtain
£ < Hin(Fo(B)) < Fima (F/ Fopy "D (F)) + h(f) < 1 = h(f) + h(f) = 1,

which leads to a contradiction. O

Corollary 4.3.43 Let E be a non-zero Hermitian adelic vector bundle on S. One has

mE)=" > F,
0+£F €O(E)
ﬁmin(f)>t

where F runs over the set ©(E) of all non-zero vector subspaces of E with minimal
slope > t. In other words, ﬁ;(E ) is the largest vector subspace of E whose minimal
slope is bounded from below by t.

Proof By the definition of the Harder-Narasimhan R-filtration (see (4.57)), for any
t € R one has fmin(7,! (E)) > t. Moreover, if F is a non-zero vector subspace of
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E, then one has ﬂtn(f) = F provided that ¢ < Jimin(F). Therefore the proposition
4.3.42fapplied to the inclusion map F — E leads to F C 7! (E). m]

Proposition 4.3.44 Let E be a non-zero Hermitian adelic vector bundle on S and r
be the dimension of E over K. The following equalities hold:

deg(E) = )" f(E) = - /R td(dimg (Fy,(E))) (4.63)
i=1
Feg,(B) = Y max(@(EN0) = [ dimc(FLENar. od
i=1

Proof By definition the sum of Dirac measures

Z; 0z (E)
P

identifies with the derivative —d( dimg (ﬂ’n(E))) in the sense of distribution. There-
fore, the second equality in (4.63) is true, and the second equality in (4.64])) follows
from the relation

Zmax{ﬁ,-(E),O} =- / td( dimg (F (E)))
i=1 0

and the formula of integration by part.
Let
O0=EyCE ¢...CE,=E

be the Harder-Narasimhan flag of E. By Proposition 4.3.13[one has
deg(E) = Z(Ie\g(Ei/Ei—l) = Z W(E;/Ej-1)dimk (Ej/Ej-1) = Z 1 (E),
j=1 j=1 i=1

which proves [@.63). o
Let £ be the largest element of {1,...,n} such that @(E,/E;—1) > 0. If

H(E;j/E;—1) < O for any j € {l,...,n}, by convention we let £ = 0. Then by
(#.63) one has

deg(E() = ) max{fi:(E),0}.
i=1

Hence we obtain

2, max{z(E).0} < deg, (E).
i=1

Conversely, if F is a non-zero vector subspace of E and m is its dimension over K,
by Proposition 4.3.42| one has i1;(F) < p;(E) for any i € {1,...,m}. Therefore by
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(4.63)) one obtains

deg(F) = ) fu(F) < ) (E) < ) max{Zi(E).0}.
i=1 i=1 i=1

4.3.11 Harder-Narasimhan filtration: general case

Inspired by Corollary #.3.43] we extend the definition of Harder-Narasimhan R-
filtration to the setting of general adelic vector bundles.

Definition 4.3.45 Let E be a non-zero adelic vector bundle on S. For any ¢ € R, let

wE=() >, F (4.65)
€0 {0}£F cO(E)
ﬁmin(f)>t_f

where ©(E) denotes the set of vector subspaces of E. By the finiteness of maximal
and minimal slopes proved in Proposition{4.3.30, we obtain that 7! (E) = E when  is

sufficiently negative, and 7" (E) = {0} when ¢ is sufficiently positive. By convention
we let 77°(E) = {0} and 7. = E.

Proposition 4.3.46 Let E be a non-zero adelic vector bundle on S. For any t € R,
the vector space Th’n (E) equipped with the induced norm family has a minimal slope
> t. In particular, one has

VieR, FrE)= > F
{0}#Fe®(E)
ﬁmin(F)>t

and B B
Hmin(E) = max{t € R : h’n(E) =E}.

Proof Lett € R. For sufficiently small £ > 0, one has

mE= ), F
{0}#F €O(E)
I/Imin(f)zt_E

Let M be a non-zero quotient vector space of ﬁ’n(E) By definition, for any € > 0
there exists a vector subspace F of E such that [t (Fe) > t—e and that the composed
map Fe — ?;fn (E) — M is non-zero. By the slope inequality (see Proposition
we have ¢ — € < Umin(Fe) < Hmax(M), which leads to fmax(M) > ¢ since € > 0 is
arbitrary. As M is arbitrary, we obtain the first statement.
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By the first statement of the proposition, for any ¢ € R such that ! (E) = E,

one has Amin(E) > 1. Conversely, by definition, if 7 is a real number such that
ﬁmin(E) > 1, then E C F LE) and hence E = %! (E). Therefore, the equality
Hmin(E) = max{t € R : F! (E) = E} holds. m|

Definition 4.3.47 Let E be a non-zero adelic vector bundle on S. For any i €
{1,...,dimg(E)}, we let

G(E) == sup{t € R : dimg(F (E)) > i}.

The numberEi(E) is called the i-th slope of E. Proposition [4.3.46| shows that the
last slope of E identifies with the minimal slope fmin(E) of E.

Remark 4.3.48 Let E be a non-zero adelic vector bundle. In general the first slope
H1(E) does not coincide with [ima(E) and we only have an inequality f7;(E) <
Hmax(E). Moreover, if the norm family of E is ultrametric on Q \ Q.,, then one has
Fimax(E) < [(E) + % In(rtkk (E))v(Qeo). This follows from @-69) and (#-23).

With the extended definition, the statement of Proposition [4.3.42] still holds for
general adelic vector bundles.

Proposition 4.3.49 Let E and F be adelic vector bundles on S, and f : E — F be
a non-zero K-linear map. For any t € R one has

f(F(E) € 7LPE).

Proof Let M be a non-zero vector subspace of E such that fimin(M) > t. By

Proposition [#.3.3T[[(2)] one has
ﬁmin(ﬁ) < ﬁmm(f(M)) + h(f|M) < ﬁmln(f(M)) + h(f)
Therefore f(M) C 7"V (F). o

Proposition 4.3.50 Let E be a non-zero adelic vector bundle on S. Let r be the
dimension of E over K. Then the following inequalities hold:

dea(E) > ) ulE) = - [ 1(dimi(75,(E)). (4:66)
i=1
deg, (E) > Z max{f;(E),0} = /0 - dimg (7 (E)) dt. (4.67)
i=1

Proof Fori € {1,...,r}, let E; be ﬁ’i"(f)(E). Let Ey = {0}. Then for each i €
{1,...,r}, such that E; 2 E;_; one has

WE;[Ei-1) 2 fmin(Ei) = [(E),
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where the last equality comes from Proposition and the fact that the restriction
gf the R-filtration ¥y, to E; coincides with the Harder-Narasimhan R-filtration of
E;. Therefore, by Proposition 4.3.13one has

,
degB)> | deg(EB/E—)> ), dimk(Ei/E)i(E) =) w(E),
ie{l,...,r} ie{l,...,r} i=1

Ei2E; Ei2E;

which proves (4.66). Finally, if we let j be the largest index in {1,...,r} such that
Hj(E) > 0. Then by what we have proved

J r
deg(Ej) > ) (E) = ) max((E).0).
i=1 i=1

Therefore, the inequality holds. O

Proposition 4.3.51 Let E = (E, &) be a non-zero adelic vector bundle on S. Let r be
the dimension of E over K. Then the following inequalities hold:

deg(E) < ) f(E) + A(E). (4.68)
i=1
If in addition & is ultrametric on Q \ Qc, then one has

Fee(E) < 3 uE) + o(E). (4.69)

i=1

Proof We reason by induction on the dimension of E over K. The case where
dimg (E) = 1 is trivial since in this case E is Hermitian. In the following, we assume
that dimg (E) > 1 and that the proposition has been proved for adelic vector bundles
of rank < dimg (E).

The Harder-Narasimhan R-filtration corresponds to an increasing flag

O0=E CE¢C...CE,=E

and a decreasing sequence of numbers y; > ... > u, representing the points of
jump of the R-filtration. By Proposition [4.3.46| the minimal slope of E is equal to

Hn-
Let € be a positive number such that € < u,—; — u, and E’ be a vector subspace

of E such that E’ € E and Jimax(E/E’) < Hmin(E) + € = p, + €. By Proposition
[4.3:26] one has

ﬁ(m) > ﬁmin(E) = Hn.

Therefore, one has

Mn < H(E/E’) < max(E/E’) < pp + €.
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Moreover, by Proposition one has
ﬁmin(En—l) 2 Hp-1 > Hn + €.

By Proposition we obtain that the composed map E,,_; — E — E/E’ is
zero, or equivalently, E,_; is contained in E’. Note that for any vector subspace F
of E’ such that F 2 E,,_; one has /fimin(f) < Uy, otherwise the Harder-Narasimhan
R-filtration of E could not correspond to the flag0 = Ey C E, € ... CE, = E
and the decreasing sequence u; > ... > u,. Therefore, the Harder-Narasimhan
R-filtration of E’ corresponds to a flag of the form (£ € N)

— ’ 7
O0=E¢...CE, QEnQ...QEn_H_

€=E'

together with a decreasing sequence py > ... > pp-1 > pp, > ... >y, where

-1+
< un whenever ¢ > 1. We apply the induction hypothesis to £’ and obtain

n-1 n—1+¢
deg(E') < ) pudimg (Ei/Ei1) + ), pf dimg(E{/Ei-y) + A(E"),
i=1 i=n

with the convention E,—; = E;_,. By the condition that y;, < w, whenever ¢ > 1
we obtain

n—1
deg(E") < ) s dim (i /Ein1) + tn dimg (E' [ Ep 1) + AE”).
i=1

Finally, by Proposition [4.3.13] (notably the inequality (4.27))) one obtains

deg(E) < deg(E") + deg(E/E") + A(E) - N(E") = A(EJE")
n—1

< Z wi dimg (E; /E; 1) + pp, dimg (E'/E;, 1)
i=1

+ (un + €)dimg (E/E’) + A(E)
= S u;(E) + edimg (E/E") + A(E) < Z i (E) + edimg (E) + A(E).
J=1 Jj=1

Since € is arbitrary, we obtain the inequality (4.68). In the case where £ is ultrametric
on Q\ Q. as above we deduce from (@.28)). The proposition is thus proved.O

Corollary 4.3.52 Let E = (E,&) be a non-zero adelic vector bundle on S and r be
the dimension of E over K. One has

deg, (E) < Z max{7;(E),0} + A(E). (4.70)

i=1

If in addition & is ultrametric on Q \ Qc, then one has
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—_— — r — —_—
deg, (E) < Z max{i;(E),0} + 6(E). 471
i=1

Proof Let F be a non-zero vector subspace of E and m be the dimension of F' over

K. By (@.68) one has
m m

deg(F) < ) fij(F) + A(F) < ) max{71;(F).0} + A(F).
j=1 j=1

Note that
Zmax{ﬁj(f),O} = —/max{t,O} d(dimg ( h’n(f))) :/ oodimK( h’n(F)) dr.
4 R 0

Moreover, by Proposition[#.3.49] for any € R, one has
dimg (Ft,(F)) < dimg (7, (E)).

Therefore,
deg(F) < / dimg ( h’n(E)) dt + A(F) = Z max{;(E),0} + A(F).
0 i=1

Note that A(F) < A(E) (see Corollary . By taking the supremum with respect
to F, we obtain the inequality (@.70).

The proof of the inequality (&.71) is quite similar, where we combine the above
argument with the inequality (#.69). i

Remark 4.3.53 Let (E, ) be an adelic vector bundle on S. Then one has the following
inequality: if deg, (E, &) > 0, then

deg, (E,&) < dimg (E) fimax(E, ). (4.72)
As a consequence, we obtain
deg, (E,¢) < dimg (E) max{fima(E, £),0} (4.73)

in general. The inequality (@.73) is weaker than (.70) and (@.71), but it holds

without an error term. Moreover, the inequality (.72)) can be proved as follows: for
any € € ]0, deg,(E,&)[, one can find a non-zero vector subspace F' of E such that

—

0< <I&g+(E,§) — € < deg(F,&F), so that

. deg, (E.&) — € - deg(F.&r)
dimg(E)  dimg(E)

which implies @.72).

< U(F,ér) < tmax(E, &),
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Definition 4.3.54 Let E be an adelic vector bundle on S and r be the dimension of
E over K. We denote by deg(E) the sum ot (E)+---+ i (E). If E is the zero adelic
vector bundle on S, then by convention deg(E) is defined to be 0. If E is non-zero,
we define fi(E) to be the quotient deg(E)/rkx (E).

Proposition 4.3.55 Let E and F be non-zero adelic vector bundles on S and f
E — F be a K-linear map.

(1) Suppose that f is a bijection. Then one has
deg(E) < deg(F) + dimg (F) - h(f). (4.74)
(2) Suppose that f is injective. Then iy (E) < f11(F) + h(f).
Proof [(T)|By Proposition [#.3.49] for any ¢ € R one has
— Zh(F) —
FFLE) € Fo" V().

Therefore the inequality (#.74) follows from Proposition [[.T.39}
Let/l = (E). Theg 7—;’}1 (E) # {0}. Since fis injective,Ey Proposition|4.3.49|
this implies that ﬂ’;_ll(f)(E) # {0} and hence A — h(f) < ui(F). m|

Proposition 4.3.56 Let E = (E, &) be an adelic vector bundle on S and
O0=EyCE C...CE,
be a flag of vector subspaces of E. One has
deg(E) - AE) < ), deg(E;[E;-1) < deg(E) 475)
i=1
If in addition & is ultrametric on Q \ Q, one has

deg(E) - 8(E) < ) deg(E;/Ei-1) < deg(E) (4.76)

i=1

Proof By Propositions [4.3.50] and [4.3.51] (notably the inequality @#.68)), for any
i €{l,...,n}, one has

deg(E:/Ei1) — A(Ei/E; 1) < deg(E;/E;-1) < deg(E;/Ei_1).
Taking the sum with respect to i, by Proposition[4.3.13] we obtain
—_— — " — — —_——
deg(E) = AE) < ) deg(Ei/E;-1) < deg(E).
i=1

In the case where ¢ is ultrametric on Q \ Q, the above argument combined with

(@69) leads to [@.76). m
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Definition 4.3.57 Let E be a non-zero adelic vector bundle on S. We say that E is
semistable if its Harder-Narasimhan R-filtration only has one jump point, namely one
has [y (E) = - - - = u-(E) with r = dimg (E). By definition, the following conditions
are equivalent:

(1) E is semistable; _ _

(2) for any non-zero vector subspace F' of E, one has Amin(F) € min(E);

(3) A(E) = Hmin(E).

Theorem 4.3.58 Let E be a non-zero adelic vector bundle on S. We assume that the
Harder-Narasimhan R-filtration corresponds to the flag

0=EyCE C...CE,=E 4.77)

and the decreasing sequence [y > ... > u, of real numbers. Then each subquotient
E;/E;_y is semistable and u(E;/E;_1) = p;, 1 € {1,...,n}. Moreover, @d.T7) is the
only flag of vector subspaces of E such that each subquotient E; | E;_| is semistable
and

HWE/Eo) > ... > @(Ep/En-1).

Proof We begin with showing that each subquotient E;/E;_; is semistable and that
H(E;/E;_1) = u;. The case where i = 1 results from the definition of Harder-
Narasimhan R-filtration. In what follows, we suppose thati > 2.

By Proposition for any j € {1,...,n} one has ﬁmin(E]‘) > p1. Moreover,
by definition of the Harder-Narasimhan R-filtration, one has ﬁmin(E,-) < uj. Hence

we obtain the equality fmin(E;) = p;.

We claim that any vector subspace G’ of E;/E;_; has a minimal slope < ;. Let
n: E; — E;j/E;_; be the canonical quotient map and E be the preimage of G by
the quotient map 7. Since El.’ contains strictly E;_;, one has ﬁmin(E_l.') < ;. For any
€ > 0 there exists a quotient vector space H' of E/ such that Imax(H') < pi + €.
If € < i1 — wi, then dmin(Ei—1) = pic1 > fi + €. By Proposition we
obtain that the composed map E;_; — El’ — H'’ is zero, or equivalently, H’ is
actually a quotient vector space of E//E;_; = G’. Hence we obtain Hmin(G”) < 4.
Therefore one has 1 (E;/E;—1) < yi < pmin(E;/E;—1), which implies that E;/E;_,
is semistable and u(E;/E;_1) = u;.

We now proceed with the proof of the uniqueness by induction on the dimension
of E over K. The case where dimg (E) = 1 is trivial. In the following, we assume that
the assertion has been proved for non-zero adelic vector bundles of rank < dimg (E).
We still denote by

O=EyCE C...CE,=FE
the Harder-Narasimhan flag of E. Let

O=khh¢cF<c...CF,=E

be a flag of vector subspaces of E such that each subquotient F;/F;_; is semistable
and that
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WF [ Fo) > ... > pp(Fy/Fin-1).

Since the subquotients F;/F;_; are semistable, we can rewrite these inequalities as

ﬁmin(Fl/FO) > 00> ﬁmin(Fm/Fm—l)- (478)

We claim that E; is actually contained in Fj. Assume that i is the smallest index in
{1,...,m} such that E| C F;. We identifie E,/(E; N F;_1) with a vector subspace of

F;/F;_1. Since F;/F;_; is semistable, one has

ﬁmin(El/(El N Fi—l)) < ﬁmin(E/E—l)-

If i > 1, then by one has Auwn(Fi/Fi)) < fnin(F) < Fnin(Er), which
leads to a contradiction since umin(E1/(E1 N Fi—1)) > ﬁmin(El). Therefore one has
E| C Fy. If the inclusion is strict, then by the definition of Harder-Narasimhan
filtration one has fmin(Fi) < Hmin(E1). This contradicts the semi-stability of Fj.
Therefore we have E; = F;. Moreover, for any vector subspace M of E which
contains strictly E1, one has ﬁmin(ﬁ) < ,L'Zm,-n(f] ). Hence, by Propositionone
has fimin(M) = Himin(M/E}). Therefore, if E/E) is non-zero, then

0=E\/E C...CE,JE, = EJE,

is the Harder-Narasimhan flag of E/E;. By the induction hypothesis one has n = m
and E; = F; for any i € {2,...,n}. The uniqueness is thus proved. O

Proposition 4.3.59 Let E be a non-zero adelic vector bundle on S. The following
assertions are equivalent:

(D E is semistable, _ _
(2) for any non-zero vector subspace F of E, one has p(F) < p(E)
(3) for any non-zero quotient vector space G of E, one has u(G) > u(E).

Proof Let r be the dimension of E over K. Assume that E is semistable. Then one
has @0y (E) = - -- = fi,(E) = i(E). If F is a non-zero vector subspace of E, then by
Propositionwe obtain that, for any ¢ € R, one has ﬁtn (F) c ﬁ’n (E). Therefore,
for any i € {1,...,dimg(F)} one has [i;(F) < ji(E), which implies i(F) < (E).
Similarly, if G is a non-zero quotient vector space of E and 7 : E — G is the
quotient map, then, by Proposition one has m(F (E)) c Fors (G) for any
t € R. Therefor for any i € {1,...,dimg(G)} one has [i;(G) > f(E), which implies
that i(G) > f(E). Hence we have proved the implications (1)=(2) and (1)=(3).
We will prove the converse implications by contraposition. Suppose that E is not
semistable and its Harder-Narasimhan R-filtration corresponds to the flag

0=EyCE <...CE,=E,

and the successive jump points u; < ... < y,, where n € N, n > 1. Then one has
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AE) = g (E)Zu, dimg (E;/Ei-1).

By Theorem we obtain that i(E,) = pu; > W(E) and @(E,/En_1) = ptn <
H(E). The proposition is thus proved. O

Remark 4.3.60 Consider the particular case where the adelic curve consists of ex-
actly one copy of the trivial absolute value on K (of measure 1 with respect to v).
In this case an adelic vector bundle on § is just a finite-dimensional vector space
E over K equipped with a norm ||-|| (which is not necessary ultrametric), where
we consider the trivial absolute value on K. We have shown in §{I.1.8] that ultra-
metric norms on a finite-dimensional vector space over K correspond bijectively to
R-filtrations on the same vector space. In particular, if (E, ||-||) is a Hermitian adelic
vector bundle on S, then the R-filtration on E corresponding to ||-|| identifies with
the Harder-Narasimhan R-filtration of (E, ||-]).

Proposition 4.3.61 We equip K with the trivial absolute value. Let (E,||-||) be a
finite-dimensional normed vector space over K, which is also considered as an adelic
vector bundle as in Remark[4.3.60} The adelic vector bundle (E, ||-||) is semistable if
and only if the double dual norm ||-||«« is constant on E \ {0}. Moreover, in this case
one has

—Inflxles = HE, [I)) = Hmin(E, [I-]])
forany x € E \ {0}.

Proof First we assume that (E, ||-||) is semistable. Let {e;}!_, be an a-orthogonal
basis of (E,||-||), where @ € ]0,1[. Without loss of generahty, we assume that
lle1]l < ... < |ler|l- Moreover, by Proposition|1.2.23|one has

,
deg(E,|II)) < —rIn(@) = > Inlle;]|
i=1

In particular, if ||e,||/|le1]] > a™", that is,

1 1
——lInflei]| > ——1In{le,|| - In(a),
r r

then
r—1
—In|ley|| = - ln||61|| - —1n||61|| > = Zlnllezll - —In|le,|| - In(e)
l—l
> W, IIl) > Hmin(E, [I]]),
which shows that (E, ||-]|) is not semistable, so that ||e,||/||e1]| < @~". This observa-

tion shows that, for any a-orthogonal basis {e;}!_, of E, one has

max In|le;|| = In|le; ||| < —r In(a). 4.79)
(@)e{l,..r}?
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Note that {e;}!_, is also an a-orthogonal basis of (E, ||-||.«) (see Proposition|1.2.11].
Moreover, we deduce from and (T.23)) that

< —(r+1)In(a). (4.80)

max ‘ln||ei||**—ln||ej||**
(i,))e{l,..., r}2

Note that one has (Té:g(E, [I-1D = cf;g(E, [|]|+«) (see Proposition|1.2.15)). Moreover, by

Propositions [I.1.66|and [T.2.23| one has
r - r
= > Inlle;le. < deg(E,|I-l)) < =rIn(@) = > Inlle;]|...
i=1 i=1

Combining this estimate with (4.80) we obtain

max_ | Inlleill. - BE )| < ~( +2)In(a).
ie{l,..., r}

In particular, for any (1y,...,4,) € K"\ {(0,...,0)}, one has
|nlldser + -+ + Arellos = AEND| < =+ 3)In@)

Since (E, ||-||) admits an a-orthogonal basis for any @ € 10, 1[ (see Corollary[1.2.9),
we obtain that the restriction of In||-||.. to E \ {0} is constant (which is equal to
= HCE, [I-1D)-

Assume now that the double dual norm |[|-||.« is constant on E \ {0}. Since
Ill++ and ||-|]| induce the same dual norm on EV, we obtain that the restriction of
In||-||l« to EV \ {0} is constant and takes — u(E", ||-||«) as its value. Note that one
has — @(EY, |||l.) = H(E,||-|l) by Proposition [4.3.10} We will show that (E, ||-||) is
semistable. First we show that fimin(E, ||-||) = H(E, ||-]|). Let G be a non-zero quotient
vector space of E and ||-|| be the quotient norm of ||-|| on G. By Proposition|1.1.20}
IllG.» coincides with the restriction of ||-||. to G". Since the function In||-||. takes
constant value u(E, ||-]|) on EV \ {0} we obtain that

HG, le) = = ZG", I llg.+) = AE. .

Therefore timin(E, ||-||) = u(E, ||-||). Now for any non-zero vector subspace F of E
one has

Hmin(F, [I-lF) < f(F, |I-llr) < HCE, |I-lle),

where ||-||r denotes the restriction of ||-|| to F. In fact, In||-||¢ is bounded from below
by the restriction of In||-||.. to F, which is constant on F \ {0} of value — u(E, ||-||).
Therefore (E, ||||) is semistable. O

Remark 4.3.62 We keep the notation of the previous proposition. Note that the
norms ||-|| and ||-||.« induce the same dual norm on EV (see Proposition ,
so that we obtain that the adelic vector bundle (E, ||-||) is semistable if and only if the
restriction of the function |||l on EY \ {0} is constant. Moreover, in this case one



280 4 Vector bundles on adelic curves: global theory

has (see Proposition|1.2.47)
Vo e EY\ {0}, —lnllgl. = - deg(Z.|-I).

Remark 4.3.63 In the case where ||-|| is ultrmetric, the normed vector space (E, ||-||)
corresponds to a sequence

O0=EyCE C...CE,=FE
of vector subspaces of E and a decreasing sequence y; > ... > u, of real numbers
(see Remark|1.1.40). Note that, foranyi € {1,...,n} therestriction of the subquotient
norm ||-||g, /£,_, to (E;/E;_1) \ {0} is constant and takes e as its value. Therefore
Proposition (4.3.61| implies that (E;/E;_1, |||, /£,_,) is semistable and admits u; as
its minimal slope. Therefore Theorem [.3.58] shows that

O0=EyCE C...CE,=E

is the Harder-Narasimhan flag of the adelic vector bundle (E, ||-||).

Proposition 4.3.64 We equip K with the trivial absolute value. Consider a finite-
dimensional non-zero normed vector space (E, ||-||) over K. The Harder-Narasimhan
flags of (E, ||-||) and (E, ||||+) are the same. Moreover, for any i € {1,...,dimg(E)}
one has [ (E, ||'ll) = i (E, [|[]+).

Proof Let n be the dimension of E over K. We reason by induction on n. First
of all, if (E,||-||) is semistable, then by Proposition (see also its proof), the
function —In||-||.« is constant on E \ {0} and takes g(E,||:|]) = Hmin(|l-|]) as its
value. Therefore the assertion of the proposition holds in this case, and in particular
the assertion is true when n = 1. In the following we suppose that (E, ||-]|) is not
semistable (hence n > 2) and that the proposition has been proved for normed vector
spaces of dimension < n — 1.

For any i € {1,...,n}, let u; = w;(E,||-||«+) and E; be the ball of radius e in
(E,||*|l+«) centered at the origin. Let

B=min{y; — w1 1 i €{2,...,n}, Wi > pi-1}

and @ be an element of ]0, 1[ such that @ > e#/". Let {e; i, be an a-orthogonal
bases of (E, ||-||). By Proposition[I.2.11] it is also an a-orthgonal basis of (E, |-||.+).
By Proposition {ei}, is an orthogonal basis of (E, ||-||..). Without loss of
generality, we may assume that

{ei}io, NE; ={e1,....em},

where m is the dimension of E; over K (see Proposition [1.2.26 . Let {e;/ ?:1 be
the dual basis of {e;}!, and ||-||; be the restriction of the norm [|-|| to E}. For any
i € {1,...,m}, let ¢; be the restriction of e, to Ey. Then {¢;}", forms a basis of
E\', which is the dual basis of {¢;}" . By lemma|1.2.10} {¢;}!" is an a-orthogonal

basis of E/, and one has
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Vie{l...m} llel™ <llgillie <alle ™
By Proposition [I.2.T1] one has
Vie{l,....m}, allell <lleillsx =™ < el

Therefore one obtains

Vie{l,....m}, ae" <l|lg;

. < aler,

As a consequence, for a general non-zero element ¢ of EY, which is written in the
form A1 + - - - + 4;um, One has

lelie < max lgilli. <a”'e
ie{l,...,m}
A;#0
and
lellie >a max Jlgilli. > a’et.
ie{l,....m}
A;#0

Since (E, ||-||) admits an a-orthogonal basis for any a € ]0, 1[, we obtain that the
restriction of ||-||1,. to E; \ {0} is constant and takes e*! as its value. Therefore,
Proposition (see also Remark [4.3.62)), we obtain that (Ey,||-||) is semistable
and admits g as its minimal slope.

By Proposition [I.1.20] one has (see Definition [I.1.2] and Subsection [I.1.3] for
notation)

Il e/E)sEY = IMlE>E/E, +-

Moreover, since ||| is ultrametric, by Proposition [1.2.35|one has

I, £»E/E, = Iy E/EYEY = IMlESE/E 25

Applying the induction hypothesis to (E/E1, ||||g-»£/E,) We obtain that the Harder-
Narasimhan flags and the successive slopes of

(E/Ev | le>E/E)  and  (E/Ep ||l e>E/E)

are the same. Therefore, by Theorem [4.3.58| we obtain that the Harder-Narasimhan
flag and the successive slopes of (E, ||-||) coincides with those of (E,||-||«). The
proposition is thus proved. O

Remark 4.3.65 In the framework of linear code, Randriambololona [125]] has pro-
posed a Harder-Narasimhan theory based on semimodular degree functions on the
modular lattice of vector subspaces. Note that our approach, which relies on the
Arakelov degree function of quotient vector spaces, has a very different nature from
the classic method (due to the fact that the equality (#.29) and the inequality (4.50)
fail in general for non-Hermitian adelic vector bundles). It is an intriguing question
to compare the Harder-Narasimhan filtrations constructed in our setting and in [[125]].
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4.3.12 Absolute positive degree and absolute maximal slope

We have seen in Proposition[d.3.14]that the Arakelov degree is preserved by extension
of scalars. In this subsection, we discuss the behaviour of the maximal slope and the
positive degree under extension of scalars to the algebraic closure of K. We denote
by K% the algebraic closure of the field K.

Definition 4.3.66 Let (E, £) be an adelic vector bundle on S. We denote by d%%i(E ,€)
the positive degree of (Ekuc, Ekac), called the absolute positive degree of (E,&). If E
is non-zero, we denote by u.«(E,&) the maximal slope of (Eguc, Ekac), called the
absolute maximal slope of (E,&).

Proposition 4.3.67 Let (E, &) be an adelic vector bundle on S. One has

deg, (E,£) < deg?(E,&) and [imax(E,&) < Blan(E, ).

Moreover, for any algebraic extension L of K, one has

d€g+(E f) = deg (ELsé:L) and ﬂr?lax(E’é:) = llmax(EL’fL)

Proof Let F be a vector subspace of E and & be the restriction of & to F. Let £p, .
be the restriction of &gac to Fiae. By Proposition [I.3.17][(D} [2)] the identity map

(Fiae, & ko) = (Fgae,éFpa:) has norm < 1 on any w € Q. By Proposition[4.3.18]
one has
deg(F, &r) = deg(Fiue, & ko) < (Ie\g(FKac,fF,(ac)
< deg, (Exue, ée) = deg?(E. ),

where the first equality comes from Proposition [#.3.14] Similarly, if F is non-zero,
one has

H(F,éF) < i(Fgae,ép ko) < P(Fgac,EFpac)

max(FK“CagFKac) = ﬁ&ax(F7§F)'

) ®)

<
<

=

Since F is arbitrary, we obtain

deg, (E,&) < deg*(E,&€) and  [imax(E,€) < [ilax(E,£).

By Corollary [1.3.15] if L is an algebraic extension of K, then one has (&1 )gac =
gK'*‘C- Therefore degf(E,f) = deg+(EL §L) and max(E f) = /Jmax(EL’fL) a

Proposition 4.3.68 Assume that the field K is perfect. Let (E,&) be a Hermitian
adelic vector bundle on S. Then one has

deg,(E,&) = deg™(E,&) and  [imax(E&) = Ba(E, ).
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Proof Without loss of generality, we may assume that the vector space E is non-zero.
Let L _
{0} =EyCE &...CE, = Exga

be the Harder-Narasimhan flag of (Egac,&kac). By the uniqueness of Harder-
Narasimhan filtration (see Proposition [4.3.38), for any K-automorphism 7 of K
and any i € {1,...,n}, the vector space E; is stable by 7. Since the filed K is perfect,
by Galois descent (see [29], Chapter V, §10, no.4, Corollary of Proposition 6), there
exists a flag

{O}=E0_C_E1g...§En=E (48])

such that E; = E; g« for any i € {1,...,n}. Moreover, by Propositions m.
[(2)](here we use the hypothesis that & is Herm1t1an) if we denote by &; the restriction
of £ to E;, then &; g« coincides with the restriction §l of &g to E;. Therefore by
Proposition one has deg(El,fl) = deg(El,fl). We then deduce that the slopes
of E;/E;_1 and E; /E-_l (equipped with subquotient norm families) are the same.
Hence by Proposition [4.3.38| we obtain that (4.81)) is the Harder-Narasimhan flag of
(E,¢). Therefore,

ﬁmax(Evé:) = ﬁ(El’fl) = ﬁ(E‘l’gl) = /jrz;lax(E’g)
and

deg,(B.8) = max deg(Fpé) = max deg(Erdy) = degi(E.0)

...........

4.3.13 Successive minima

The successive minima are classic invariants of Hermitian vector bundles on an
arithmetic curve. In this subsection, we extend their construction (more precisely,
the construction of successive minima of Roy-Thunder [128])) to the setting of adelic
vector bundles on an adelic curve.

Definition 4.3.69 Let (E,¢) be an adelic vector bundle on S and r be the dimension
of E over K. Foranyi € {1,...,r},let

Vi(E, &) ;= sup{r € R : dimg(Vectx({s € Ex : (Ie\gf(s) > t})) = i},
called the i (logarithmic) minimum of (E,&). In other words, v;(E, &) is the supre-

mum of the set of real numbers ¢ such that there exist at least i linearly independent
vectors of Arakelov degree > ¢. Clearly one has

VI(E,&) > ... > w(E,&).
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The first minimum v(E, &) is also denoted by vy (E,¢), and the last minimum
v (E, &) is also denoted by vy (E, &). For any ¢ € R, let

FUE,&) = ﬂ Vect ({s € E\ {0} : deg.(s) > 1 — &}).
e>0

By definition _
Vi(E,€) = sup{t € R : dimg(FL(E)) > i}.

If E is the zero vector space, then by convention we define
Vmax(E,€) := —c0  and  vipin(E, &) 1= +oo.

We also define the absolute version of the successive minima as follows. For any
i€{l,...,r}, let vi(E, &) := vi(Egu, ékac ), where K% denotes the algebraic closure
of (E,¢). Similarly, we let

Vi (E,€) i= Vmax(Egee, €xee)  and Vi, (E, &) 1= Vimin(Ekee, Exee).

Proposition 4.3.70 Let E = (E, &) be a non-zero adelic vector bundle on S. For any

t € R one has .
FE)Y=() > F (4.82)

e>0 0£FCE
Vmin(F)>t—&

where F runs over the set of all non-zero vector subspaces of E, and in the structure
of adelic vector bundle of F we consider the restricted norm family.

Proof Let& > 0and F be a non-zero vector subspace of E such that vy, (F) > 1 — .
There exists a basis {s;}]_, of F over K such that

.....

Therefore one has

Z F C Vectg({s € E\ {0} : deg,(s) > 1 - 2¢}).
0£FCE ’
ﬁmin(F)>t_‘9

Conversely, for any ¢ € R such that Trfl(_f ) # {0} and any & > O, there exist
elements uy, . ..,u, in E which generate F!(E) as vector space over K and such that

Vje{l,....r}, deg(u)>1-e.

Therefore viin(F4(E)) > 1. m|

Proposition 4.3.71 Let (E, &) be an adelic vector bundle on S and r be the dimension
of E over K. For any i € {1,...,r}, one has vi(E,€&) < v}(E,&). Moreover, for any
algebraic extension L of K and any i € {1,...,r} one has v}(E,€&) = v(EL,£L).



4.3 Arakelov degree and slopes 285

Proof Let {s; }j.: , be a linearly independent family in E. Then it is also a linearly
independent family in Exac. Moreover, by the same argument as in the proof of
Proposition for any j € {1,...,i} one has (fggf(sj) < d’e\ggKac (s;). Therefore
Vi(E, &) < vi(Egwe,Eka) = VI(E, ). The equality v} (Er,ér) = vi(E, &) comes from
the relation (&7 )g= = Ekae, which is a consequence of Corollary [1.3.15] i

The following proposition is straightforward from the definition of the (absolute)
first minimum and the (absolute) maximal slope.

Proposition 4.3.72 If (E, &) is an adelic vector bundle on S, then one has

Vi(E,§) < Imax(E.§)  and  V{(E,£) < Hinax(E, ). (4.83)

4.3.14 Minkowski property

Definition 4.3.73 Let S = (K, (Q, A, v), ) be a proper adelic curve. Let C be a non-
negative real number. We say that the adelic curve S satisfies the Minkowski property
of level > C if, for any adelic vector bundle (E,¢) on S such that £ is ultrametric on
Q\ Q, one has

Vi(E,§) > Hmax(E. &) — CIn(dimg (E)).

We say that S satisfies the absolute Minkowski property of level > C if, for any adelic
vector bundle (E, &) on S, one has

VI(E,€) > Imax(E.&) — CIn(dimg (E)).

Remark 4.3.74 Let V be an Euclidean lattice. The first theorem of Minkowski can
be stated as (see [24} §3.2] for more details)

— . — 1 .
(V) > finn (V) - 5 In(dimic (V).
Hence the Minkowski property should be considered as an analogue in the general
setting of adelic curve of the statement of the first theorem of Minkowski. For general

number fields, it has been shown in [66) §5] that, for any adelic vector bundle E of
rank »n over a number field K, one has

_ 1
Vl(E) > ,umaX(E) - 5 ln(n) - 5 In |DK/Q|

and
n

=

P | . o~ 1<
VT(E) = IJmax(E) - z Z = ﬂ‘rinax(E) - 5
=2 =

where D /g is the discriminant of K over Q. Therefore the adelic curve corresponding
to a number field satisfies the Minkowski property of level > % + %ln |Dk /gl and
the absolute Minkowski property of level > %
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In the function field case, given a regular projective curve (over a base field), by
Riemann-Roch formula there exists a constant A > 0 which only depends on the
curve, such that

Vi(E) > max(E) — A

for any vector bundle E on the curve (see [42, Remark 8.3]). Therefore the Minkowski
property of level > A/In(2) is satisfied in this case. Moreover, if the base field is
of characteristic zero, then it has been shown in [22]] that the absolute Minkowski
property of level > 0 is satisfied.

The Minkowski property may fail for general adelic curves. Consider the adelic
curve S = (Q,(Q, A, v),®) consisting of the field of rational numbers, the measure
space of Q equipped with the discrete o-algebra and the atomic measure such that
v({w}) = 1 for any w € Q, together with the map ¢ sending any w € Q to the trivial
absolute value on Q. We write the rational numbers into a sequence {g, },en. For
any n € Ns,, consider the following adelic vector bundle E,, on S. Let E,, = K. For
m € N such that m < n let ||-||4,, be the norm on E,, defined as

e”!, if there exists ¢ € K* such that (x,y) = a(l, gm),

G Vg, =40, if (x,y) = (0,0),
1, else.

Form € Nsuchthatm > n,let||-|,,, be the norm on K? such that ||(x, y)|| = 1 for any
(x,y) € K2\{(0,0)}. Then by definition one has (Igg(fn) = nand hence i(E,) = n/2.
Moreover, for any vector subspace F of E, either there exists m € {0,...,n—1} such
that F = K(1,gy,) and thus fi(F) = 1, or one has [i(F) = 0. Since n > 2, we obtain
that the adelic vector bundle E,, is semistable and of slope n/2. Moreover the first
minimum of E,, is 1. Therefore it is not possible to find a constant C only depending
on S such that finax(E ) is bounded from above by v|(E,) + C In(2).

In the literature, the absolute Minkowski property is closely related to the semista-
bility of tensor vector bundles and the estimation of the maximal slope of them. We
refer the readers to [3 22, [64] for more detailed discussions. In the following, we
prove several slope estimates in assuming the Minkowski property.

Proposition 4.3.75 Let E = (E,&g) and F = (F,&r) be adelic vector bundles on S.
We assume that ég and EF are ultrametric on Q \ Q. One has

VI(E ®: F) < Fimax(E) + Himax(F). (4.84)

Proof Let f be a non-zero element of E ®k F, viewed as a K-linear map from E"
to F. By Proposition [#.3.3T[[(3)] one has

fimin(E") < Fmax(F) + h(f) = fimax(F) = degg, g, (£).
By Proposition[4.3.23] we obtain

O < ﬁmax(E) + ﬁmax(f) - (;c\ggb- ®:EF (f)
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Since f is arbitrary, we obtain the inequality O

Corollary 4.3.76 Let C be a non-negative real number. We assume that the adelic
curve S satisfies the Minkowski property of level > C. Let E = (E,ég) and F =
(F,&F) be adelic vector bundles on S.

(1) Assume that £ and Ep are ultrametric on Q \ Q. Then
Fmax(E ®s F) < imax(E) + fmax(F) + C In(dimg (E) - dimg (F)),  (4.85)
(2) One has

/:Zmin(E [P F) > ﬁmin(E) + ﬁmin(F) -(C+ %V(Qoo)) In(dimg (E) - dimg (F)).
(4.86)

Proof By the assumption of Minkowski property, we have
VI(E ®; F) > fimax(E ®¢ F) — CIn(dimg (E) - dimg (F)).

Hence (@.83)) follows from (4.84). _ _
If we apply the inequality (#.83)) to EY and F" (note that £/ and &/ are always
ultrametric on Q \ Q.,), we obtain

ﬁmax(Ev B¢ FV) < ﬁmax(Ev) + ﬁmax(Fv) + ClIn(dimg (E) - dimg (F)).
By Proposition 4.3.25| we deduce that
ﬁmin(E B, n F) = _ﬁmaX(Ev) - ﬁmax(Fv) = Cln(dimg (E) - dimg (F)).

Finally, by Corollary [4.3.27] we obtain (4.86). O

Proposition 4.3.77 Let E be a non-zero adelic vector bundle on S. One has
Vmin(E) < ﬁmin(E)'

Proof Let r be the dimension of E over K. Assume that E is of the form E = (E L),
with & = {||-|lw }weq- Let ¢ be a real number and {s;};_, be a basis of E over K such
that (Ic;gf(si) >tforanyi e {l,...,r}.

Let G be a quotient vector space of E and &6 = {||-||6.w }weq be the quotient
norm family of £ on G. For any i € {1,...,r}, let @; be the canonical image of s; in
G. Without loss of generality, we may assume that {«j,...,a,} forms a basis of G
over K. For any w € Q, one has

llat A= A anlle,w,det <

n
=

n
lailic.o < | ] sille
i=1

1

where the first inequality comes from Proposition [I.1.63] Therefore one has
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n
deg(G) > Zdegf(si) > nt,
i=1

which implies fi(G) > t. Therefore we obtain viin(E) < Hmin(E ). O

Corollary 4.3.78 Let E = (E, &) be a non-zero adelic vector bundle on S. For any
ie{l,...,dimg(E)} one has v;(E) < i;(E).

Proof By therelations (@.82)) and {.63), Propositionlé—l.3.77 leads to FL(E) < Tl (E)
for any ¢ € R. Therefore, by Proposition [1.1.39|we obtain that v;(E) < u;(E) for any
i €{l,...,dimg(E)}. mi

Definition 4.3.79 Let S = (K,(Q,A,v),$) be an adelic curve. Let C be a non-
negative real number. We say that S satisfies the strong Minkowski property of level
> C if for any adelic vector bundle (E, &) on S such that ¢ is ultrametric on Q \ Q,
one has

Vinin(E, &) > fmin(E,£) — CIn(dimg (E)). (4.87)

Proposition 4.3.80 Assume that the adelic curve S satisfies the strong Minkowski
property of level > C. For any non-zero adelic vector bundle E = (E,&) on S one
has

wi(E) < vi(E) + Cln(dimg (E)). (4.88)

Proof Since the adelic curve S satisfies the strong Minkowski property of level > C,
by the relation (4.87) we obtain that

VieR, F (E)cFhCamENE),

Therefore, by Proposition [I.1.39 we obtain the inequality (@.88). O

Remark 4.3.81 Proposition shows that, if the adelic curve S satisfies the
strong Minkowski property of level > C, then it also satisfies Minkowski property of
level > C. Moreover, the transference theorem of Gaudron [63, Theorem 36] shows
that, for any Hermitian adelic vector bundle E of rank 7 over a number field X, one
has

Vmin(E) - ﬁmin(E) = Vmin(E) + ﬁmax(Ev) = Vmin(E) + Vmax(Ev)
> In(n) + In |®[(/Q|,

where Dk /g is the discriminant of K over Q. We then deduce that, if E is a general
adelic vector bundle of dimension n over K, which is not necessarily Hermitian, one

has (by Theorem {.1.26)
— 1
Viin(E) > fimin(E) = (1 + 3[K : Q) In(1) + In | D .

Therefore the adelic curve corresponding to a number field K satisfies the strong
Minkowski property of level 1 + %[K : Q] In|Dk/gl.
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4.4 Adelic vector bundles over number fields

Throughout this section, we fix a number field K and the standard adelic curve
S = (K,(,A,v),¢) of K as in Subsection Note that S is proper. Denote by
Qg the set Q \ Q, of finite places of K, and by ok the ring of algebraic integers in
K. Note that the absolute value ||, at w is given by

the standard absolute value of x in either R or C if w € Q,
Vx €Ky |[xlw= (—ln(pw)ordw(x))
ord,(Pw)

where p,, is the characteristic of the residue field of the valuation ring of K,,,. Further,
for w € Qgy, let ok, be the localisation of ox at w and o, be the valuation ring of
the completion K, of K with respect to w, that is,

if w € Q4

okw={a€K :lal, <1} and o, ={ae€kK, : |lal, < 1}.

Moreover, v({w}) = [Ky, : Qu] forw € Qand 3, cq  v({w}) = [K : Q].

Let E be a finite-dimensional vector space over K and ¢ = {||-||, }weq be a norm
family of E over S. In this section, we always assume that ||-||., is ultrametric for
every w € Q. For w € Qg,, we set

E, =EQ®x K, and &,:={x€E,]||xllo <1}

By Propositions [1.1.23] and [1.1.30] &, is a free o,-module of rank dimg E and
Ew ®u, Ku = Ep.

Remark 4.4.1 As in the next subsection, let (E,&)%, := {x € E : [|x[l, < 1}. Then
one can see the following:

(1) (E,£)2, is a free vk ,-module.
(2) (E.)2] ®ox.,, Pw = E-

(1) Fix a basis of {x;}/_, of E. We consider a norm |-||;, on E,, given by
V(... )€K, |lixr+ -+ 4xl,, = max{|A1]ew,- - -5 [ Ao}

By Proposition |1.1.11} there is a positive integer n such that |@,|" |||, < ||'llw>
where @, is a uniformizing parameter of og ,,. Therefore,
(E,.f)‘gl Cokwer@,, + -+ 0k e,
as required.
(2) Obviously (E,f)‘é’1 ®ox.., Pw € G- Let {e;}]_, be afree basis of (E, 5)2'1 over
0K - For x € &, we choose (ay, . ..,a,) € K/, such that x = aje; +- -+ a,e,. One
can find (af,...,a;) € K" such that
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, 1 ; , , 1
la; —ajle < §|ai|w foranyi € {1,...,r}and [|x — (aje1 +--- +aye,)|low < §||x||w.

If we set x” = aje; + -+ + a,er, then x|, = ||*|lo and |a;|e = |a]|, for all i. In
particular x” € (E, €)%, so that a; € ok .,, and hence |a;|, = |a]|, < 1. Therefore,

x € (E, )2 ®ux , Pw-

4.4.1 Coherency for a norm family

Let E be a finite-dimensional vector space over K. Let & = {||-|lo }weq be a norm
family of E over S. We define (E, &)™} and (E,£)%, (w € Q) to be

(E.&)M :={x €E : ||x]l, < 1forall w € Qg },
(E,6) ={x € E : [[xllo <1}.
Note that (E, 5)2“} and (E, &)Y, are an ox-module and an ok ,,-module, respectively.

Furthermore, by Remarkid.4.1} (E, §)?, isafree ok ,-module and (E, §)2 ®o ,, 00 =
&, Let us begin with the following proposition.

Proposition 4.4.2 The following are equivalent:

(1) Foranyv € E, |||l < 1 except finitely many w € Qgp.
(2) (E,&)1 ®oy 0k .00 = (E, ) for all w € Q.

3) (E,f)i“l ®ux VK,w = (E,§)E, for some w € Qfip.

@) (E.)F &, K = E.

Moreover, under the above equivalent conditions, (E,& 2‘} ®zQ=FE.
Proof First of all, let us see the following claim:

Claim 4.4.3 (a) Let S be a finite subset of Qgn. Then there is f € ok \ {0} such that

>0 ifwes,

ordw(f){:o fods

(b) (E. )2, ®oy,, K = E forall w € Qgin. O

Proof (a) Let us consider the ideal given by 3 = [], g p. As the class group of K is

o~

finite, there are a positive integer a and f € og such that fog = 3¢, as required.
(b) Obviously (E,£), @, K € E.Forv € E, there is a € ok , \ {0} such that

av € (E,£)2,, which shows the converse inclusion. O

(1) = (2): Clearly (E,& 2‘1 ®ux 0k, € (E,§)E). Conversely, for v € (E,§)2),
as § = {w’ € Qfn : ||V|lwr > 1} is finite, there is f € og \ {0} such that | f|, < 1
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for w’ € S and |f|, = 1 for " € Qg, \ S by the above claim (a). Thus, there is a
positive integer n such that f"v € (E,¢ 2‘1 Note that f € o} . Thus the converse
inclusion holds.

“(2) = (3)” is obvious and “(3) = (4)” follows from (b) in the claim. Let us
see that “(4) = (1)”. For v € E, there is a € og \ {0} such that av € (E,f)i“l, that
is, |alw||v|lw < 1 for all w € Qg,. Note that |a|, = 1 except finitely many w, so that

one has (1).

Note that (E, €)1 @, K and (E, &) @z Q are the localisations of (E, ||-|)¥} with
respect to og \ {0} and Z \ {0}, respectively. Therefore, for the last assertion, it is
sufficient to show that, for @ € og \ {0}, thereis @’ € ok \ {0} such that aa’ € Z\ {0}.
Indeed, one can find (ay, . . .,a,) € Z" such that @ +ai @™ "+ +a,_ja+a, =0.
We may assume that a,, # 0. Thus a(@" ' + @102 +---+a,_1) = —a, € Z\ {0}.0

Definition 4.4.4 We say that (E, £) is coherent if the equivalent conditions of Propo-
sition L. 4.2] are satisfied.

Proposition 4.4.5 [f there are a non-empty open set U of Spec(ok ) and a locally free
oy -module & such that & ®,, K = E and |||, = ||'||€®nva for all w € U N Qgp,
then (E, &) is coherent and dominated, where oy is the ring of regular functions on
the open set U.

Proof For s € E \ {0}, we can find a non-empty open set U’ C U such that
§ € & gy, Dy, and & By, 0y, /0y, is torsion free for all w € U’ N Qgy, so that

Il = [Islle@y, 0, = 1.

In particular, (E, £) is upper dominated and coherent. Let & be the dual of & over
U. Note that &Y ®,, 0, = (& ®y, 0w)", so that by Propsotion Illw,« =
||'||gv®nu o, for all w € U N Qgy. Therefore, in the same way as above, one can see
that (EV,£") is upper dominated, and hence (E, ¢) is dominated. i

4.4.2 Finite generation of a dominated vector bundle over S

Let E be a finite-dimensional vector space over K and &€ = {||-||o }weq be a norm
family of E over S. The purpose of this subsection is to prove the following propo-
sition.

Proposition 4.4.6 If £ is dominated, then
(E,&)M = {x€E : |[x|lo < 1forall w € Qgn}

is a finitely generated vk -module.
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Proof First we assume that dimg(E) = 1. Fix x € E \ {0}. For each w € Qg,
let a,, be the smallest integer a with a > —In ||x||,, /In |@y|., Where @, is a local
parameter of 0k .

As ¢ is lower dominated, there is an integrable function A(w) on Q such that

YVweQ, —In|x|, <Aw).

Here we assume that there are infinitely many w € Qg, with a,, < —1. Asa,, < —1
implies — In |@, |, < —In || x||,, one has

Alw)pr({w}) 2 —In|lxllov{w})

—In|@ylov({w}) = Incard(og /po) 2 In pe,

AR\

where p,, is the maximal ideal of ox and p,, is the characteristic of the residue
field ok /p,,, which gives a contradiction to the integrability of the function A(:).
Therefore, a,, > 0 except finitely many w € Qgp.

Note that

ord,, (a)+In ||x ||, /In |,
w

laxll, = lalwll*lle < 1 &= |@, <1

— Ordm(a) _ln”x”w/lnlwwlw

>
— ord,(a) = a,.

Therefore

{a € K : ||lax||, < 1 for all w € Qg,}
={a €K : ordy(a)—a, > 0forall w € Qqy}

is finitely generated over og by Lemma[d.4.7] Thus one has the assertion in the case
where dimg (E) = 1.

In general, we prove the theorem by induction on dimg(E). By the previous
observation, we may assume dimg(E) > 2. Fix x € E \ {0}. We set E/ = Kx and
E” = E/E’. Let ¢’ be the norm family on E’ given by the restriction of &, and ¢” be
the norm family on E”’ given by the quotient of £. Then ¢’ and ¢”” are dominated by
Proposition so that, by the hypothesis of induction, (E’,£")™ and (E”,£”)1
are finitely generated over og. Note that B((E, & 2‘} C (E ”,f”)‘;“l, where S is the
canonical homomorphism £ — E”. In particular, ,8((E,§)2‘1) is finitely generated

over ok because ok is Noetherian. Therefore, one has the exact sequence

0 — (E.&N% — (E.HF — BIE.OT) — 0,
and hence the assertion follows. O
Lemma 4.4.7 Let {b,, }wcq;, be a family of integers indexed by Qgy,. Then

0k ({Pw}weqy,) = {a € K : ord,(a) + b, > 0 forall w € Qgp}
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is finitely generated over ok if and only if either b,, < 0 except finitely many w, or
b, < 0 for infinitely many w.

Proof WesetS ={w e Qg : b, 21} and T = {w € Qq, : b, < —1}.

First we assume that b,, < 0 except finitely many w, that is, card(S) < co. Then
one can choose f € ok \ {0} such that ord,,(f) > b, for all w € Qg,. Note that
{a € K : ord,(a) > O forall w € Qg } = ok, so that og ({be, }weqs, ) f € ok. Thus
ok ({bw Yweas,)f is finitely generated over ok because ok is Noetherian. Therefore
ok ({bw }weay,) is also finitely generated over ok .

Next we assume that b,, < O for infinitely many w, that is, card(7T) = oo. In this
case, 0x ({bw weqg,) = {0}. Indeed, if x € og({bw }weay,) \ {0}, then ord,,(x) > 1
for all w € T, which is a contradiction.

Finally we assume that card(S) = oo and card(T) < oo. In this case, we
need to show that ox({bw}weq,,) is not finitely generated over ogx. We set
S = {w,wy,...,wy,...}. For each positive integer N, let us consider a family
{PN,w}weqy, of integers given by

0 ifwef{w,:n=N+1},
bN w =
b, otherwise.

Then one has a strictly increasing sequence of finitely generated og-modules:
UK({bl,w}wEQﬁn) ¢ DK({bZ,w}wEQﬁn) - C DK({bN,w}(UEQﬁn) G

such that Uo]:}:] DK({bN,w }weQﬁn) = DK({bw }wEQﬁn)' Therefore DK({ba) }wEQﬁn) is
not finitely generated over ok . O

Example 4.4.8 Let {b,,},cq, be a family of integers indexed by Qg,. To each
w € Qgp, we assign a norm ||-||,, of K, given by

_ —bey In(py,)
Il = exp | e b,

for x € K,,. Moreover, for w € Q let ||-||, be the standard absolute value of either
R or C. Then ¢ := {||'||lw }weq yields a norm family on K. Note that, for w € Qgp,
|[x|lo < 1if and only if ord,,(x) + b, > O for x € K, that is,

(K,&)™ = 0x({bes Jewea,)-

For example, if we set b, = 1 for all w € Qgy, then (K, 5)2‘} is not finitely generated
over og by Lemmaf4.4.7
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4.4.3 Invariants and

Let (E,¢ = {||'llw}weq) be an adelic vector bundle on S. Let & := (E,¢ 2“1 =
{x € E : |Ix|lo <1forall w e Qg,}. If £ is coherent and dominated, then, by

Proposition [4.4.2} and Remark [4.4.1} & is a finitely generated ogx-module,
& Qo K = E and & @, 0, = &, for all w € Qgy.
We define ||| to be

Vx€eE, |xllo:= max{[lx)ls}
[BIS9M

where ¢, is the canonical homomorphism E — E,,. Under the assumption that £ is
coherent and dominated, the invariant (E,¢) is defined to be

00 if E = {0},
(E,é-') = There is a basis e, . . ., e, of E
supyd € R : over K suchthate,...,e, €& otherwise.
and max{||e] |l - - - » [l€r |l } < €%

By Proposition[I.1.30]

o< Il

p 1 (
x€E,\{0} 1l

) < —In|wy|y (4.89)

for any w € Qgy,, where ||-||g, is the norm arising from &, (cf. Subsection|1.1.7).
The impurity (E,¢) of (E,¢) is defined to be

(E.£)= > sup ln(%)v({w})e[o,oo].

wehy, X€EL\ {0} ll1xlw

Note that (E,£) = 0 if and only if |||, = [||l¢, for all € Qq,. Moreover,
if £ is coherent and dominated, then, by Proposition #.4.5] £’ = {|||ls, }weas, U
{II'llw }weq., is also coherent and dominated, so that (E,&) < oo by Corollaryf4.1.10

Proposition 4.4.9 We assume that & is coherent. Then the following are equivalent:

(1) ¢ is dominated.
(2) & is finitely generated over og and (E,£) < oo.

Proof 1t is sufficient to see that (2) = (1). If we set

& =A{ll'lle, Yoeasm Y Il llwtwea.

then &’ is dominated by Proposition together with Proposition and Re-
mark [4.4.1] Therefore the assertion follows from the assumption (E,£) < co. O

Proposition 4.4.10 We assume that ¢ is coherent and dominated. There is a constant
ck depending only on K such that
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[K : Q] (E’é:) < Vmin(E’f) < [K : Q] (E’é‘:) + (E’é:) +CKk.

Proof First we consider the inequality [K : Q] (E,¢) < vmin(E,&). We set 1 =
(E,¢). For € > 0, there is a basis {e],...,e,} of E over K such that ¢; € & and
lleillo < e~4*€ for all i. On the other hand,

degge) = ) ~Inlleillov(fw)) > > ~Inlleillov({w})

weQ WEe
> Z (1 -ep({w}) = [K:QJ(1-e),
WeR

so that the assertion follows.

Next let us see the second inequality

ijn(E,f) < [K : Q] (E’§)+ (E9‘§:)+CK-

For € > 0, there is a basis {e],.. ., e, } of E over K such that cfe\g(elf) > vmin(E,&)— €
for all i. We set E; = Ke; and &; = & N E;. By Lemma {4.4.11| below, there is an
e/’ € &; such that

card(&; /oke;’) < Cg,

where Cy, is a constant depending only on the number field K. Therefore viyin(E, £)—€
is bounded from above by

deg(ef) = degz(ef) = > =Inlle} lov{wh + > =Inlle lluv{w})

W €Qpn WEQ
lle;’lle,

= 3 —mlef o v{wh+ Y ln( el KA
a)EQﬁn wEQﬁn i Hw

+ Z ~Inle/[lov({w})

W€

<Incard(&/oxe]) + Y. W(lldg, Db + > ~In e/ llov{w})

w €Qgn WEQ
<InCi+ (E&+ > —Inlefllov({w)).
WEN
If we set 1
=—— > e/ lv({w})
[K:Ql

then 3 ,cq (In|le]’|l, — A)v({w}) = 0. Let {uy, . .., us} be a free basis of 0, modulo
the torsion subgroup. Then, by Dirichlet’s unit theorem, there are alfl,. . .,alfs eR
such that

N

Inlle'llo = A=) af;Inujl,
j=1
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for all w € Q. Let a;; be the round-up of alfj. Then

N

N N
Z(alfj —a;j)Inujl, < Z |alfj - ajj| - ‘lnlujlu,’ < Z |ln|uj|w‘ < CY,
j=1 j=1 Jj=1

where C¢/ = 3, ca., ijl [1n |uj],|. Therefore,

. s
—-A= Z al{j In |14j|u) —1In ”61{'”(4) < CI’(/ + Z ajj In |uj|w —In ”el{l”w
J=1 =
= Cg — In|lvie/|lw,

where v; = [T}_, u;aij, and hence, if we set ¢; = v;e/’, then ¢; € & and
Vmin(E, &) —€ <InCg + (E.&) +[K : QICg - [K : Q]In|le; ||,
that is, there is a constant cx depending only on K such that

Vmin(E,§) — € < ck + (E,&) - [K : Q]In|leifl,

for all i and w € Q.. We choose i and w such that max{||e{]|w,- - -, llerllw} = ll€illw-
Then, as e~ £-¢) < ||¢;]|,, that is, —In |||l < (E,&),

Vmin(E9§) —€SCcx+ (E?‘f) + [K : Q] (E’f)’
and hence the assertion follows. O

Lemma 4.4.11 There is a constant ex depending only on K such that, for any
invertible og -module £, we can find | € £ \ {0} such that card(Z [ok!) < ek.

Proof Since the class group is finite, there are finitely many invertible ogx-modules
A, ..., such that, for any invertible og-module .Z, there is .%; such that % ~ Z.
For each i € {1,...,h}, fix [; € & \ {0}. Let £ be an invertible og-module.
Then there are .%; and an isomorphism ¢ : . — Z. If we set [ = ¢(I;), then
%okl ~ £ [okl, as required. O



Chapter 5
Slopes of tensor product

The purpose of this chapter is to study the minimal slope of the tensor product of a
finite family of adelic vector bundles on an adelic curve. More precisely, give a family
E1,...,Eq of adelic vector bundles over a proper adelic curve S, we give a lower
bound of iy (El Qe e x Ed) in terms of the sum of the minimal slopes of Ei
minus a term which is the product of three half of the measure of the infinite places
and the sum of In(dimg (E;)), see Corollary[5.6.2|for details. This result, whose form
is similar to the main results of [64] 22| 38]], does not rely on the comparison of
successive minima and the height proved in [155]], which des not hold for general
adelic curves. Our method inspires the work of Totaro [143] on p-adic Hodge
theory and relies on the geometric invariant theory on Grassmannian. The chapter is
organised as follows. In the first section, we regroup several fundamental properties
of R-filtrations. We then recall in the second section some basic notions and results
of the geometric invariant theory, in particular the Hilbert-Mumford criterion of
the semistability. In the third section we give an estimate for the slope of a quotient
adelic vector bundle of the tensor product adelic vector bundle, under the assumption
that the underlying quotient space, viewed as a rational point of the Grassmannian
(with the Pliicker coordinates), is semistable in the sense of geometric invariant
theory. In the fifth section, we prove a non-stability criterion which generalises [[143|
Proposition 1]. Finally, we prove in the sixth section the lower bound of the minimal
slope of the tensor product adelic vector bundle in the general case.

5.1 Reminder on R-filtrations

Let K be a field. We equip K with the trivial absolute value |-| such that |a| = 1
for any a € K \ {0}. Note that K equipped with the trivial absolute value forms a
proper adelic curve whose underlying measure space is a one point set equipped with
the counting measure (which is a probability measure), see §3.2.3] Moreover, any
finite-dimensional normed vector space over (K, |-|) can be considered as an adelic
vector bundle on S. In fact, if V is a finite-dimensional vector space over K, any

297
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norm on V can be considered as a norm family indexed by the one point set. This
norm family is clearly measurable. It is also dominated since all norms on V are
equivalent (see Corollaries[I.1.13|and {.1.10).

Let V be a finite-dimensional vector space over K. Recall that the set of ultrametric
norms on V are canonically in bijection with the set of R-filtrations on V (see
Remark[I.1.40). If ||-|| is an ultrametric norm on V, then the balls centered at the origin
are vector subspaces of V, and {(V, ||-]|)<e-t }+er is the corresponding R-filtration.
Conversely, given an R-filtration ¥ on V, we define a function A : V — RU {+o0}
as follows

VxeV, Agx):=sup{teR : xe F'(V)}.

Then the ultrametric norm ||-||# corresponding to the R-filtration ¥ is given by
VxeV, |xlly=e .

Definition 5.1.1 Let V be a finite-dimensional vector space over K and ¥ be an
R-filtration on V. For any ¢ € R, we denote by sq’T(V) the quotient vector space

7w [ |JFeEw).

>0

Clearly, if ¥ corresponds to the flag
0o=VpycVic...¢V, =V
of vector subspaces of V together with the sequence

M1 > ... > U

in R, then
Vie{l,....n}, sqi(V)=Vi/Vii,

and sq’?(V) ={0}ifr ¢ {pu1,...,un}

Proposition 5.1.2 Let (V, ||-||) be a finite-dimensional ultrametrically normed vector
space over K. The following assertions hold.

(1) The normed vector space (V, ||-||) admits an orthogonal basis.

(2) If e = {ei}]_, is an orthogonal basis of (V,||-||), then the Arakelov degree of
VL NI-ND is equal to Ag(ey) + - - - + Ag(ey).

(3) A basis e = {e;}[_, of V is orthogonal if and only if it is compatible with the
R-filtration F, namely card(F*(V) N e) = dimg (F'(V)) for any t € R.

(4) Assume that the vector space V is non-zero. The adelic vector bundle (V,||-||) is
semistable if and only if the function ||-|| is constant on 'V \ {0}.

(5) The Harder-Narasimhan R-filtration of (V,||||) identifies with F.

(6) Let e = {e;}_, be an orthogonal basis of (V, |||). Then the sequence of succes-
sive slopes of (V, ||-||) identifies with the sorted sequence of {A5(e;)}!_,.

(7) Let
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O=VocVic...c V.=V

be a complete flag of vector subspaces of V. For any i € {1,...,r}, let ||-||; be
the subquotient norm of ||-|| on the vector space V;|V;_1. Then the sequence of
successive slopes of (V,||||) identifies with the sorted sequence of

{dea(vi/Vior, 1)}

,
i=1

Proof [(D]Note that the valued field (K, |-|) is locally compact. By Proposition|[T.2.30}
there exists an orthogonal basis of (V, ||-]|).

Let e = {e;}/_, be an orthogonal basis of (V, ||-||). By Proposition[T.2.23] it is
a Hadamard basis, namely

,
llev A= Aerll =] lleill.
i=1
Therefore one has
deg(V, 1) = =Inlley A=+ Aerll == > Inlleill = )" Ax(e)
i=1 i=1

[3)] Assume that the R-filtration # corresponds to the flag
o=VycVi¢...¢V, =V

together with the sequence
M1 > o0 > Uy

(cf. Remark|1.1.40). Let e = {e;}!_, be a basis of V. Then e is compatible with the
R-filtration ¥ if and only if card(e N'V;) = dimg(V;) for any j € {1,...,n}. By
Proposition [I.2.26][(T)} this condition is also equivalent to the orthogonality of the
basis e.

follows directly from Proposition since ||-|| = |||l+= (see Corollary
@"i"he R-filtration corresponds to an increasing flag
0o=%ecvic...cV, =V
of vector subspaces of V, together with a decreasing sequence of real numbers

M1 > ... > Up.

Note that for any i € {1,...,n} and any x € V; \ V;_; one has A#(x) = y;. In

particular, the subquotient norm ||-||; on V;/V;_; induced by ||-|| takes constant value
e i on (V;/Vi_1) \ {0}. Therefore, by [4)] the adelic vector bundle (V;/Vi_y, ||-|l:)

is semistable of slope y;. By Proposition 4.3.38] we obtain that ¥ is the Harder-
Narasimhan R-filtration of (V, ||-]]).
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[(6)] Assume that the R-filtration ¥ corresponds to the flag
o=VycVic...¢V, =V

and the sequence

M1 > o0 > Up.
By definition, the value y; appears exactly dimg(V;/V;—) times in the successive
slopes of (V,||-]|). Moreover, a basis e is orthogonal if and only if it is compatible

with the flag
0O=WeVic...cV, =V,

or equivalently, for any i € {1,...,n}, the set e N (V; \ V;_1) contains exactly
dimg (V;/V;—1) elements. Since the function A4#(-) takes the constant value u; on
Vi \ Vi_1, we obtain the assertion.

By Proposition [1.2.30} there exists an orthogonal basis e = {e;}/_, which is
compatible with the flag

O=VycVic...cV,.=V.

Without loss of generality, we may assume that ¢; € V; \ V;_; forany i € {1,...,r}
Since the basis e = {e;}!_, is orthogonal, the image of e; in V;/V;_; has norm ||e;||.
In fact, any element x in e; + V;_; can be written in the form

i-1
e; + Z aje;
j=1
and hence ||x||; > ||e;||. Therefore one has

deg(Vi /Viei, IIl) = = n [le;| = A(ey).

Proposition 5.1.3 Let V be a finite-dimensional vector space over K and ||-|| and ||-||’
be two ultrametric norms on'V. Then there exists a basis e of V which is orthogonal
with respect to ||-|| and ||-||" simultaneously.

Proof Let F be the R-filtration on V associated with the norm |[|-||, which corre-
sponds to a flag
o=VycVic...¢V, =V

together with a sequence y; > ... > u,. By Proposition |1.2.30] there exists an
orthogonal basis e of (V,||-||’) which is compatible with the the flag

0=VecVic...cV,=V.
By Proposition we obtain that e is also orthogonal with respect to ||-||. O

Corollary 5.1.4 Let V be a finite-dimensional vector space over K, and
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o=vpycvic...cV,=V and 0=WoWCc...CW,=V

be two flags of vector subspaces of V. There exists a basis e of V which is compatible
with the two flags simultaneously.

Proof By choosing two decreasing sequences of real numbers y; > ... > u, and
A1 > ... > A, we obtain two R-filtrations on V, which correspond to two ultrametric
norms on V. By Proposition[5.1.3] there exists a basis of V which is orthogonal with
respect to the two norms simultaneously. By Proposition [5.1.2][(3)] this basis is
compatible with the two flags simultaneously. O

Definition 5.1.5 Let d € N5 and {E; }j‘.’: , be a family of finite-dimensional vector
spaces over K. For any j € {1,...,d}, let ¥; be an R-filtration on E;, which
corresponds to an ultrametric norm ||-||; on E;. Let ||-||s be the e-tensor product of
the norms ||-||1,...,]|-||la. The R-filtration on the tensor product space

Ei®k - Qg Ey4

corresponding to ||| is called the tensor product of the R-filtrations 771,. .., %4,
which is denoted by 71 ® - - - @ 7.

Remark 5.1.6 We keep the notation of Definition For any j € {1,...,d}, let
elV) = {e?’)}gl be an orthogonal base of (E},||-||;). By Proposition |1.2.19|together
with Remark[T.1.56] one has the following:

@) {e(l) (d)}(” i€l (1.....n;) forms an orthogonal basis of the vector
Jj=1

............

space E; ®K - ®k E4 with respect to |||
1 d ] . ,
(ii) ||e( ) ( )|| H?:l Heg)”j for any (i, . ..,iq) € I—[Jd.:l{l,. ,nj}

Therefore, if we denote by ¥ the tensor product R-filtration 71 ® - - - ® 7—;1, then the
vector space F'(E| ®k - - - ®k Eg) is generated by the vectors e(l) -® e(d) such
that

Az @)+ 4 g, (6?) >

Therefore, one has

F'(Ey @k -k E)= ), F'(E)) 8 - &k Ty (Ea)

ti++tg >t
= D, F(E)ex -8k T (Ea).

1+-+tg=t

Furthermore, by (i), (ii) and Proposition if (Ej, ||-||;) are all semistable,
where j € {1,...,d}, then (E; ®k --- ®k Eg, ||-||) is also semistable.
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5.2 Reminder on geometric invariant theory

Let K be a field. By group scheme over Spec K or by K-group scheme, we mean
a K-scheme nm : G — Spec K equipped with a K-morphism mg : G Xk G = G
(called the group scheme structure of G) such that, for any K-scheme f : S —
Spec K, the set G(S) of K-morphisms from S to G equipped with the composition
law mg(S) : G(S) X G(S) — G(S) forms a group. Note that the maps of inverse
tg(S) : G(S) — G(S) and the maps of unity

eg(S) : (Spec K)(S) = {S i) Spec K} — G(S)

actually define K-morphisms (g : G — G and e : Spec K — G, which make the
following diagrams commutative:

mgXldg

GXk GXgk G——— =G X G

Idg xmg \L imG

Gxx G G

(egn.ldG) (dg.egn)

G———Gxk G=——"—"—G

mg
Idg ldg

G

ldg,
¢ 1Mo Gy G

(LG»IdG)l eGgn lmc
G
Let G and H be group schemes over Spec K. We call morphism of K-group

schemes from G to H any K-morphism f : G — H such that, for any K-scheme S,
le morphism f induces a morphism of groups f(S) : G(S) — H(S).

Example 5.2.1 Let V be a finite-dimensional vector space over K. We denote by
GL(V) the open subscheme of the affine K-scheme A(End(V)Y) defined by the
non-vanishing of the determinant. For any K-scheme 7 : § — Spec K, one has

GL(V)(S) = Auto, (*(V)).

The set GL(V)(S) is canonically equipped with a structure of group. The group
structures of GL(V)(S) where S runs over the set of K-schemes define a K-morphism
GL(V)xg GL(V) — GL(V), which makes GL(V) a group scheme over K. The group
scheme GL(V) is called the general linear group scheme associated with V.
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Definition 5.2.2 Let G be a group scheme over Spec K and X be a scheme over
Spec K. As action of G on X, we refer to a K-morphism f : G Xg X — X such that,
for any K-scheme S, the map

F(S) : G(S) x X(S) — X(5)

defines an action of the group G(S) on X(S).

Example 5.2.3 Let V be a finite-dimensional vector space over K and X be the
projective space P(V). Recall that, for any K-scheme p : S — Spec K, P(V)(S)
identifies with the set of all invertible quotient modules of p*(V). Note that any
automorphism of p*(V) acts naturally on the set P(V)(S) of invertible quotient
modules of p*(V). Hence we obtain an action of the general linear group scheme
GL(V) on the projective space P(V).

More generally, let G be a group scheme over Spec K. By (finite-dimensional)
linear representation of G we refer to a morphism of K-group schemes from G to
certain GL(V), where V is a finite-dimensional vector space over K. Note that such
a morphism induces an action of G on the projective space P(V). This action is said
to be linear.

Let G be a group scheme over Spec K which acts on a K-scheme X. We denote by
f 1 G Xg X — X the action of G on X and by pr, : G Xx X — X the projection to
the second coordinate. Let L be an invertible Ox-module. We call G-linear structure
on L any isomorphism 7 of Ogx, x-modules from f*(L) to prj(L) such that the
following diagram commutes

(pry o(IdG X f))"(L) =—————=(f o pr3)"(L)
(ldg Xf)*(U)T J/szg(n)

(f o(IdG Xf))*(L) (pry © pra3)*(L) (5.1)
(f o (mg x 1dx))*(L) m (pry o(m x Idx))*(L)

where pry; : G Xg G Xx X — G Xk X is the projection to the second and the third
coordinates, and mg : G Xg G — G is the group scheme structure of G. The couple
(L,n) is called a G-linearised invertible Ox-module.

Note that, if  : f*(L) — pr;(L) is a G-linear structure on L, thenn" : f*(L") —
pry(LY) is a G-linear structure on LY. Moreover, if (Ly,71) and (Lz,72) are G-
linearised invertible Ox-modules, then

memn: ff(L)® f (L) = f (L ® L) — pry(Li ® Ly) = pry(L;) ® pry(La)

is a G-linear structure on L; ® L.

Example 5.2.4 Let G be a group scheme over K and V be a finite-dimensional
vector space over K. A linear action of G on P(V) defines canonically a G-linear
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structure on the universal invertible sheaf Oy (1). Let f : G xg P(V) — P(V) be a
linear action of G on P(V). Let  : P(V) — Spec K be the structural morphism and
B : (V) — Oy(1) be the tautological invertible quotient sheaf of 7*(V). Note that
the morphism
(pry-f)
G xXg P(V) ——— = G xg P(V)

is an isomorphism of K-schemes, the inverse of which is given by the composed
K-morphism

G xx P(V) PGP o G PV) — ) G POV

Moreover, one has pr, o(pr;, f) = f. Therefore ((pr;, f)*)~! defines an isomor-
phism from f*(Oy (1)) to pr;(Oy(1)) as invertible quotient modules of f*(7*(V)) =
pry(7*(V)). The fact that the action of G on P(V) is linear shows that this isomorphism
actually defines a G-linear structure on Oy (1).

Definition 5.2.5 We denote by Gy, ¢ = Spec K[T,T~'] the multiplicative group
scheme over Spec K (recall that for any K-scheme S one has Gy, x (S) = Os(S)*). If
G is a group scheme over Spec K, by one-parameter subgroup of G any morphism
of K-group schemes from G, k to G.

Let G be a group scheme over K, which acts on a K-scheme X. Denote by
f G Xg X — X the action. If ¢ : Gk — G is a one-parameter subgroup of G,
then f and ¢ induce an action of Gy, ¢ on X, denoted by f,. Note that f, is the
composed morphism

1d
Gmg Xk X — 2 Gxex L >x.

Let g : Gk Xk X — X be an action of the multiplicative group Gp x on a
proper K-scheme. Suppose that x : Spec K — X is a rational point of X. The orbit
of x by the action of Gy, k is by definition the following composed morphism orby

ldGmKXX g
Gm’[( = Gm’[( XK SpecK —_—> Gm’[( Xg X — X.

Since X is proper over Spec K, by the valuative criterion of properness, the mor-
phism orby : Gy x — X extends in a unique way to a K-morphism orb, : A}< =
Spec K[T] — X. The image by orby of the rational point of A}< corresponding to
the prime ideal (7') is denoted by x,. Note that X, is a rational point of X which is
invariant by the action of G, k.

Assume that L is a Gy g-linearised invertible Ox-module. Since JTg is a fixed
rational point of the action g, the Gy, g-linear structure corresponds to an action
of Gm, k on xg(L), which is induced by an endomorphism of the K-group scheme
Gm, k- Note that any endomorphism of the K-group scheme G, x is of the form
t — 1", where the exponent 7 is an integer. We denote by u(x, L) the opposite of the
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exponent corresponding to the action of G, x on )7; (L). Note that our choice of the
constant u(x, L) conforms with that of the book [[115]].

More generally, if G is a K-group scheme, f : G Xxg X — X is an action of G on
a proper K-scheme X and if ¢ : Gy k — G is a one-parameter subgroup of G, for
any x € X(K) we denote by u(x, ¢, L) the exponent corresponding to the action of
Gm,k on JTZP (L).

Example 5.2.6 Consider the one-parameter subgroups of the general linear group.
Let E be a finite-dimensional vector space over K and ¢ : Gyn x — GL(E) be
a one-parameter subgroup. By [53| I1.§2, n°2, 2.5], we can decompose the vector
space E as a direct sum of K-vector subspaces E1,. .., E,, which are invariant by the
action of Gy k, and integers (aj, . . ., a,) such that the action of Gy, g on E; is given
by t — t“1dg,. Therefore the one-parameter subgroup ¢ determines an R-filtration
¥, on E such that

We now consider the canonical action of GL(E) on the projective space P(E) (see
Example [5.2.3). Let x be a rational point of P(E) and 7, : E — K be the one
dimensional quotient vector space of E corresponding to x. Then the morphism
orby : G,,.x = Spec K[T,T~'] — P(E) is represented by the surjective K[T,T']-
linear map py : E ®k K[T,T™'] — K[T,T~'] sending v; ® 1 to m(v;)T for any
v; € E;. The extended morphism ord, : A}< — P(E) corresponds to the surjective
K[T]-linear map

Py E ®k K[T] — K[T]- T %% 0g(1))

given by the restriction of p, to E ®x K|[T], where Og(1) denotes the universal
invertible sheaf. In particular, one has

wx,0,0p(1)) = —min{a; : i €{l,...,n}, ny(E;) # {0}}.

Therefore, we can interpret the constant u(x,¢,Og (1)) via the R-filtration ¥,. In
fact, the R-filtration ¥, induces by the surjective map 7, : E — K an R-filtration
on K (viewed as a one-dimensional vector space over K), which corresponds to the
quotient norm of ||-||#,. Then the number u(x, ¢,Og(1)) is equal to the jump point
of this quotient R-filtration.

The following theorem of Hilbert-Mumford relates the positivity of the function
u(x,-, L) to the non-vanishing of a global section invariant by the action of the
K-group scheme.

Theorem 5.2.7 We assume that the field K is perfect. Let G be a reductive K-group
scheme acting on a projective K-scheme X, L be a G-linearised ample invertible
Ox-module. For any rational point x € X(K), the following two conditions are
equivalent:
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(1) for any one-parameter subgroup A : G x — G of G, u(x,4,L) > 0;
(2) there exists an integer n € Ns| and a section s € HY(X, L®") which is invariant
under the action of G(K) such that x lies outside of the vanishing locus of s.

We just explain why the condition |(2)| implies the positivity of u(x, 4, L) for any
one-parameter group. Let

B;Bx : A}{ = SpecK[T] — X

be the extended orbit of the rational point x by the action of Gy g via A. Then
the pull-back of L by E);Bx corresponds to a free K[T]-module of rank 1, which
is equipped with a linear action of Gy, x. This action corresponds to an invertible
element of the tensorial algebra

K[t,t7'] ®k K[T] = K[t,t™",T],

where ¢ and T are variables. Moreover, the compatibility condition (5.1I)) shows that
n(t,T) satisfies the following relation

n(t,Tnu,T) = n(tu,T) in K[t,¢™" ,u,u™", T],

where ¢, u, and T are variables. Therefore n(¢,T) is of the form HEGAL) We fix a

section m of 8?5; (L) which trivialises this invertible sheaf. Note that the pull-back
of the section s is an element of this free K[7T]-module which is invariant by the
action of G x(K) = K*. We write s in the form P(T)m, where P € k[T]. Then
the action of an element ¢ € K* on s gives the section P(aT)a ***L)m. Hence P
is a homogeneous polynomial and u(x, 4, L) is equal to the degree of P, which is
a non-negative integer. We refer the readers to [L15} §2.1] for a proof of the above
theorem. See also [96] and [127].

Definition 5.2.8 Under the assumption and with the notation of Theorem if
x € X(K) satisfies the equivalent conditions of the theorem, we say that the point x
is semistable with respect to the G-linearised invertible Ox-module L.

Remark 5.2.9 Let d € N, and {E; }J”.l:1 be a family of finite-dimensional non-zero
vector spaces over K. Any one-parameter subgroup

A: Gm,K —> GL(E]) XK -+ XK GL(Ed)

can be written in the form (Ay,---,44), where 1; : G x — GL(E;) is a one-
parameter subgroup of GL(E;), j € {1,...,d}. We can then decompose the vector
space E; into the direct sum of eigenspaces of the action 4; as follows:

Ej=Ej1® - ®Ej,,

where each E; ; is stable by the action of 4;, and on E} ; the action of Gy, g is given
by 1 1% 1dg, ;, i € {1,...,n;}. Note that the one-parameter subgroup A induces
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an action of Gy, x on the tensor product space E| ®k --- ®k E4 via the canonical
morphisme of K-group schemes

GI(E;) Xk -+ Xg GL(Ey) — GIL(E; ®k - - - ®k Eq).

For any (iy,...,iq) € ]—Ij.l:1 {1,...,n;}, the vector subspace Ej ;, ®k - -- ®k Eq,, of
E1 ®k - -+ ®k Eg4 is invariant by the action of G, , and on Ey ;, ®k -+ ®k Eq,i,
the action of Gy, g is given by

t —> 9L ++dd,iy, IdEl,[l ®K"‘®KEd,id .
We construct an R-filtration ¥, on E| Qk - - - Qk E, as follows

FL(EI ®k -+ ®k Eq) := Z E;®k-®k Eqi,. (5.2)
(i15eeia) €TTS- {1,000}

—aii —=Ad,ig >t

Moreover, if we denote by 7—",1_ ; the R-filtrations on E; defined as

,{j(Ej) = Z E;;,
iE{l ..... nj}
—a;>t

then the R-filtration ¥, defined in (5.2) identifies with the tensor product of
Fa,s- .., Fa, (see Definition see also Remark [5.1.6). Conversely, for any
R-filtration #; with integral jump points on the vector spaces E;, there exists a
one-parameter subgroup 4; : Gy, x — GL(E;) such that 7, = ¥;. This comes from
Proposition@]which allows us to construct the actions of Gy, x on E; diagonally
with respect to an orthogonal basis.

More generally, for any integer » > 1, any one-parameter subgroup

A=(1,...,2q) : Gqn,x — GL(E) Xk -+ Xg GL(Eg)
induces an action of G, x on the K-vector space
(E1 ®k -+ ®k Eq)®".

Again the R-filtration on (E; ®k - - ®k E4)®" corresponding to the eigenspace
decomposition of the action of Gy, x identifies with

(Fa, ® - ® Fa,)®"

Forany j € {1,...,d}, let a; be the dimension of E; over K. Consider a non-zero
quotient vector space V of E| ®k --- ®k E4. Let r be the dimension of V over K.
The canonical surjective map E| ®k - -- ®x E4 — V determines a rational point x
of

n:P=P(E ®k - ®E;)®) — SpecKk,
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which corresponds the composed map
(E1 ®k - ®k Ed)®r — V¥ - det(V).

We consider the semistability of the point x with respect to the GL(E}) Xk - -+ Xg
GIL(Eg)-invertible sheaf

L:=Op(ar---ag) ® n*(det(E))®™"' @ - -- @ det(E))®P4),

where for any j € {1,...,d},

ay---aq
b; =
J a;
Let
A= (/11, Ce Mld) : Gm,K — GL(E]) XK XK GL(Ed)
be a one-parameter subgroup, which determines, for each j € {1,...,d}, an R-

filtration F,; on E;. We let ||-||; be the ultrametric norm on E; corresponding to
ﬁj , where we consider the trivial absolute value on K. We equip E| ®k - ®k Eg4
with the e-tensor product of the norms ||-||; and equip V with the quotient norm. By

Example[5.2.6]and Proposition[I.2.T5] we obtain that
p(x,4,0p(1)) = deg(V).
Moreover, by definition, for any j € {1,...,d} one has

p(x, Ay, (det(E}))) = — deg(Ep||-[).
which leads to
—_—— d —_——
ux, A, L)y =ay---aqgdeg(V)—r Z b; deg(E;). (5.3)
J=1
Therefore we deduce from the Hilbert-Mumford criterion the following result.

Corollary 5.2.10 We assume that K is perfect and equip K with the trivial absolute
value. Let {E j}j‘.’:] be a finite family of finite-dimensional non-zero vector spaces
over K, and V be a non-zero quotient vector space of E| ®k - - - ®k E4. Let r be the
dimension of V over K, and, for any j € {1,...,d}, let aj the dimension of E; over
K. Let

P =P((E| ® --- ®k Eq)®"),

7. P — SpecK be the canonical morphism and
L= OP(al . ad) ® ﬂ.*(det(Elv)®rb1 R - ® det(Ezi/)®rbd)’

where
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Vjie{l.....d}, by="""%
: a;
Then the composed surjective map
(E1 Rk - Ed)®r — VT — det(V), 5.4

viewed as a rational point x of P, is semistable with respect to the GL(E}) Xk - - - Xk
GL(Eq)-linearised invertible sheaf L if and only if, for all ultrametric norms ||-||; on
E;, j € {l,...,d}, if we equip V with the quotient norm of the e-tensor product of
I-llis- - -5 || lla> then one has

d
AV)> ) H(E)). (5.5)
Jj=1

Proof Assume that the inequality (5.3) holds for any choice of norms ||-||;. By (5.3)),
for any one-parameter subgroup A : G, x — GL(E) Xk - - - Xg GL(E4), one has

d
un A L) = ar - agr(BV) = Y A(E)) > 0.
j=1

Hence the rational point x of P defined by (5.4) is semistable with respect to L.
Conversely, by Remark [5.2.9] the semi-stability of the rational points x implies
that the inequality (5.3 holds for any choice of ultrametric norms ||-||; such that
In||E; \ {O}|; € Z. As a consequence the inequality (5.3) holds for any choice
of ultrametric norms ||-||; such that In||E; \ {0}]|; € Q. In fact, in this case there
exists n € N5q such that the (finite) set In||E; \ {0}||; is contained in %Z for any

j € {1,...,d}. Note that the n™ power of the function |IIl; forms a norm on E;. If
we denote by ||-||y the quotient norm of the e-tensor product of ||-||1,. .., ]||-|l4, then
the quotient norm of the e-tensor product of ||-I',. . ., [|-[|7] is [|-|I};. Note that

Vi€ {lo.dy, InE\ {O}]} = nlnl|E; \ {0}]]; € Z

and hence
d d
iV, 1) = @V, IR > T AELIFI) = n Y AES, I1H1).
j=1 j=1
Finally the general case follows from a limite procedure by using Proposition.3.18|0
5.3 Estimate for the minimal slope under semi-stability

assumption

In this section, we fix a proper adelic curve S = (K, (€, A, v), ¢) such that, either the
o-algebra A is discrete, or K admits a countable subfield which is dense in each
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K., where w € Q. We assume in addition that the field K is of characteristic 0. We
fix an integer d > 2 and we let {EJ- =(E ,-,fj)}]flzl be a family of non-zero adelic
vector bundles on S. Let V be a quotient vector space of E] ®x - -+ ®k Eg4 and r be
the dimension of V over K. For any j € {1,...,d}, let a; be the dimension of E;
over K. We equip V with the quotient norm family of | ®, » - - - ®, » £4. Note that
the quotient map E; ®k - - ®x E4 — V induces a surjective map

AN(E; ®k -+ ®k Eq) — ANV = det(V).
Consider the composed map
(E1 ®k -+ ®k Eq)®" — N'(E1 ® -+ ® Eq) — det(V),

which permits to consider det(V) as a rational point of P = P((E| ®k - - - ®k Eq)®").
Denote by 7 : P — Spec K the structural morphism and by L the invertible sheaf

Op(a; -+ aq) ® n*(det(E))®™" @ - - - @ det(E))) ®P4), (5.6)

where o
Vjed{l,....d}, bj=—.
aj

We equip L with its natural GIL(E|) Xk - - - Xx GL(Ey4)-linear structure. Note that
L and Op(a; - - - ag4) are isomorphic as invertible Op-modules, however the natural
GL(E|) Xk -+ Xg GL(E,)-linear structures on these two invertible sheaves are
different.

Our purpose is to estimate fi(V) under the additional assumption that, as a rational
point of P = P((E| ®k - - - ®k E4)®"), the determinant line det(V) is semistable with
respect to the GIL(E}) Xk - - - Xg GIL(E,)-linearised invertible sheaf L.

Proposition 5.3.1 We equip V with the quotient norm family &y of €1 Qe r* +* Qg x€a-
Assume that, as a rational point of the K-scheme P, det(V) is semistable with respect
to the GL(E)) Xk - - - Xk GL(Eq)-linearised invertible sheaf L defined in (5.6). Then
the following inequality holds:

Y

A(V.&v) > Z (/(E;, &) - v(Qu) In(dimi (E ). (5.7)

Proof For any integer m € Ny, let S, be the symmetric group of {1,...,m}. Let
A = aj - - - ag. By the first principal theorem of the classic invariant theory (see [148],
Chapter III] and [6, Appendix 1], see also [38, Theorem 3.3]), there exist an integer
n > 1 and an element (o7q,...,04) € Egr 4 Such that the composed map



5.3 Estimate for the minimal slope under semi-stability assumption 311

VenA venrA venrA
det(V)Ven EY®"A®...@E)®
\LO’]@"'@O}{ (58)

det(E))®"P1 @ - @ det(E))®"bd <—— E/®" A @ ... @ Ey®A

is non-zero. Since &y is the quotient norm family of &; ®¢ - - - ®¢ » &4, the deter-
minant norm family det(¢y ) is the quotient norm family of the &, 7-tensor product

norm family ff’”“”r - . ,;-‘j“’ by the following composed map (this is a

consequence of Propositions [T.1.T4][(T)} [T.1.58] and [T.2.39))

El®r ®k -+ Bk E?r — A (E1 ®k -+ ®k Eg) — A (V) = det(V).

By passing to the dual vector space, we obtain that the dual of the determinant norm
family det(&y)Y identifies with the restrict norm family of §1V BT Qe - g §Z®8r.

This is a consequence of Proposition[I.1.57} Corollary[I.2.20|and Proposition[I.1.20]
By Proposition[I.2.18] the height of the K-linear map @ in (3.8) is bounded from

above by
d

Z nrbjIn(a;!),

J=1

. . \Y A \Y A
where we consider the norm family &% @, - - - ®, &, %" on E/®" A @ - - - ®k

E;"&"”‘, and the norm family det(¢,)"®"""1 ®- - -@det(£4)V®""P¢ on det(E) )" @k
- ®K det(E;/)‘X’"’bd.
Therefore by the slope inequality we obtain

d
~nAdeg(V,év) < - ) (nrb; deg(Ej. &) - v(Qunrb; In(a; ),
=1

which leads to

M=~

V.80 > Y (AEE) -~ Ina )
: j

~
Il

M~

>

> (A(E&) =~ In@pv(@e).

J

Remark 5.3.2 Assume that the norm families &1, . . ., &4 are Hermitian. If we equip
V with the quotient norm family g‘;:‘l;] of the orthogonal tensor product & ® - - - ® &g,
then a similar argument as above leads to the following inequality (where we use
Proposition[I.2.62]to compute the height of @)

d

~ —~ 1

AV.ED) > Y (B(E£) - 37 Indimi (E)). (5.9)
=
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5.4 An interpretation of the geometric semistability

Let K be a perfect field, E be a finite-dimensional non-zero vector space over K and
r be the dimension of E over K. We denote by Fil(E) the set of R-filtrations & on
E. Let Fily(E) be the subset of Fil(E) of R-filtrations & such that d/e\g(E lle) =0,
where ||-||g is the norm on E associated with the R-filtration & (here we consider the
trivial absolute value on K). In other words,

Vx€eE, |x|lg=exp(-sup{teR : xe&(E))}).

Let & and &; be two elements of Fil(E). By Proposition [5.1.3] there exists a
basis e = {e;}!_, of E which is orthogonal with respect to the norms ||-|g, and [|-||s,
simultaneously. We denote by (&1, E,) the number

1 r
= D Inlleille) (= Inlleille,). (5.10)
i=1
As shown by the following proposition, this number actually does not depend on the

choice of the basis e.

Proposition 5.4.1 Let E be a finite-dimensional non-zero vector space over K, and
&1 and &, be R-filtrations on E. If e = {e;}]_, is a basis of E which is compatible
with the R-filtrations &1 and &, simultaneously, then the following equality holds

,

D g, (e de,(e) = Yt deglsdl, (E)Illlg,.sqs, (2): (5.11)
i=1 reR :

where ||'||82,sq('c () denotes the subquotient norm induced by ||-||g, on the vector
21

space sqi81 (E).

Proof We assume that the R-filtration &; corresponds to the flag

0O=VycVic...cV, =V

together with the sequence
M1 > ... > Up.

Then the right hand side of the formula can be written as
" —_—
> wj deg(V; Vit Il-llgs. ),
j=1

where [|-||g,,; is the subquotient norm on V;/V;_; induced by ||-||s,. By Proposition
[5.1.7]|(3)] the basis e is compatible with respect to the flag

0O=WweVic...cV,=V.
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By Proposition [1.2.6] the canonical image of e N (V; \ V;_;) in V;/V;_; forms an
orthogonal basis of (V;/V;_1, ||-||s,,;). Moreover, for any x € e N (V; \ V;_) one has

Ixlle, = lllx]lle,.

and ||x||g, = e Therefore,

n

2/181(91')/182(61') = Z Z /181 (x)/lgz(x)
i=1

J=1 xeen(V;\V;_1)

=2, Inlixlle) = D uydeg(V;/Vinll-lles.p):

=1 xeen(V\V,1) =

where the last equality comes from Proposition[5.1.2](2)] The equality (5.11) is thus
proved. O

We say that an R-filtration & € Fil(E) is trivial if the function Zg (see Definition
1.1.38)) is constantly zero, or equivalently, (&,8) = 0.

Lemma 5.4.2 Let V be a finite-dimensional non-zero vector space over R, equipped
with an inner product (). Let {¢;}!_, be a finite family of linear forms on 'V, where
neN, nz1 Let0:V\ {0} — R be the function defined by

i(x)
= m —_—
ie{l,..n} |lx]|
where ||-|| is the norm induced by the inner product {,). Then the function 0 attains

its minimal value on V \ {0}. Moreover, if c is the minimal value of 6 and if xy is a
point of V '\ {0} minimising the function 0, then for any x € R" one has

(x, x0)

0(x) > c————.
llxll - {lxoll

(5.12)

Proof Note that the function 6 is invariant by positive dilatations, namely for any
x € V\ {0} and any 2 > 0 one has (Ax) = 6(x). Moreover, the function @ is clearly
continuous. Hence it attains its minimal value, which is equal to min, ey |jx|=1 6(x).

To show the inequality (5.12), we may assume without loss of generality that
|lx]| = ||xo|| = 1. Note that for any ¢ € [0, 1] one has

clltx + (1 = t)xpl] < |ltx + (1 = £)xp]|0(2x + (1 = £)x0)
= max }{’[(tx + (1 =1)xp) < t0(x)+ (1 =1)c.
Note that when ¢ = 0 one has
clltx + (1 =t)xpl| = c =t8(x) + (1 — t)c.

Therefore the right derivative at # = 0 of the convex function
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t€[0,1] — clltx + (1 = t)xo]|

is bounded from above by 8(x) — ¢, which leads to

= (= Dl + (1= 2060 %) _
7x + (1 - Dol o = lrxo) = 1) <600 — ¢,

namely 6(x) > c{x, xp). O

Theorem 54.3 Let d € Ny, {E j};.i:l be a family of finite-dimensional non-zero
vector spaces over K, and V be a quotient vector space of E\ Qg --- ®k Eg4. Let r
be the dimension of V over K. For any j € {1,...,d}, let a; be the dimension of E;
over K. Then the following conditions are equivalent.

(1) The rational point x of

n:P=P(E ®k - ®k Eq)®") — Spec K

corresponding to det(V) is not semistable with respect to the GL(E}) X --- X
GL(Eq)-linearised invertible sheaf

L:=0p(a;---ag)® n*(det(Elv)®’b1 ® - ~-det(E;)®’bd),

where bj = ay---ag/aj forany j € {1,...,d}.
(2) Let S be the subset of Fily(Ey) X --- X Filg(Ey) consisting of the filtrations
(F1,. - -, Fa) which are not simultaneously trivial. For each

F =(F1,...,Fa) € Fil(E)) x - - - x Fil(Ey),

let ||-||,v be the quotient norm on'V of the e-tensor product of ||-||#., . . ., ||-ll#,-
Then the function ® : S — R defined as

1V, -l v)

T T e S O = e Fa TN

attains its minimal value, which is negative.

Moreover, if the above conditions are satisfied and if & = (Ey,. . .,Eq) is a minimal
point of the function O, then for any ¥ = (F1,...,%a) € Fl(E1) X - - - X Fil(E4) one
has

(ELF1) + - +{(Ea, Fa)
(&E1,81) + -+ + (Eas Ea)V?

d
AV IHllmv) > Y HE, Hlg) + (5.13)
j=1

where c is the minimal value of ©.

Proof Assume that the condition holds, then there exists ¥ = (F1,...,%4) € S
such that

EV. - lFy) < 0= WELIlg) + -+ + HEa I ll7,)-
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By Corollary [5.2.10] the point x is not semistable with respect to L. Conversely, if
the condition [(T)|holds, then there exists

F' = (F,....F}) € Fl(E) x - - - x Fil(Eg)

such that

d
AVl v) < ZIM(E, I-ll7).
=
For j € {1,...,d}, let 7; be R-filtrations on E; such that

I-ll7 = exp((E, Il )l 7 -

Then one has F; € Fily(E;) for any j € {1,...,d}. Moreover, if we denote by # the
vector (F1,. . ., Faq), then one has

d
AV, IHllgv) = BV, Ml ) = > AEIl7) < 0.
j=1

In particular, the R-filtrations ¥; are not simultaneously trivial since otherwise we
should have u(V,||-|l#v) = 0. Therefore one has ¥ € S, which implies that the
function O takes at least a negative value.

In the following, we show that the function @ attains its minimal value. For any
Jj € {1,...,d}, let 2B, be the set of bases of E;. For n € N, let A, be the vector
subspace of R” of vectors (zj,...,z,) such that z; + - - - + z, = 0. For any

e=(e",....eD)e B x- - x B,

let
W : Ay, X -+ XAy, — Filg(Ey) x - - x Filg(Ey4)

be the map sending (y,. .., y@) to the vector of R-filtrations (77, ..., %) such
that, for any j € {1,...,d}, e¥) = {e?)}?il forms an orthogonal basis of ||-||7 with

Y = Qg lel), . g ed).
For j € {1,...,d},let y¥) = (yY),. . .,yg;.)) be an element of A, . If

F = (Fioe s Fa) = Py, ...,y D),

then z(V, ||-|l#v) is equal to the maximal value of

S ) )]
Yin TV
—1 r

J
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for those (iY),. . .,iy)) € {1,...,a;}" such that the image of

e oo oEd) e ol
i i)

i(rl) iid)
by the canonical composed surjective map
E1®r Rk - E?r = (E| ®k - Q Ed)®r — VT — det(V)

is non-zero. Moreover, for any j € {1,...,d} one has
aj

(F5.F7) = > OV,
i=1

Therefore, the composition of ® with the restriction of ¥, on

(Ag, X ... xAg )\ {(O,...,0)}

defines a continuous function on (Ag4, X...XAg4,)\{(0,...,0)} which is invariant by
dilatation by elements in R. It hence attains its minimal value. Moreover, although
P X -+ X By may contain infinitely many elements, from the expression of the
value 4(V, |||lss. 7,v) as above we obtain that there are only finitely many (at most
2(@i-aa)"y choices for the composed function

0 0 (Wela,, x-xAq,\{0,....0})-

Therefore, the function ® attains its minimal value, which is negative since © takes
at least one negative value.

In the following, we prove the inequality (5.13). Let & = (&y,...,84) be an
element of Fily(E;) X --- X Filp(E;) which minimise the function ®. Let ¥ =
(F1,...,Fa) be an element of Fil(E|) X --- X Fil(E;). Note that, if 7-;.’ is the R-
filtration of E; such that

Ill, = exp(deg(Ey, Il DIl

then one has 7—}’ € Fily(E;) and (& j,77j’) = (&}, 7). Moreover, if we denote by 7"
the vector (F/,...,% ), then

d
BV ) = BV llw) = deg(Ey, F).
j=1

Therefore, to show the inequality @D, it suffices to treat the case where ¥ €
Filo(El) X X Filo(Ed).

By Proposition for any j € {1,...,d}, there exists a basis eY) of E which
is orthogonal with respect to the norms ||-||g; and ||-[|¢; simultaneously. Therefore
the inequality (5.13)) follows from Lemma[5.4.2] O
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5.5 Lifting and refinement of filtrations

Let K be a field. Let V be a finite-dimensional vector space over K and
0o=%ecvic...cV, =V (5.14)

be a flag of vector subspaces of V. Suppose given, for any i € {1,...,n}, an R-
filtration #; of the sub-quotient vector space V; /V;_;. We will construct an R-filtration
on V from the data of {#;}" | as follows. For any i € {I,...,n}, let 2" be a basis
of V;/Vi—1 which is orthogonal with respect to the norm ||-||#, where we consider
the trivial valuation on K. The basis 2"’ gives rise to a linearly independent family
eDinV;. Lete = UL, e") be the (disjoint) union of e®, i € {1,...,n}. Note that
e forms actually a basis of V over K. We define an ultrametric norm ||-|| on V such
that e is an orthogonal basis under this norm and that, for any i € {1,...,n} and any
x € e, the norm of x is |||, where X denotes the class of x in V;/V_;.

Remark 5.5.1 (1) For any i € {1,...,n}, the subquotient norm on V;/V;_; induced
by ||-|| coincides with ||| . In particular, one has

deg(V, [I-l) = ) deg(Vi/ Vi, Il-I).
i=1

(2) Let F be the R-filtration corresponding to the ultrametric norm ||-||. Assume
that (5.14) is the flag of vector subspaces of V defined by an R-filtration G on
V and that yu; > ... > u, are jump points of the R-filtration G. Then we can
compute (7, G) as follows:

1 N —
F.6) = Gy ;m deg(Vi /Vier. IIll7).

Definition 5.5.2 The R-filtration on V corresponding to the norm ||-|| constructed
above is called a lifting of the family {;}I, (relatively to the basis e). We emphasis
that the lifting depends on the choice of the basis e.

Definition 5.5.3 Let V be a finite-dimensional vector space over k and # be an
R-filtration on V. We call refinement of ¥ any flag

0O=Vwevic...cV,=V
of vector subspaces of V together with a non-increasing sequence
hz...21M

such that, for any i € {1,...,n} and any x € V; \ V;_1, one has || x|l = e™".

Remark 5.5.4 Let V be a finite-dimensional vector space over K and # be an R-
filtration on V. Recall that the R-filtration # corresponds to a flag
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together with a decreasing sequence
Al >...> Ay
To choose a refinement of F is equivalent to specify, for any j € {1,...,m}, a flag
0= VJ-(O)/ijl c V;])/qu c...C V;n"-)/ijl =W;/Wj_
of W;/W;_1. The corresponding refinement is given by the flag
o=vocv'c...cvWc. . cvic. ..V =V
and the non-increasing sequence

== >h==h>...>A4y==4Ay.
————
np copies ny copies N, copies

Proposition 5.5.5 Let d € Ns,, {Ej};.’=1 be a family of finite-dimensional vector
spaces over K, and (F1,...,Fq) € Fil(E) X ---Fil(E,). Let G = E| ®k -+ ®k
E4 be the tensor product space and let G be the tensor product R-filtration of
Fl1,. .., Fa (namely the R-filtration on G corresponding to the e-tensor product of
Il - - -5 lI-ll#, ) Then there exists a refinement

0=Gyo G ¢...2G, =G, (1 =2...21,

of the R-filtration G, such that, for any i € {1,...,n}, the subquotient G;/G;_| is
canonically isomorphic to a tensor product of subquotients of the form

Sq/;.%'l (E1) ®k -+ ®k Sq/,lr';d (Ea)

with li,l + -+ /li,d = 1.

Proof Since G is the tensor product R-filtration of #1,. . ., ¥4, one has

GG = >, FUE) ek &k Fi(Ea).

M1+ tpg >t

Therefore,
sqg(G) = P sdp(E) ek - 8 sqfe (Ea).
M1+t =t

For any ¢ € R there exists clearly a flag of sqtg(G) whose successive subquotients

are of the form sq’;;I (E)) ® -+ ®k sq‘g(Ed) with uy + -+ + uy = t. Hence we

can construct a refinement of the R-filtration G by using the construction in Remark

B34 o
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Remark 5.5.6 Consider a proper adelic curve S = (K, (Q, A, v), ¢) whose underlying
vector space is K. We keep the notation of Proposﬁwn@]and suppose that each E;
is equipped with a norm family &; such that (E;, &;) forms an adelic vector bundle on S
and we equip G with the &, r-tensor product norm family ég = &1 ®¢ - - ®¢ 4. For
anyf € Randany j € {1,...,d},let fj’. be the induced norm families of &; on 7/ (E;)
and fj’ sq be the quotient norm family of fj’. on sq%_ (E;). By Propositions and
1.2.36} for any (,u],. .., g) € R?, the quotient norm family of ' @p p++ ®p,n €17
on sq (E1) ®k -+ ®k Sqy Hd ! (Eq) identifies with §’” ®er B x £ e
We consider a reﬁnement

0=GocG1C...2G,=G, (1 =2...21,

of the R-filtration G such that each subquotient G;/G;_ is canonically isomorphic to
a tensor product of the form sq;;‘l’1 (E))®k - -®k sq%d (E))with 4; 1+ -+ ;.4 = t;.
Note that the canonicity of the isomorphism means that the vector space G; contains
Fi(E)) ®k - -+ ®k FY4(E4) and the composition

FAUANE) ®k - -- Ok FY4(Eg) — Gi — Gi/Gi_

of the inclusion map F4-1(E)) ®x --- ®x Fi-4(Ey) — G, with the quotient map
G; — G;/G;- induces an isomorphism

A
qu:l‘l(El) ®k ' Bk Sq7: d(Ed) — Gl/Gl 1.

We are interested in the comparison between & ﬁ’; 011 - § dsq < and the subquo-
tient norm family of £ on G;/G;_;. By Propositions[I.1.60] the restriction of & on
7—‘{“" (E))®k -+ ®k 7—‘;""’ (E) is bounded from above by §f‘”' Qe Pe.n ;—‘j""’
Therefore, for any w € €, the isomorphism ¢; ., has an operator norm < 1.
Assume that the norm families &1, . . ., &4 are Hermitian. Let EG be the orthogonal
tensor product of &i,...,&4. If we equip sq/;"l‘l(El) ®K ' Ok Sq;;;d (E4) with the
orthogonal product norm family fﬁ‘;& ®: - ®§3fs’; and G;/G;_| with the subquotient
norm family of g(; on G;/G;_1, then, for any w € Q, the operator norm of ¢; , is
bounded from above by 1. This follows from the fact that the restriction of £ on
?'l/li" (E1) ®k -+ ®k %ﬂi’d(Ed) identifies with §f“ Q- ® f:lli‘d (see Proposition

5.6 Estimation in general case

Let S = (K, (Q, A, v),$) be a proper adelic curve such that, either the o--algebra A is
discrete, or K admits a countable subfield which is dense in each K,, where w € Q.
We assume in addition that K is of characteristic 0. In this section, we establish the
following result.



320 5 Slopes of tensor product

Theorem 5.6.1 Let d € N5, {(Ej,.fj)};lzl be a family of non-zero Hermitian adelic
vector bundles on S, and V be a non-zero quotient vector space of E1 Qg - - - ®x Eg.
For any j € {1,...,d} let H; be the Harder-Narasimhan R-filtrations of (E;,&;),
and ||-|lv be the quotient norm of the s-tensor product of ||l ... | ll#,. & be
the quotient norm family of the &, n-tensor product | ®¢ n -+ ®g,x Ea, and EV be
the quotient norm family of the orthogonal tensor product &1 ® - -+ @ &4. Then the
following inequalities hold

d
AV,&) > GV, -llv) = v(Qw) ) In(dimi (E))), (5.15)
j=1
_ 1 d
AV.&v) > AV lly) = 5(Q) Y In(dimgc (E))). (5.16)
j=1

In particular, if all adelic vector bundles (E;,&;) are semistable, then one has

d

AV.80) > ) (AE;£) - v(Qw) In(dimk (E)))). (5.17)
=1
d 1
AV.&v) > Y (AE;&) - 37(Qu) Indim (E)))). (5.18)

Jj=1

Proof For any j € {1,...,d}, let a; be the dimension of E; over K. We reason by
induction on A = aj + -+ + a4. The theorem is clearly true when A = d (namely
tk(E;) = 1 for any j). In the following, we assume that the theorem has been proved
for any family of adelic vector bundles whose dimensions have a sum < A.

Step 1: In this step, we assume that the adelic vector bundles (E;,&;) are not
simultaneously semistable, or equivalently, at least one of the R-filtrations H; has
more than one jump point. Let G be the tensor product space E} ®k - - - ®k E4 and
G € Fil(G) be the tensor product of the R-filtrations Hj, . . ., H,4, which corresponds
to the e-tensor product of the norms ||-||#,. . . [|-||#,. We choose a refinement

0=GocG1S...€G, =G, HH=2...21,

of the R-filtration G such that, for any i € {1,...,n}, the subquotient G;/G;_; is
canonically isomorphic to a tensor product of the form

A; A
sdyy ' (E1) ®k ® - ®k sy (Ea)

with 4; 1 + -+ + A; g = t; (see Proposition [5.5.5). The assumption that at least one
of the R-filtrations ¥; has more than one jump point implies that

; Ai . A;
dlmK(Sq,Hil(EO) +o 4 dlmK(sq(H;(Ed)) <aj+---+ay.
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Foranyi € {1,...,n} and any j € {1,...,d}, denoted by 5;1;(; the subquotient

norm families of &; on sq/}:{f (Ej).Foranyi € {1,...,n},letég, G, , be the subquo-
J

tient norm family of £G on G;/Gi-1, &}, Wi, be the quotient norm family of &g, /G, _,
on V;/Vi_1, év,v,_, be the subquotient norm family of &y on V;/V;_1, and f"/"/v;l be

the quotient norm family of fi"s'('l ®er - Opr g:}fs'g on V;/V;_, where we identify
Gi/Gi—l with N A
sqyy (E1) ® -+ ® sq,7" (Ea).

By Proposition [I.T.14][(2)] one has

deg(Vi/Vier.&v,pv,.,) > deg(Vi/Vier.&), v, ). (5.19)
By Remark [5.5.6] one has
deg(Vi/ Vi1, &, y, ) > deg(Vi/ Vi1, &)y, ). (5.20)
Moreover, for any (i, j) € {1,...,n} x{1,...,d}, the Hermitian adelic vector bundle
(sq;;‘f (E)) fj/l’bé ) is semistable of slope A; ;. Therefore, by the induction hypothesis
J ’
one has

deg(Vi/Vie1.év,v,_,) > deg(Vi Vi1, &)y, )
d
> dimg (Vi/Vi1) D (Ar; = V(@) In(a))).
j=1
Taking the sum with respect to i € {1,...,n}, we obtain

(ic\g(v’é:V) = Z d/e\g(Vi/Vi—ls‘fV{/qu)

i=1

n d
> 21 dimg (Vi /Vi_1) 21 (i = v(Qw) In(a)))
i= Jj=

n d
= > dimg (Vi/Viey )i = dimg (V)Y (Qw) ) In(a;)
i=1 j=1

d
= deg(V. |-llv) - dimg (V)¥(Qx) ', Inay)
j=1

which leads to

d
AV.&v) > GV, [ llv) = v(Qw) Y In(a)).
J=1
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Similarly, if we denote by Evl. Vi, the subquotient norm family of EV, then the
induction hypothesis gives

d

— —~ 1

deg(Vi/Vi-1.8v,v,) > dim(Vi/Vier) ) (A = 5¥(Qe) Inay)).
=1

which leads to

_ _ 1 N
AV.&v) > BV-|lv) = 5(Qe) 3 Inay).
j=1

Step 2: In this step, we assume that all adelic vector bundles (E}, ;) are semistable.
Note that the Harder-Narasimhan R-filtration of (£}, ;) has then only one jump point.
Therefore, it suffices to prove (3.17) and (5.18). Note that the case where det(V) is
semistable as a rational point of

P :=P((E, ® -~ ®k Eq)® ™ Y))

has been proved in Proposition[5.3.1] In the following, we assume that det(V') is not
semistable (in the sense of geometric invariant theory) as a rational point of P.
For each
F =(F1,...,Fa) € Fil(E}) x - - - X Fil(Ey),

let ||-||# be the quotient norm on V of the e-tensor product of ||-||#,. . ., ||-|lF,. Let
S be the subset of Fily(E1) X - - - X Filg(E;) consisting of vectors (¥1,. . ., Fg4) such
that the filtrations 771, . . ., ¥4 are not simultaneously trivial. Then, by Theorem|5.4.3]
the function® : S - R

HV. 1 ll#7v)

v?‘:(y—"_._’ﬂ)es, ®(7:) = (<7’~,7jl>++<7:d’7:d>)1/2

attains its minimal value ¢, which is negative. In the following, we denote by & =
(&1,...,64) a minimal point of the function ®. Then, for any F = (F1,...,Fq) €
Fil(E,) X - - - X Fil(E,;), one has

(ELF1) + - +(Ea. Fa)
(&E1& )+ +(Ea Ea))/?

d
BV llmw) = D BE IHl5) + ¢
j=1

In the following, for each j € {1,...,d}, we denote by ¥; the R-filtration on E
which induces on each subquotient sqiS (E;) the Harder-Narasimhan filtration of this
J

vector space equipped with the subquotient norm family §J’. 0.8; of ¢;. By (4.63), for
e )
any ¢ € R, if we denote by [|-||#; sq,r the subquotient norm of ||-[|# on sq’a(Ej), then
. . g
one has - _
deg(sqs, (E)). [1ll7 sq.0) = deg(sals (E.€L oy g)-

Taking the sum with respect to #, by Proposition [4.3.13]and the assumption that &;
is Hermitian we obtain that
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deg(Ej, |I-llg;) = deg(Ej, &)
Moreover, by (@.63) one has

rj(t)

5T = = 0 3 sl (B} y6) = 301 a5, (F) )

4 iR = J teR
where r;(¢) = dimg (sql; (E;)), and the second equality comes from (4.63). For any
J
je{l,...,d} and any u € R, let

W) = ) deg(sqf (E)).€]  5,) = deg(E/ET(E))),

<u

where we consider the quotient norm family on E /8;‘(Ej). Since (Ej,&;) is
semistable, one has '

and hence
Wj(u) > U(E;, &) tk(E/EF (E))).
By Abel’s summation formula we obtain

¥i(M; M;
(Sj,ﬁ)zl/td‘Pj(t)zMj i ’)—i/ (1) dt,
aj R a i oJ—

j dj J-c0

where M; is a sufficiently positive number such that 8]}.”" (E;) = {0}. Therefore one
has

d M;
E1T) < M eg( é’“f)—i< &) [ dime(E /(B a
"5’) / A aime (5 85(5,)) = ") dagz ey = 0
J

Therefore we obtain 4
AV, IHlgy) = ) AE,E).
j=1
It remains to compare [(V, ||-||#y) with the slopes of (V,&) and (V,&). We
choose a refinement

0=GopcG €...CG,=E\®x---®k Ey, t1 2...21,

of the R-filtration & ® - - - ® &, such that, for any i € {1,...,n}, the subquotient
G;/G;- is canonically isomorphic to a tensor product of the form
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/li,l E i,d E
sqg, (E1) ® - K%qu (Ea)

with ;1 +---+ ;g = t;. Forany i € {1,...,n}, let||-|l£,g,/G,_, be the subquotient
norm on G;/G;_; of the e-tensor product of ||-||#,. .., |||, By the construction of
F1,. . ., Fa, the subquotient norm ||-|#,g,/G,_, on G;/G;_1 corresponds to the tensor
product of the Harder-Narasimhan R-filtrations of

A; A
(Sq3]'l (El )» {J‘:{,sqf}] )7 s (ngt‘ld (Ed)’ é:‘t[,sq’gd)'

By the induction hypothesis, and the same argument showing (5.19) and (5.20), we
obtain

d
deg(Vi/Vic1,év,v,) = deg(Vi/ Vi, I lF v v, ) — dimg (Vi / Vi) v(Qoo) Zln(aj),
=

where &y, v,_, is the subquotient norm family of &y on V;/Vi_1, |I-llFv,/v,_, is the
quotient norm of ||-||#,g,/G,_,» which identifies with the subquotient norm of ||-||r v
since the flag 0 = Gy € G; € ... & G, is compatible with the R-filtration
F1 ® - - - ® F4. Taking the sum of the above formula with respect to i € {1,...,n},
we obtain

d
deg(V.év) > deg(V.|lllryv) - dimg (V)7(Qw) Y In(a)),
J=1

which leads to

d
AV,&v) > BV, [llmy) = vQw) Y In(a)).

J=1

Similarly, one has

e 1 N
AV.Ev) > AV, Hlry) = 3v(Q) ) In(a)).
j=1

The theorem is thus proved. O

Corollary 5.6.2 Let d € N3,, {(E,{,{i)}]‘.lzl be a family of adelic vector bundles on S
and 'V be a non-zero quotient vector space of E1 ®k - - - ®k Eq4. Let &y be the quotient
norm families of £| ¢ x -+ ®g.x 4. Then one has

QU

V.87 > 3" ({in(E5.6) ~ 27(@u) Indimie(E)). (521)
j=1

If all norm families &, . . .,&q are Hermitian, then one has
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d

Ainin(V.60) > ) (Amin(Ejo)) = v(Qu) Inimg (E))).  (5.22)
j=1

~ = 1

in(V-&) > Z(umm( ) - 5V(Qw) Indimk (E)).  (523)

where EV is the quotient norm family of the orthogonal tensor product &1 Q - - - ® &4.

Proof We begin with the proof of the Hermitian case. To establish (5.22) it suffices
to prove weaker inequalities

d
V&) > ) (fmin(Ej267) = V(Qu) Indimi (7)), (5.24)
j=1
= 1 ,
AV.&) > Z (Aimin(Ej- ) = 3v(Q) Inimic (Ey)) (525
for all non-zero quotient vector space V of E] ® - - - ®k Eq4. Forany j € {1,...,d},
let H; be the Harder-Narasimhan R-filtration of (E;,&;). Let ||-|ly be the quotient
norm of the e-tensor product of [|-||#,,. . .,||*[l#,. By Theorem|5.6.1} one has
d
AV,&v) > BV, -llv) = v(Qw) > In(dimg (E))), (5.26)
j=1
_ 1 d
AV.&v) > AV. [1lv) = 5 V() ) In(dimg (E). (5.27)
=1
Moreover, since ||-||y is the quotient norm of the e-tensor product of |||, . . ., ||| 7, ,
one has (see Remark [5.1.6)

d
AV v) > D Fimin(Ejs )
Jj=1

Therefore (5.24)) follows from (5.26) and (5.23) follows from (5.27).

In the following, we proceed with the proof of (3.2I) in the general (non-
necessarily Hermitian) case. Note that one has

v Ben *** Be,x f;l/v = fl Qe+ e,x fd'

Moreover, since & jvv < ¢j, one has

ﬁmin(Ej’fj\‘/v) > ﬁmin(Ej,fj)
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for any j € {1,...,d}. Therefore, by replacing &; by fj\/v we may suppose without
loss of generality that all ¢; are non-Archimedean on Q \ Q...

Assume that ¢; is of the form {||-||; . }weq. By Theorem [4.1.26} for any € > 0
and any j € {l,...,d} there exist measurable Hermitian norm families f;" =

{||~||fw}w€g of E; such that ”'”fw = |||lj, for any w € Q \ Qo and

H : 1/2
Il < -1, < (dimg(Ej) + €)'

for any w € Q. By the slope inequality (see Proposition .3.3T) one has
. . 1 )
,umm(Ej,ff{) > WE;, &) — EV(Qoo)ln(dlmK(Ej) +€). (5.28)

Moreover, if we denote by &7, the quotient norm family of ff’ Qe " O, 651 on
V, one has

Hmin(V,€) < Hmin(V,év) (5.29)

by the slope inequality. Applying the Hermitian case of the corollary to (E j,fl.H )
(j € {1,...,d}) and (V,&],), we obtain '

d
nin(Vo60) > 3 (Fimin(E5:£/1) = v( Q) In(dimc (E) ).
j=1

Combining this inequality with (5.28)) and (5.29), by passing to limite when € tend
to 0+ we obtain (53.21I). The corollary is thus proved. O

Remark 5.6.3 In the case where the adelic curve S comes from an arithmetic curve.
The inequality (5.23) recovers essentially the second inequality of [64, Corollary
5.4], which strengthens [38, Theorem 1]. From the methodological point of view,
the arguments in this chapter rely on the geometric invariant theory without using
the theorem of successive minima of Zhang, which was a key argument in [64} [22]
(see [[155, Theorem 5.2], see also [64, §3]).



Chapter 6
Adelic line bundles on arithmetic varieties

In this chapter, we fix a proper adelic curve S = (K, (Q, A, V), $).

6.1 Metrised line bundles on an arithmetic variety

Let X be a projective scheme over Spec K and L be an invertible Ox-module. For
any w € Q, we let X, be the fibre product X Xspec x Spec K, (recall that K,
is the completion of K with respect to ||,,) and L., be the pull-back of L by the
canonical projection morphism X,, — X. By metric family on L, we refer to a family
of continuous metrics ¢ = {@, }weq, Where ¢, is a continuous metric on L. If
¢ = {¢w}twea and ¢’ = {¢, }eq are two metric families on L, the local distance
of ¢ and ¢’ at w € Q is defined as (see Definition [2.2.7)

do(@,¢") == d(¢w. ¢,,)-

The global distance between ¢ and ¢’ is defined as the upper integral

dist(p, ') = /Q Aol ') V(dw). 6.1)

If ¢ = {pw }wea is @ metric family on L, then the dual metrics {—¢, }weq form
a metric family on LV, denoted by —¢. If L and L’ are invertible Ox-modules, and
¢ = {¢w}weo and ¢’ = {¢], },ecq are metric families on L and L’ respectively, then
{¢w + ¢, }wea is a metric family on L ® L’, denoted by ¢ + ¢’. The metric family
¢+ (—¢)on L® L is also denoted by ¢ — ¢’. Similarly, for any integer n > 0,
{nYw }wea is a metric family on L®", denoted by ne.

Definition 6.1.1 Let Y and X be projective schemes over SpecK and f : ¥ — X
be a projective K-morphism. Let L be an invertible Ox-module equipped with a
metric family ¢ = {¢w }wea. We denote by f*(¢) the metric family {f(¢w)}wea
on f*(L), where for any w € Q, f, : Y, — X, is the K,,-morphisme induced by

327
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f»and f(¢.) is defined in Definition The norm family f*(¢) is called the
pull-back of ¢ by f. In the particular case where Y is a closed subscheme of X and f
is the canonical immersion, the norm family f*(¢) is also denoted by ¢|y and called
the restriction of p to Y.

The following properties are straightforward from the definition.

Proposition 6.1.2 Let X be a projective scheme over SpecK and f : Y — X be a
projective morphism of K-schemes.

(1) If Ly and L, are two invertible Ox-modules, and ¢| and ¢, are metric families
on Ly and Ly respectively, then one has f*(¢1 + ¢2) = f*(¢1) + [*(¢2) on
FALI® L) = (L) ® f(Ly).

(2) For any invertible Ox-module L and any metric family ¢ on L, one has f*(—¢) =

—f*(@)on f(LY) = f*(L)".

Remark 6.1.3 Let us consider the particular case where X is the spectrum of a finite
extension K’ of the field K. For any w € Q, the Berkovich space of X, identifies
with the discrete set of absolute values on K’ extending |-|,, on K. Moreover, any
invertible Ox-module L could be considered as a vector space of dimension 1 over
K’, and any metric family on L is just a norm family with respect to the adelic curve
S ®k K’ (cf. Definition[3.4.1)) if we consider L as a vector space over K’.

6.1.1 Quotient metric families

Let E be a finite-dimensional vector space over K and & = {||-||o }weq be @ norm
family on E. Let f : X — Spec K be a projective K-scheme and L be an invertible
Ox-module. Suppose given a surjective homomorphism 8 : f*(E) — L. For any
w € Q, the morphism f : X — Spec K induces by base change a morphism f,
from X,, := X Xspec k Spec K, to Spec K,,. We denote by L,, the pull-back of L on
X,,. The homomorphism g induces a surjective homomorphism f3,, : f;5(E) — L.
Therefore, the norm |||, induces a quotient metric ¢, on L,, (see Definition[2.2.15).
The family ¢ = {¢,, }weq is called the quotient metric family induced by (E, &) and
B.

Let e = {e;}]_, be a basis of E. For each w € Q, let |||, be the norm on
E, := E ®k K, given by

max{|ailw,. .. larlw} fweQ\Qu,
llaier +"'+arer”e,w = .
latlw + -+ lar|e if w € Qo
for all ay,...,a, € K, and let ¢, , be the metric of L, induced by ||-|le., and

the surjective homomorphism E,, ®x,, Ox, — L. Let & = {||‘|le.w }weq and let
Ve = {¥e.w }wea- The metric family ¢, is called the quotient metric family of L
induced by B and e.
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Remark 6.1.4 We keep the above notation. Given a fixed surjective homomorphism

B : f*(E) — L, by Proposition [1.2.14] (see also Remark [1.3.2)), the norm family &

and the double dual norm family £ induce the same quotient metric family on L.

Proposition 6.1.5 Let (E, &) and (E’, &) be finite-dimensional vector spaces equipped
with dominated norm families. Let f : X — Spec K be a projective scheme over
SpecK, B: f*(E) = L and B’ : f"*(E’) — L be two surjective homomorphisms
inducing closed immersions i : X — P(E) and i’ : X — P(E’), and ¢ and ¢’ be
quotient metric families induced by (E,&) and 8, and by (E’,&") and B’, respectively.
Then the local distance function (w € Q) — d, (@, ¢’) is v-dominated.

Proof We begin with the particular case where E = E’ and 8 = 8’. By Proposition
[2.2.20] for any w € Q one has

do(p, @) < dy, (7Y, 6.

Note that the norm families £¥¥ and ¢”V" are strongly dominated (see Remark[4.1.12).
By Corollary #.1.10] and the triangle inequality of the local distance function, we
obtain that the function (w € Q) — d,(£VV,&VY) is v-dominated and then deduce
that the function (w € Q) — d, (¢, ¢’) is v-dominated.

In the general case, since i and i’ are closed immersions, by Serre’s vanishing
therorem (cf. [85) Theorem 5.2, Chapter III]), there exists an integer n > 1 such that

T (B(E). Oz(i)(n) —> T(X, L®") and T(B(E"), Opzr(n) — T(X,L®")
are surjective, so that the natural homomorphisms
E®" — Sym"(E) = [(P(E), Op(x(n)) — T(X,L®")

and
E'®" — Sym™(E") = T(B(E"), Oz(g+)(n)) — T(X,L®")

are both surjective. Therefore the above surjective homomorphisms factorise through
F*T(X, L®"). Moreover, by Remark if we equip E®" and E’®" with the
&, m-tensor power norm families (see of ¢ and ¢’ respectively, then the
corresponding quotient metric families are ny and ng’ respectively. Note that the
&, m-tensor powers of & and ¢’ are dominated (see Proposition[d.1.19[(5)). Therefore,
by the special case proved above, we obtain that the function

(w € Q)+ dy(ne,ng’) = ndey,(¢,¢")

is v-dominated. The proposition is thus proved. O

6.1.2 Dominated metric families

Throughout this subsection, let f : X — Spec K be a projective K-scheme.
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Definition 6.1.6 Let L be a very ample invertible Ox-module. We say that a metric
family ¢ on L is dominated if there exist a finite-dimensional vector space E over K,
a dominated norm family ¢ on E, and a surjective homomorphism 8 : f*(E) — L
inducing a closed immersion X — P(E), such that the quotient metric family ¢’
induced by (E, &) and g satisfies the following condition:

the local distance function (w € Q) — d,(p,¢’) is v-dominated.

Remark 6.1.7 With the above definition, Proposition [6.1.5] implies the following
assertions. Let E be a finite-dimensional vector space over K equipped with a
dominated norm family &. Let L be an invertible Ox-module and 8 : f*(E) — L
be a surjective homomorphism inducing a closed immersion X — P(E). Then the
quotient metric family induced by (E, ¢) and 3 is dominated. Moreover, if ¢; and ¢,
are two metric families on L which are dominated, then the local distance function
(w € Q) > d,(¢1, ) is v-dominated.

Proposition 6.1.8 Let L) and L, be very ample invertible Ox-modules. Assume that
@1 and @ are dominated metric families on L and L respectively. Then ¢ + ¢; is
a dominated metric family on Ly ® L;.

Proof Since the metric families ¢; and ¢, are dominated, there exist finite-
dimensional vector spaces E| and E, over K, dominated norm families & and
& on E| and E; respectively, and surjective homomorphisms 8; : f*(E;) — L; and
B2 : f7(Ey) — Lj inducing closed immersions X — P(E;) and X — P(E,) respec-
tively, such that, if we denote by ¢; and ¢, the quotient metric families induced by
(E1,&1) and By and by (E», &) and B, respectively, then the local distance functions

(we Q) dy(p,91) and (W € Q) — du(p2,¢2)
are v-dominated. Consider now the composed morphism

coox el P(E)) Xk P(Ey) —— P(E; ®k E»)
where ¢; and ¢, are closed immersions corresponding to 1 and S,, and ¢ is the
Segre embedding. Note that ¢ is the closed immersion corresponding to the surjective
homomorphism

B1® By fH(E) ®k Ez) = fH(E1) ®0y f*(E2) — L1 ®0y Lo.

Moreover, if we equip E1 ®g E» with the €, r-tensor product norm family of &; and
&, then the quotient metric family on L; ® L, induced by (E| ®k E2,&1 ®¢.x &2) and
B1 ® B, identifies with @1 + @,. This is a consequence of Proposition [I.2.36] (for the
non-Archimedean case) and Proposition @] (for the Archimedean case). Since

YweQ, du(er+¢2¢1+¢2) < du(er, 1) + do(e2, 92),
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we obtain that the function (w € Q) — d,,(¢1+¢2, p1+@3) is v-dominated. Therefore
the metric family ¢ + ¢, is dominated. |

Definition 6.1.9 Let L be an invertible Ox-module and ¢ be a metric family on L.
We say that ¢ is dominated if there exist two very ample invertible Ox-modules L;
and L, together with dominated metric families ¢; and ¢, on L and L, respectively,
such that L = L2®Li/ and ¢ = @2 — 1.

Remark 6.1.10 In the case where the invertible Ox-module L is very ample, the
condition of dominancy in Definition[6.1.9]is actually equivalent to that in Definition
[6.1.6] In order to explain this fact (in avoiding confusions), in this remark we
temporary say that a metric family ¢ on a very ample invertible Ox-module L is
strictly dominated if it satisfies the condition in Definition Clearly, if ¢ is
strictly dominated, then it is dominated (namely satisfies the condition in Definition
since we can write L as L®” ® LY and ¢ as 2¢ — ¢. Conversely, if ¢ is
dominated, then there exist very ample invertible Ox-modules L; and L, such that
L = L, ® LY, and strictly dominated metric families ¢; and ¢, on L; and L, such
that ¢ = ¢p — . We pick an arbitrary strictly dominated metric family ¢’ on L. By
Proposition[6.1.8] we obtain that ¢’ + ¢y is a strictly dominated metric family on L.
Hence the local distance function

(W € Q)+ dy(p2,¢" + ¢1) = do(@ + @1,¢" + 1) = do (@, ¢")

is v-dominated. Therefore the metric family ¢ is strictly dominated.

Proposition 6.1.11 Let E be a finite-dimensional vector space over K equipped with
a norm family &, B : f*(E) — L be a surjective homomorphism (we do not assume
that B induces a closed immersion), and ¢ be the quotient metric family induced by
(E,&) and B. Suppose that € is a dominated norm family. Then ¢ is a dominated
metric family.

Proof Since X is a projective K-scheme, there exists a very ample invertible Ox-
module L’. Let E’ be a finite-dimensional vector space over K and 8’ : f*(E’) —» L’
be a surjective homomorphism, which induces a closed embedding of X in P(E’),
which we denote by A’. Let A : X — P(E) be the K-morphism induced by 3. Then
the tensor product homomorphism

B®B : f{(E)®ox [T(E) = f{(E®k E') — L®oy L’
corresponds to the composed K-morphism

x Y pE) %k P(E") —-> P(E @k E')

where ¢ is the Segre embedding. Since X is separated over Spec K and A’ is a closed
immersion, the morphism (1,4") is a closed immersion. Therefore, the morphism
from X to P(E ®k E’) induced by 8 ® B’ is a closed embedding.

Let ¢’ be adominated norm family on £ and ¢’ be the metric family on L’ induced
by (E’,£’) and B’. By definition the metric family ¢’ is dominated (see Proposition
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@.1.19[(5)). Moreover, the metric family ¢ + ¢’ is induced by (E ® E’, & ®; » &’) and
B® B’ (see the proof of Proposition[6.1.8). As & and £’ are dominated, we obtain that
& ®; » & is dominated. Therefore the metric families ¢ + ¢’ is dominated. Hence
the metric family ¢ is also dominated. O

Proposition 6.1.12 Let L and L’ be invertible Ox-modules, and ¢ and ¢’ be metric
families on L and L', respectively.

(1) If ¢ is dominated, then the dual metric family —¢ on LV is dominated.

(2) If ¢ and ¢’ are dominated, then the tensor product metric family ¢+ ¢’ on L@ L’
is dominated.

B)IfL = L' and ¢ and ¢’ are dominated, then the local distance function (w €
Q) — dy,(p,¢’) is v-dominated.

@ IfL = L', ¢’ is dominated and the local distance function (v € Q) — d, (e, ¢")
is v-dominated, then ¢ is dominated.

(5) If r¢ is dominated for some non-zero integer r, then ¢ is dominated.

(6) Let g : Y — X be a projective morphism of K-schemes. If ¢ is dominated, then
2" (@) is also dominated.

Proof Let L) and L, be very ample invertible Ox-modules and ¢; and ¢, be
dominated metric families on L; and L, respectively, such that L = [, ® Llv and
that ¢ = @2 — ¢1. Then one has LY = L; ® L, and —¢ = ¢| — ¢». Hence the metric
family —¢ is dominated.

Let Ly, Lo, L{ and Lé be very ample invertible Ox-modules, ¢1, ¢, <pi and (pé
be dominated metric familieson L;, Ly, Ll' and Lé respectively, suchthat L = L,QLY,
L' = Li®L]Y, ¢ = pa—prand ¢’ = ¢} —¢}.Note that L&L’ = (L,®L5)®(L1®L|)",
and ¢ + ¢’ = (2 + ¢}) = (¢1 + ¢}). By Proposition|6.1.8] the metric families ¢, + ¢}
and ¢; + ¢ are dominated. Hence ¢ + ¢’ is dominated.

[3)]Let L; be a very ample invertible Ox-module and ¢; be a dominated metric
family on L;. Let g2 = ¢ + ¢ and ¢} = ¢’ + 1. By the metric families ¢, and
5 are dominated. Since the invertible Ox-module L; is very ample, by Proposition
we obtain that the local distance function (w € Q) = d,(¢2,¢5) = dw (¢, ¢’)
is v-dominated.

[(4)]| First we assume that L is very ample. As ¢’ is dominated, there exist a finite-
dimensional vector space E over K, a dominated norm family £ on E, and a surjective
homomorphism 8 : f*(E) — L inducing a closed immersion X — P(E) such that,
if ¥ is the quotient metric family induced by (E,¢) and S, then the local distance
function (w € Q) — d,(¢’,¥) is v-dominated. Note that

VweQ, du(o.¥) <du(e,¢)+d,(¢,y).

Thus (w € Q) — d,, (¢, ) is v-dominated, as required.

In general, there are very ample invertible Ox-modules L; and L,, and dominated
metric families 90; and goé on L; and L,, respectively, such that L = L; ® L%’ and
o' =@l —¢). Weset ) = ¢+ ¢} and ¢ = ¢). Then ¢ = ¢ — ¢z, and ¢; and ¢,
are metric families of L; and L,, respectively. As
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do(@1,¢)) = do(@1 = @2,01 = ¢3) = do (@, @),

(w € Q) = dy(¢1,4]) is v-dominated, so that ¢; is dominated by the previous
observation. Therefore, ¢ is also dominated.

[(3)|As —r¢is dominated by[(T)} we may assume that» > 0. We choose a dominated
metric family ¢ on L. By[2)] r¢ is dominated, so that, by [3)

(w € Q) = dy(re.rip) = rdw(e.¥)

is v-dominated. Therefore (w € Q) — d,,(¢,¥) is also v-dominated, and hence the
assertion follows from

First we assume that L is very ample. Then there exist a finite-dimensional
vector space E over K, a dominated norm family £ on E, a surjective homomorphism
B : f*(E) — L inducing a closed immersion X — P(E) such that, if  denotes
the quotient metric family induced by (E,¢) and g, then the local distance function
(w € Q) — dy(p,) is v-dominated. Note that 8 : E ®x Ox — L yields the
surjective homomorphism g*(8) : E ®k Oy — g*(L). Moreover, g*(¢) coincides
with quotient metric family induced by (E,&) and g*(8). By Proposition
g*(¢) is a dominated metric family. Moreover, for any w € Q one has

dw(8*(9). 8" W) < du (¥, 9).

By [(4)] we obtain that g*(¢) is a dominated metric family.

In general, there are very ample invertible Ox-modules L; and L, such that
L=L® L;’. Let ¢; be a dominated metric family on L;. If we set 2 = ¢ — ¢,
then ¢, is dominated by and By the previous case, g*(¢1) and g*(¢,) are
dominated, so that, by[(D]and[(2)|again, g*(¢) = g*(¢1)—g*(¢2) is also dominated.O

Theorem 6.1.13 Let f : X — Spec K be a geometrically reduced projective K-
scheme and L be an invertible Ox-module, equipped with a dominated metric family
¢ = {pwlwea. For any w € Q, let |||ly,, be the sup norm on H(X,L) ®k K,
corresponding to the metric ¢,,. Then the norm family & = {||-||o,, }wea on HO(X,L)
is strongly dominated.

Proof Let us begin with the following claim:

Claim 6.1.14 [f the assertion of the theorem holds under the assumption that X is
geometrically integral, then it holds in general. O

Proof One can find a finite extension K’ of K and the irreducible decomposition
X U---UX, of Xk such that Xi,...,X, are geometrically integral. We use the
same notation as in Corollary which says that it is sufficient to see that k- is
dominated.

Let ¥ = {4, }weq be another metric family of L. Then d, (¢x, ¥ k') = dup(p,¥)
for all w € Q and w’ € Qg with mg//k(w’) = w. Therefore, one can see that
¢k’ = {PK’" o }or ey, is dominated.
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Let @k ; be the restriction of ¢k to X;. Then, by Proposition[6.1.12} oK.i is
also dominated for all i. On the other hand, one has the natural injective homomor-
phism

HO(XK’,w’, LK',w’) — HO(Xl,w” LK’,w’) S RRRE HO(Xn,w’7 LK',w')-
Here we give a norm ||-||,» on HO(XL&,/, L/ ) ® - & HO(Xn’w»,LKr’wr) given by

et )l = max {l1xillggr, o }-
ie{l,..., n}

By our assumption, £k ; is dominated for all 7, so that {||-||. }«w ey is also dominated
by Proposition 4.1.19] Note that |||y, is the restriction of ||-||/, and hence
ékr = {Il"llpgr o Yor ey 1s dominated by Proposition [4.1.19] as desired. o

From now on, we assume that X is geometrically integral.
Claim 6.1.15 If L is very ample, the assertion of the theorem holds. O

Proof Let E = HY(X,L), r = dimg(E) and 8 : f*(E) — L be the canonical
surjective homomorphism which induces a closed immersion of X in P(E). Note
that any non-zero element of E can not identically vanish on X. Hence there exist
a finite extension K’ of K together with closed points Py,. .., P, of X such that the
residue filed x(P;) at P; is contained in K’, and that we have a strictly decreasing
sequence of K’-vector spaces

EO—D—EIQE2_D."'QEr—1_D-Er={O}a
where Ey = E ®g K’ and
E={seE®x K :s(P)=---=s(P;)=0}

fori € {1,...,r}. In order to prove Claim[6.1.15] by virtue of Corollary [4.1.18] we

may assume that K’ = K.
Let wy,...,w, be local bases of L around P,...,P,, respectively. For each
ie€{l,...,r}, wedefine §; € EV to be

VseE, 6i(s)=f(P;) (s = fsw; around P;).

Note that 6y,...,6, are linearly independent over K. Let e = {e;}!_, be the dual
basis of {Gi}le over K, that is, (eq,...,e,) € E" and 6;(e;) = ;;. Here we define a

norm |||, as follows: for any element s € E,, written as s = dje + - - - + A,.e, with
(A1,...,A4) € K,

,,,,,

Let ¢’ be the norm family of E given by {||-||/,}wcq. Since the measure of Q, is

finite, ¢ is dominated by Corollary
Let ¢’ be the metric family of L induced by (E, £”) and . Note that ¢’ is dominated.

Let us see that [|-]|/, = [|‘ll,;, for any w € Q. First of all, by Proposition 2.2.23]
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Illgz, < II-ll,- For any (i, j) € {1,.. .,r}z, one has
1, ifi=j,
eily (P;) =
lesler, (F1) {0, ifi # j.

Therefore, for any (4i,...,4,) € K[,

l[Adrer + -+ Arerlly;, = max  |drer + -+ + Areply, (Pi) = max Ao,
ie{l,...,r} ie{l r}

..........

as required.
By the inequality (2.5)) in Subsection[2.2.2] one has

des(Illge,s 14118) = doollllg 1llg,) < deo(@eo 97,)-

Therefore, w — du (||l ll-ll.,) is v-dominaited, and hence ¢ is dominaited by
Proposition [4.1.6] O

Finally let us consider the following claim:

Claim 6.1.16 For any non-zero element s € H°(X,L), the function (w € Q) —
In ||s|ly,, is v-dominated. O

Proof Fix anon-zero element s € HO(X, L).

Let us construct a dominated metric family ¢’ of L such that the function (w €
Q) +— In||s|ly, is v-dominated. Let L; be a very ample invertible Ox-module such
that L, := L ® L; is also very ample. The multiplication by the non-zero section
s defines an injective K-linear map from H°(X,L;) to H°(X,L,). We choose a
dominated norm family & = {]|- ||£’w }o.co on H(X, L) and let £{ be the restriction
of & on H O(X, L) via this injective map. By Proposition the norm family
£| is also dominated. Let ¢ and ¢/ be the quotient metric families induced by
&[ and &] respectively, where we consider the canonical surjective homomorphisms
F*(H%(X,Ly)) — Ly and f*(H°(X, L,)) — L,. Weset ¢’ = ¥} — . By Propositions
[1.3.26 and [1.3.23] for all w € Q and x € X" such that s(x) # Oand € € L; ., ®
k(x) \ {0}, one has

[l (x) = inf A" - lsully
flw uEHO(X,Ll),AEz(x)X X 2,w
u(x)=a¢
. -1
> inf [ ”V”éw

veHY(X,L,), AeRk(x)*
v(x)=As(x)l

= 150l () = [sCOl, () (€l ()

which leads to the inequality [|s]|,;, < 1. Moreover, by Proposition [2.2.5] for any
non-zero section u € HO(X,Ll), one has

Isullyy < lslle, - lully; .
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Therefore, the function (w € Q) + Inl||s|,, is non-positive and bounded from
below by a v-dominated function.

By the inequality (2.5) in Subsection[2.2.7] one has
dos ([ lgrs I1-llgr,) < deo(Pes @0,)-

On the other hand, by Proposition [6.1.12][(3)] the function (w € Q) — de(@w. ¢,)
is v-dominated, so that the assertion follows. O

We now proceed with the proof of the theorem. Let L; be a very ample invertible
Ox-module such that L, := L ® L; is also very ample. We fix a non-zero global
section ¢ of L{, which defines an injective K-linear map from H°(X, L) to H'(X, L,).
We choose a dominated metric family ¢; = {¢1,0 }weq on Ly such that [|¢]|,, , <1
for any w € Q, which is possible if we take a strongly dominated norm family
& = {|I'll.w }wea on HY(X, L;) such that ||£||; ., < 1 for any w € Q, and choose ¢,
as the quotient metric family induced by (H°(X, L;),&;) and the canonical surjective
homomorphism f*(H%(X,L;)) — L;. Let 92 = {¢2.0,}weq be the metric family
¢ + ¢1 on L. By Proposition [6.1.12|[(2)] the metric family ¢, is dominated. Let &,
be the norm family {||-ly, ., }weq on H(X,L,). By Claim the norm family
& is strongly dominated.

Let {s1,...,5n} be a basis of H(X,L). For any i € {1,...,m}, lett; = ts; €
H(X, L,). We choose sections t,,,41, . . ., 1, in H'(X, L») such that {r,,. . .,t,} forms
a basis of H'(X, L). Let & = {|I-|l5 , }weq be the norm family on H%(X, L) such
that, for any w € Q and any (4y,...,4,) € K[*,

maX;e(1,...,n} |/li|¢w ifweQ \ Qo

A1ty + -+ + Ayt S =
[ il =V e+t Al i € D

For any w € Q and any (44,...,4,) € K/}, one has

lArst+ -+ Ansmllp, = Ity + - + Autillg, .,

since [|t]l,, , < 1. As the norm family &; is strongly dominated, the local distance
function (w € Q) = dyy(£2,€7) is v-dominated (see Corollary . 1.10). In particular,
there exists a v-dominated function A on Q such that, for any w € Q and any
(A1,...,Am) € K", one has

InflAist + - + Ansmllg, = W llts + -+ Antmlly ,, — Alw). (6.2)
Moreover,

”/1151 +et /lmsm“(pw < ”/lltl +eeet /lmtm”;w + max ”Sillcpw
> ie{l,..., m}
By Claim [6.1.16] for any i € {1,...,m}, the function (w € Q) + In|s;|ly,, is
y-dominated. Therefore, there exists a v-dominated function B on Q such that, for
any w € Q and any (Ay,...,4,) € K], one has
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Inf[Asy + -+ AuSmlle, <Inf|ytp +--- + /lmtm||§’w + B(w). (6.3)

The inequalities (6.2)) and (6.3) imply that the local distance function (w € Q)
d(&,€°) is v-dominated, where £° is the restricted norm family of & on HO(X,L).
The strong dominancy of ¢ then follows from Corollary The theorem is thus
proved. O

Remark 6.1.17 We keep the notation of Theorem [6.1.13] In the case where X is
not geometrically integral, it is possible that ||-||,,, is only a seminorm instead of a
norm. However, the argument of Claim shows that, for any s € HO(X ,L), the
function

(w € Q) — Inls]le,

is upper dominated.

Proposition 6.1.18 Let K’ be a finite extension of K and X = SpecK’. Let L be
an invertible Ox-module. Then a metric family ¢ on L is dominated if and only if
the corresponding norm family & on L relatively to the adelic curve S @k K’ (cf.
Remark[6.1.3)) is dominated.

Proof First we assume that there exists a finite-dimensional vector space E over K,
a surjective K’-linear map 8 : E ¢ K’ — L, and a dominated norm family £z on
E such that the local distance function (w € Q) — d,, (¢, ¢’) is v-dominated, where
¢’ denotes the metric family on L induced by (E,&g) and 8. Denote by &; the norm
families on L relatively to the adelic curve S ® K’, which correspond to the metric
families ¢’. By definition £; identifies with the quotient norm family of £k induced
by B. Since ¢ is dominated, also is £~ (cf. Corollary .1.13). Hence the norm family
& is also dominated (cf. Proposition [4.1.19|[(2)). By Proposition we obtain
that the norm family &7, is dominated.

Conversely, we assume that the norm family &7, is dominated. Let e be a generator
of L as vector space over K’ and let & = {||‘|le.w}wea be the norm family on
Ke such that ||Ae]le.r = |1 for any w € Q. Note that the norm family &, k- on
(Ke) ®k K’ = L is dominated. By Corollary the local distance function
(x € Qg/) = dy(ée.k',€L) is vk/-dominated. Let ¢’ be the metric family induced
by (Ke,&.) and the canonical isomorphism (Ke) ®x K’ = L. For any x € Qg

one has dy(& x,&L) = dx(¢’, ¢). By Proposition [6.1.12) the metric family ¢ is
dominated. ]

6.1.3 Universally dense point families
In this subsection, we consider universally dense point families (cf. Lemma [6.1.19)
and their consequences.

Lemma 6.1.19 Let K be a field, X be a scheme locally of finite type over Spec K
and K'[K be a field extension. Let Xi be the fibre product X Xspec k Spec K’ and
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n : Xgr — X be the morphism of projection. For any closed point P of X, the
set 7V ({P}) is finite and consists of closed points of Xg:. Moreover, if F is a set
consisting of closed points of X, which is Zariski dense in X, then the subset 1~ (F)
of Xk is Zariski dense.

Proof Let P’ be a point of Xk such that P = n(P’) is a closed point. Since X is
locally of finite type over Spec K, the residue field of P is a finite extension of K
(this is a consequence of Zariski’s lemma, see [154])). As the residue field of P’ is a
quotient ring of x(P) ®k K’, we obtain that it is a finite extension of K’. Moreover,
since k(P) ®k K’ is an Artinian K’-algebra, the set 7~ ({P}) is finite.

In the following, we fix an algebraic closure K’*° of the field K’ and we denote
by K* the algebraic closure of K in K’*°. For any closed point P of X, we choose
an arbitrary embedding of x(P) in K* so that we can consider the residue field x(P)
as a subfield of K. Similarly, for any P’ € 7~ !({P}), we choose an embedding of
the residue field x(P’) in K’* which extends the embedding x(P) — K*.

To prove the lemma it suffices to verify that, for any affine open subset U of
X, n7Y(U N F) is Zariski dense in Uy . Therefore we may assume without loss of
generality that X is an affine scheme of finite type over K. We let A be the coordinate
ring of X. Thus the coordinate ring of Xg- is A @k K’. Let f be an element of
A ®k K’ and f be the canonical image of f in A @k K’'*. We write f as a linear
combination

f=aigi+---+angn

where gi,...,g, are elements of A ® K%, and ay,...,a, are elements of K’
which are linearly independent over K. Let P be a closed point of X and mp be
the maximal ideal of A corresponding to P. Assume that for any P’ € 7~'({P})
one has f(P’) = 0, where f(P’) denotes the image of f by the projection map
AQ®g K' — (A ®k K’')/mp,, with mp, being the (maximal) ideal of A ®x K’
corresponding to P’. Then the canonical image of f in (A/mp) ®k K is nilpotent,
which implies that the canonical image of f in (A/mp) ®k K'* is nilpotent. In
particular, the canonical image of f by the composed map

A@k K™ — (A/mp) 8k K™ = k(P) @k K™ — K™

is zero, where the last map in the above diagram is given by 4 ® u — Au for any
A € k(P) € K?* and u € K'*. In other words, one has

ajgi(P)+---+angn(P)=0
where for each i € {1,...,n}, g,(P) denotes the image of g, by the composed map
A®g K* — (A/mp) ®x K* = k(P) ®x K* — K.

Since ay,...,a, are linearly independent over K*, we obtain that g{(P) = --- =
gn(P) = 0. Since this holds for any P € F and since F is Zariski dense in X, we
obtain that gj,. . ., g, are nilpotent elements of A ® K*. Therefore f is a nilpotent
element of A ®k K’*. Since the extension K’'*°/K?* equips K’* with a structure
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of K*-algebra which is faithfully flat, the canonical map A ¢ K* — A ®x K'*
is injective (see [53l], Chapitre I, §1, n°2, Lemme 2.7). Therefore, f is a nilpotent
element in A ®x K’. This shows that 77! (F) is Zariski dense in Xg-. O

Proposition 6.1.20 Let S = (K, (Q, A, V), $) be an adelic curve. Let X be a projective
K-scheme, L be an invertible Ox-module, equipped with a metric family . We
assume that, for any closed point P in X, the norm family P*(¢) (cf. Remark[6.1.3))
on P*(L) is measurable. Then, for any s € H(X, L), the function

(w € Q\ Q) — [Islly,,

is measurable, where Q denotes the set of w € Q such that ||, is the trivial absolute
value, and we consider the restriction of the o-algebra A on Q \ €.

Proof As X is projective over K, considering the coefficients of defining homoge-
neous polynomials of X, we can find a subfield Ky of K which is finitely generated
over the prime field of K (and hence Kj is countable) and a projective scheme X
over Spec Ky such that X = Xj Xgspec x, Spec K. Let &2 be the set of closed points
P in X whose canonical image in X; is a closed point. By Lemma Pisa
Zariski dense and countable subset of X.

By the assumption of the proposition, for any closed point P of X, the function

(x € Qu(p)) ¥ |5lg,, (Px), (w = Py (x))
is A (p)-measurable. By Proposition[3.6.2] we obtain that the function

(weQ)r— max |5]g,, (Px)
xen;(]P)/K({w}

is A-measurable. Therefore, the function

(w € Q)+ sup max I5]e,, (x) (6.4)
Peg”xeﬂ;(P)/K({w )

is A-measurable since &2 is countable.

To obtain the conclusion of the proposition, it remains to show that the function
coincides with w — ||s]l,,, on Q \ Q. For this purpose it suffices to verify that, for
any w € Q\ Q, the set

F, = {px PePandxeny /K({w})}

specification map. By Lemmal|6.1.19] j,(F,,) is Zariski dense in X, and hence F,
is dense in X' with respect to the Berkovich topology (see [9, Corollary 3.4.5]).
The proposition is thus proved. O

is dense in X7, where X, := X Xgspecx Spec K. Let jo, : XI' — X, be the

We assume that K is equipped with the trivial absolute value |-|y. Let F be a
finitely generated field over K such that the transcendence degree of F over K is
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one. Let Cr be a regular projective curve over K such that the function field of Cr
is F, that is, Cr is the unique regular model of F over K. It is well-known that, for
any absolute value |-| of F over K (i.e. the restriction of |-| to K is trivial), there are
a closed point £ of Cr and g € Ry such that |¢| = exp(—g ordg(¢)) for all ¢ € F*
(see [85) §1.6] and [117, Proposition I1.(3.3)]). Note that in the case where g = 0, the
absolute value is trivial. We say that ¢ is the exponent of |-|. The absolute value given
by exp(—q ordg(+)) is denoted by ||z 4). Let X be a projective scheme over Spec K.
The Berkovich space associated with X is denote by X*" (see Definition 2.1.2). Let
J + X* — X be the specification map. Let us consider the following subsets X",
Xi“Q and Xinl,Q in X"
X3 = {x e X™ : j(x)is closed},

the Zariski closure of {j(x)} has dimension one
X an := {x € X*" | and the exponent of the corresponding absolute valuey ,
is rational

an o— an an
X = XU X,

Lemma 6.1.21 Xz‘}Q is dense in X with respect to the Berkovich topology.

Proof To prove the lemma, we need to show that, for any regular function f over
an affine open subset U = Spec A of X and for any point x € U?", the value | f|(x)
belongs to the closure T of the set {|f|(z) : z € Xé‘}Q N U*} in R. First let us see
the following claim:

Claim 6.1.22 (a) If f is not a nilpotent element, then 1 € T.
(b) If f has a zero pointin U, then 0 € T. O

Proof (a) As f is not a nilpotent element, there is a closed point z of U such that
f(z)#0,sothat 1 = |f|(z) € T.

(b) In this case one can find a closed point 7 with f(z") = 0. Therefore, 0 =
fl) eT. .

Let us go back to the proof of the lemma. Let X’ = Spec A’ be the Zariki closure of
{j(x)} in U, where A’ is the quotient domain of A by the prime ideal corresponding
to j(x). Let |-|x be the absolute value on the field of fractions of A’ corresponding
to x. If dim X’ = 0, then j(x) is closed, so that the assertion is obvious. Moreover,
if | f’|x is either O or 1, then the assertion is also obvious by the above claim. In
particular, if f’ = f|y is algebraic over K, then |f|(x) = |f’|x is either O or 1,
and hence the assertion is true. Therefore we may assume that dim(X’) > 1, f” is
transcendental over K and | f’|, € Rso \ {0, 1}.

Consider the ring A" ®k[s K(f’), where K(f’) is the fraction field of K[f'].
This is a localisation of the ring A” with respect to the multiplicatively closed subset
K[f']\ {0}. We pick a closed point {" € Spec(A’ ®[s| K(f’)) and let { be the
canonical image of ¢’ in U. Then the point £ € U has dimension 1 and the canonical
image f” of f’ in the residue field x(¢) is transcendental over K because f” is
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an element of the constant field K(f’) of the variety Spec(A’ ®x[r| K(f’)). In
particular, the natural homomorphism K[f’] — K[f’’] is an isomorphism, which
yields an isomorphism K(f’) — K(f”’). Let |- |2 be the restriction of ||, to K(f”),
and ||/ be the absolute value of K(f’”) such that the above isomorphism gives rise
to an isometry

K|y = K1)

Then |f”|Y = |f’ly = | f|(x). Let |-|; be an extension of |-|;/ to the residue field x(¢)
and C; be a regular and projective model of «({) over K. Then there are a closed
point & of C; and g € Ry such that |-|; = |-|¢,4). Thus the assertion follows if we
consider a sequence {¢,}, of rational numbers such that lim, .« g, = g. O

Remark 6.1.23 In the case where the absolute value of K is non-trivial, Xé‘“ is dense
in X*" (cf. Lemma [6.1.19| and [9, Corollary 3.4.5]). However we need one more
layer X] a“ if the absolute value of K is trivial. Moreover, if the dimension of every
1rredu01ble component of X is greater than or equal to one, then X}, is dense in
X" with respect to the Berkovich topology. Indeed, it is sufficient to show that X"
is contained in the closure of Xa“Q Let x € XJ" and choose a subvariety C’ of X
such that dimC’ = 1 and j(x) € C’. Let u : C — C’ be the normalisation of C’ and
¢ € C with u(¢é) = j(x). Note that lim g—e ||z 4) gives rise to the trivial valuation

>0

q¢€
of the residue field «(¢), which means that x belongs to the closure of X;“:Q

Remark 6.1.24 If K is countable, then X% 1.0 is also countable. In fact, the set of all
closed points of a projective scheme over K is countable. Therefore, X" is countable.
Moreover, if we fix an increasing sequence

KickKk,c...cK,CKus1S...

of finite extensions of the field K(T') of rational functions such that |, ey ;51 K is
the algebraic closure of K(T), then any point z € X{" is represented by a point of X
valued in certain K;, equipped with an absolute value over K of rational exponent.
Suppose that K,, identifies with the rational function field of the projective curve C,
over K, there are only countably many such absolute values since K is assumed to
be countable. Hence X ;mQ is also countable.

Remark 6.1.25 We assume that K is uncountable and the absolute value of K is
trivial. In this case, we can not expect a dense countable subset of X?". Indeed, let S
be a countable subset of P}éan. Letr: P}éan — P} be the specification map. As r(S)
is countable and K is uncountable, there is a closed point £ € P}< such that & ¢ r(S).
We set

I := {exp(—qordg(-)) : g € ]0,00[}.
Then [ is an open subset of Pl & and r(I) = {€}, so that I N S = 0, which shows that

|
S is not dense in P an

Let S = (K,(Q,A,v),¢) be an adelic curve. Denote by Qg the set of w € Q
such that the absolute value |-|, on K is trivial. Let Ay be the restriction of the
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o-algebra to Q. Let X be a projective scheme over Spec K. We equip K with the
trivial absolute value and denote by X" be the Berkovich space associated with X
(see Definition 2.1.2)). Suppose given an invertible Ox-module L equipped with a
metric family ¢ = {¢, }weq. For any point x € X", the metric ¢ induces, for any
w € Q, anorm ||, (x) on the one-dimensional vector space L ®¢, k(x).

Proposition 6.1.26 Let S = (K, (Q, A, v),¢) be an adelic curve. We assume that,
either the restriction of A to Q is discrete, or the field K is countable. Let X
be a projective scheme over Spec K, L be an invertible Ox-module and ¢ be a
metric family on L. Suppose that, for any x € X% 0 and any non-zero element €
in L ®0, k(x), the function (w € Qo) = ||y, (x) is Ao-measurable. Then for any
s € H'(X, L), the function

(w € Q) — [Isllg,,

is measurable on (Qq, Ap).

Proof Tt suffices to treat the case where K is countable. By Lemmal6.1.21] we can
write ||sl,,, as
lIslle,, = sup Islg, (2).
z€Xq o

By the assumption of the proposition, each function (w € Qo) = |$lp,, (2) is Ao-
measurable. Since X2| ; is a countable set (see Remark , we deduce that
the function (w € Qo) — |Islly,, is also A-measurable. The proposmon is thus
proved. O

6.1.4 Measurable metric families

Definition 6.1.27 Let S = (K, (€, A,v),¢$) be an adelic curve, X be a projective
scheme over Spec K and L be an invertible Ox-module. We say that a metric family
¢ = {@w }wea on L is measurable if the following conditions are satisfied:

(a) for any closed point P in X, the norm family P*(¢) on P*(L) is measurable,

(b) for any point x € X an 1.0 (where we consider the trivial absolute value on K in the
construction of the Berkov1ch space X™") and any element ¢ in L ®¢,, k(x), the
function (w € Qq) > |{],,, (x) is Ap-measurable, where Q) denotes the set of
w € Q such that the absolute value ||, on K is trivial, and Ay is the restriction
of the o-algebra to Q.

Proposition 6.1.28 Let S = (K, (Q, A, V), ) be an adelic curve and X be a projective
scheme over Spec K.

(1) Let L be an invertible Ox-module equipped with a measurable metric family ¢,
then the dual metric family —¢ on LV is measurable.

(2) Let Ly and L, be two invertible Ox-modules. If ¢| and ¢, are measurable metric
families on Ly and L, respectively, then the metric family 1 + ¢ on L1 ® L is
measurable.
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(3) Let L be an invertible Ox-module equipped with a metric family ¢. Suppose that
there exists an integer n > 1 such that ny is measurable, then the metric family
¢ is also measurable.

(4) Let L be an invertible Ox-module equipped with a measurable metric family
o, and f 'Y — X be a projective morphism of K-schemes. Then f*(y) is
measurable.

Proof Let P be a closed point of X. One has P*(—¢) = P*(¢)". Since ¢ is
measurable, the norm family P*(¢p) is measurable. By Proposition we
obtain that P*(—¢) is also measurable.

Let x be a point of Xi‘},Q, ¢ be a non-zero element of L ®¢, k(x) and £¥ be the

dual element of ¢ in LY ®¢,, k(x). Then for any w € Q) one has

[, (6) - 1€V, () = 1.

Since the function (w € Q) = ||, (x) is Ag-measurable, also is the function
(w € Q) - [€V]-,, (x). Therefore the metric family —¢ is measurable.

Let P be a closed point of X. One has P* (¢ +¢2) = P*(¢1)® P*(¢2). Since ¢
and ¢, are both measurable, the norm families P*(¢;) and P*(¢;) are measurable. By
Proposition the tensor norm family P*(¢1) ® P*(¢2) is also measurable.
Let x be a point of Xi’i’Q, ¢; and £, be non-zero elements of L; ®¢, k(x) and
L, ®¢, k(x), respectively. For any w € Q) one has

111y o, (X) * [€2]p, ., (X) = €1 ® L2](g)4¢2)e, (X)-

Since the metric families ¢; and ¢, are measurable, the functions (w € Q) —
[€1lg, ,, and (w € Qo) = by, ,, are both Aj-measurable. Hence the function
(w € Qo) = |1 ® &2 +¢5),, (X) is Ap-measurable.

Let P be a closed point of X. One has P*(np) = P*(¢)®". Since ngp is
measurable, the norm family P*(n¢) is measurable. By Proposition we
obtain that the norm family P*(¢p) is also measurable.

Let x be a point of Xi‘iQ and ¢ be a non-zero element of L ®¢,, k(x). For any w €

Qg one has [£%",,,, (x) = |y, (x)" and hence ||y, (x) = |€]ng,, (x)1/". Since the
metric family ny is measurable, we obtain that the function (w € Q) = [£%" ], ()
is Ag-measurable. Hence the function (w € Q) > |£],,, (x) is also Ap-measurable.
Therefore the metric family ¢ is measurable.

(4) This is obvious by the definition of the measurability of ¢. O

The following proposition shows that the measurability of metric family is a
property stable by pointwise limit.

Proposition 6.1.29 Let S = (K, (Q, A, v),d) be an adelic curve, X be a projective
scheme over Spec K and L be an invertible Ox-module. Let ¢ and { ¢y, }n e be metric
Jamilies on L such that, for any w € Q and any x € X5 (where X2 is the Berkovich
space associated with X, := X Xspec k Spec K, ), one has

im _d(|'l, ,(x).]lg,, (x)) = 0.
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Assume that the metric families ¢,, n € N, are measurable. Then the limite metric
family ¢ is also measurable.

Proof Let P be a closed point of X and s be a non-zero element in P*(L). By the
assumption of the proposition, for any w’ € Qgp) over w € Q, the norm ||-||or
indexed by w’ in the norm family P*(¢) is given by |-, (P.’), where P, € XZ!
consists of the algebraic point of X,, determined by P and |-|,. As well, for any
n € N, the norm ||-||,,, indexed by w” in P*(¢y) is given by ||y, ., (Pw). Therefore,
by the limit assumption of the proposition, the sequence of functions

((x)’ € QK(P)) — ”S”n,w’a neN

converges pointwisely to (w’ € Qg(p)) + |s|los, which implies that the latter
function is A p)-measurable by the measurability assumption of the proposition.
Similarly, for any point x € X ZI}Q (where we consider the trivial absolute value
on K in the construction of X*"), and any element € € L ®¢,, k(x), the sequence of
functions
(w € Qo) > |Lly, ,(x), neN

converges pointwisely to (w € Qo) = ||, (x). Since each function in the sequence
is Ap-measurable, also is the limit function. The proposition is thus proved. O

Proposition 6.1.30 Let S = (K, (Q, A, V), §) be an adelic curve, f : X — Spec K be
a projective K-scheme and L be an invertible Ox-module. We assume that, either the
o-algebra A is discrete, or K admits a countable subfield which is dense in every
Ky, w € Q. Let E be a finite-dimensional vector space over K, equipped with a
measurable norm family & = {||-||w }weq- Suppose given a surjective homomorphism
B: f*(E) — L and let ¢ be the quotient metric family on L induced by (E,&) and
B. Then the metric family ¢ is measurable.

Proof Tt suffices to treat the case where K admits a countable subfield which is dense
in all K,,.

By Proposition the double dual norm family £VV is measurable. By
Remark we can replace & by £¥V without changing the corresponding quotient
metric family. Hence we may assume without loss of generality that the norm |||,
is ultrametric for any w € Q \ Q.

Let P be a closed point of X. Then the norm family P*(¢) identifies with the
quotient norm family of ¢ ® K(P) induced by the surjective homomorphism

PY(B) : P*(f(E)) = E ®k K(P) — P*(L).

By Proposition 4.1.24]|(2.a)| and [(1.a)} the norm family P*(¢) is measurable.

Assume that Q is not empty. In this case the field K itself is countable. Let x be
a point of X%}  and ¢ be a non-zero element of L ®¢, k(x). By Proposition ,
for any w € Qg one has

4 x) = inf A7 s s
o) = _inf 1AL sl
s(x)=A¢€
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where s(x) denotes the image of s by the quotient map
By E ®k k(x) — L ®9, K(x).

Since the norm family & is measurable, the function (w € Qp) — |5l is Ao-
measurable. Moreover, since K is a countable field, the vector space E is a countable
set. Hence we obtain that the function (w € Q) = |£],,, (x) is Ag-measurable.
Therefore, the metric family ¢ is measurable. O

Definition 6.1.31 Let S = (K, (Q, A, v),®) be an adelic curve, 7 : X — Spec K be a
projective K-scheme, L be an invertible Ox-module and ¢ be a metric family on L.
We denote by 7.(¢) the norm family {]|-||o,, }weq on m.(L).

The propositions [6.1.20[and [6.1.26] can be resumed as follows.

Theorem 6.1.32 Let S = (K, (Q, A, v), ¢) be an adelic curve, X be a projective K-
scheme and L be an invertible Ox-module. We assume that, either Qy € A and the
restriction of A to Q is discrete, or the field K is countable. For any measurable
metric family ¢ on L, the norm family m.(¢) is measurable.

6.2 Adelic line bundle and Adelic divisors

In this section, we fix a proper adelic curve S = (K, (Q, A, v), ¢).

Definition 6.2.1 Let X be a projective scheme over Spec K. We call adelic line
bundle on X any invertible Ox-module L equipped with a metric family ¢ which is
dominated and measurable.

6.2.1 Height function

Let (L, ) be an adelic line bundle on X. For any closed point P of X, the norm
family P*(¢) on P*(L) is measurable and dominated (see Propositions and
[6.1.18]for the dominancy of P*(¢)). Therefore (P*(L), P*(¢)) is an adelic line bundle
on S (cf. Proposition .1.29). We denote by Az ,)(P) the Arakelov degree of this
adelic line bundle, called the height of P with respect to the adelic line bundle (L, ¢).
By abuse of notation, we also denote by hz, ,,)(+) the function on the set X(K*) of
algebraic points of X sending any K-morphism Spec K* — X to the height of the
image of the K-morphism.

Proposition 6.2.2 Let X be a projective K-scheme, (Ly,¢1) and (Ly, ¢2) be adelic
line bundles on X.

(1) For any closed point P of X, one has

WLi8Lsp1+02)(P) = (1) (P) + h(L;,0,)(P).
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(2) Assume that Ly and Ly are the same invertible Ox-module L. Then, for any
closed point P of X, one has

ML) (P) = WL,y (P)] < dist(e1, 2). (6.5)

Proof [(1)] This follows directly from Proposition and[4.3.6]
P be aclosed point of X. By definition, forany w € Qandany x € Mk(p),«,

(see §3.3| for the notation of Mg (p).,) one has di(P*(¢1), P*(¢2)) < duw(e1,¢2).
Therefore, by taking the integral with respect to x, we obtain the inequality (6.5). O

The following proposition shows that, if the adelic curve § has the Northcott
property, then the height function associated with an adelic line bundle with ample
underlying invertible sheaf has a finiteness property of Northcott type.

Proposition 6.2.3 Assume that the adelic curve S has the Northcott property (cf.
Definition . Let X be a projective K-scheme and (L, ¢) be an adelic line bundle
on X such that L is ample. For all positive real numbers 6 and C, the set

{P € X(K*) : ) (P)<C,[K(P):K]<?d} (6.6)
is finite.

Proof By Proposition [6.2.2] for any integer n > 1, one has A np) = nh(L p) as
functions on X(K?*°). Therefore, without loss of generality we may assume that L is
very ample. Moreover, by Proposition[6.2.2](2)] to prove the proposition it suffices to
check the finiteness of (6.6) for a particular choice of metric family ¢. Thus we may
assume without loss of generality that there exist a finite dimensional vector space
E over K and a surjective homomorphism 8 : E ®x Ox — L inducing a closed
immersion X — P(E), together with a basis e = {e;}!_ of E over K, such that ¢
identifies with the quotient metric family induced by (E, &) and 3 (see Example|4.1.5
for the definition of e). Let P be a closed point of X. Then (P*(L)®xp) K, P*(¢) k)
is a quotient adelic line bundle of (Exuc, &, k=) and hence (Ly.., P*(¢)¥..) identifies
with an adelic line subbundle of (EY.., &) v.). Suppose that, as a vector subspace of

e, K
rank 1 of E.., Ly.. is generated by the vector agey + - - - + are)/, where

[ag : - : a,] € PT(K™),
then one has
deg(P*(L), P*(¢)) = deg(Liue, P*(¢)k) = —deg(Luc, P (9)jeuc)

= /Q In (max{|aoly, . - ., |arly}) viee(dy).
Kﬂc

Therefore the finiteness of (6.6) follows from Theorem [3.3.3] mi
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6.2.2 Essential minimum

In this subsection, we fix an integral projective scheme X over Spec K. For any adelic
line bundle (L, ¢) on X, we define the essential minimum of (L, ¢) as

L, =S inf P),
ﬂess( ‘P) Zlclee(X\Z)(K“) (L,(/J)( )

where Z runs over the set of all strict Zariski closed subsets of X, and P runs over
the set of closed points of the open subscheme X \ Z of X. By Proposition
for any integer n > 1, one has fess(L®", 1) = 1 fess (L, ¢).

Proposition 6.2.4 Let (L, 1) and (L, ¢2) be adelic line bundles on X. Then

ﬁess(Ll ® Ly, 1 + 902) 2 ﬁess(Ll’ ‘;91) + ﬁess(LZ’ 902)~

Proof Let Z; and Z, be strict Zariski closed subsets of X. Then Z = Z; U Z; is also
a strict Zariski closed subset of X. If P is an element of (X \ Z)(K?*°), one has

h(L1®L2,<P1+tP2)(P) = h(Ll tPl)(P) + h(Lz ¢2)(P)
(Ll tﬁl)(Ql) (Lz,‘Pz)(QZ)'

> inf
Q1 €(X\Z1 )(K*) Q2€(X\Zz)(K"°)

Taking the infimum with respect to P € (X \ Z)(K*) and then the supremum with
respect to (Zy, Z), we obtain that

ﬁess(Ll ® Lo, + 992) 2 ﬁess(Lla 901) + ﬁess(LZs <P2)~

Proposition 6.2.5 Let (L, ¢) be an adelic line bundle on X.

(1) The essential minimum of (L, ) identifies with the infinmum of the set of real
numbers C such that {P € X(K*) : hq \(P) < C} is Zariski dense in X.

(2) If X’ is an integral projective K-scheme and f : X' — X is a birational
projective morphism, then one has [ess(L, ©) = Hess(f*(L), f*(¢)).

Proof [(T)]Let C be a real number such that the set
Mc := {P € X(K*) : h(L,[p)(P) < C}

is Zariski dense. Then, for any Zariski closed subset Z of X such that Z C X, the set
M(c is not contained in Z, namely (X \ Z)(K?°) contains at least one element of M.
Therefore one has

inf h P)<C
pek Bk o F)
We then obtain that fess(L, ¢) is bounded from above by the infimum of the set of
real numbers C such that M¢ is Zariski dense in X.
Conversely, if C is a real number such that M¢ is not Zariski dense in X, then
one has
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Hess(L, @) > inf h(L,go)(P) >C

Pe(X\M)(K™)
Since C is arbitrary, we obtain that fi.ss(L, ¢) is bounded from below by the infimum
of the set of real numbers C such that M¢ is Zariski dense in X.

[2)]| Denote by (L’,¢’) the adelic line bundle (f*(L), f*(¢)), and by Y the excep-
tional locus of f. Note that the restriction of f to X’ \ f~'(¥) is an isomorphism
between X’ \ f~'(Y) and X \ Y. Let Z be a Zariski closed subset of X such that
Z ¢ X.Let Z' = f~1(Z). It is a Zariski closed subset of X’ such that Z" ¢ X'.
Therefore,

Hess(L', 0" > inf hipr o (P inf &
Hesll8) 2 im0 o BBy i@

Since Y is arbitrary, we obtain that fess(L’, ') 2> Hess(L, @).

Let C be areal number such that the set M¢ of points Q € X(K*) with i, )(Q) <
C is Zariski dense. Then the set M¢c N (X \ Y)(K?) is also Zariski dense in X. This
implies that f~'(Mc N (X \ Y)(K*)) is Zariski dense in X’. Note that for any
P e f{(Mc N (X \Y)(K™)) one has h(r,o1(P) = b )(f(P)). Therefore the set of
P € X'(K*) with (g 4 (P) < C is Zariski dense, which implies that fres(L’, ¢”) <
C. Since C > [ess(L, @) is arbitrary, we obtain that fess(L’, ¢”) = Hess(L, ¢). m]

Proposition 6.2.6 We assume that, either Qo € A and the restriction of A to
is discrete, or the field K is countable. Let f : X — Spec K be an integral and
geometrically reduced projective K-scheme and (L, p) be an adelic line bundle on
X. If s is a non-zero global section of L, then

Hess(L, ¢) > degp (,)(5).

In particular, [iess(L, ) > —o0 once L admits a non-zero global section.

Proof By Theorems [6.1.13| and [6.1.32} the norm family f. (go) is measurable and

dominated, so that degf (¢)(8) is well defined (see Deﬁmtlon . For any closed
point P outside of the zero locus of s, one has

M@ == [ sl 0P vies(dp)
X €Qpac
= [ sl 0 i@
X E€EQpac

== [ nlsl, vido) = ey (5
we

where o, (P) denotes the point of X ;‘gc corresponding to P and the absolute value

|-~ This leads to the inequality fiess(L, @) > (Tf?sgﬁ(‘p)(s). O

Proposition 6.2.7 Let (L, ¢) be an adelic line bundle on X. One has [ess(L, p) < +00.
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Proof If ¢ and ¢’ are metric families on L such that (L, ¢) and (L, ¢”) are adelic line
bundles on X, then for any P € X(K?*) one has

|h(L.p)(P) = h(r,(P)] < dist(p,¢’)

(see (6.1 for the definition of dist(g,¢’)). Therefore, to show the proposition, it
suffices to prove the assertion for a particular choice of the metric family ¢. This
observation allows us to change the metric family whenever necessary in the proof.

Let M be a very ample invertible Ox-module such that M ® L is also very ample.
Let @) be a metric family on M such that (M, ¢,s) forms an adelic line bundle on X.
By Proposition [6.2.6 one has fiess(M, ¢ar) > —oco. Moreover, by Proposition
one has fless(L ® M, ¢ + ¢pr) 2 Hess(L, @) + Hess(M, oar). Therefore, by replacing L
by L ® M we may assume without loss of generality that L is a very ample invertible
Ox-module.

By Noetherian normalisation we obtain that there exist a positive integer n, an
integral projective K-scheme X', a birational projective K-morphism f : X’ — X,
together with a generically finite projective K-morphism g : X’ — P} (where r
is the Krull dimension of X) such that g*(O(1)) = f*(L®"), where O(1) denotes
the universal invertible sheaf on P.. We can for example construct first a rational
morphism from X to P% corresponding to an injective finite homogeneous homo-
morphism from the polynomial algebra to the Cox ring of some power of L. This step
is guaranteed by the fact that the Cox ring €, .y HO(X, L®™) is finitely generated,
by using Noether normalisation, see [56} §13.1]. Then we can take X’ as the blowing-
up of X along the locus where the rational morphism is not defined. By Proposition
one has nfless(L, ¢) = njtess(f*(L), f*(¢)) = Hess(f*(L®"),nf*(¢)). There-
fore we can reduce the problem to the case where there exists a generically finite
projective K-morphism g : X — P} such that L = g*(O(1)).

We identify P} with P(K"*") and equip K"*' with the norm family & associated
with the canonical basis (see Example [d.1.5)). Let ¢ be the quotient metric family
on O(1) induced by (K"*!,&) and the canonical surjective homomorphism K" *! ®x
Opr. — O(1). As explained above, we may assume without loss of generality
that ¢ = g*(¢o). In particular, for any closed point P of X, one has h ) (P) =
h(o(1),40)(&(P)). Moreover, similarly as in the proof of Proposition for any

element [ay : ... : a;] € P} (K*), one has
/’l(o(l)’%)([ao Lt ar]) = ,/g; In (max{|ao|X,. Cey |ar |X}) VKac(d)().
Kac
In particular, if ay, . . ., a, are all roots of the unity, then one has
h(()(l),(po)([a() Lot ar]) =0.

This implies that the set of closed points in X having non-positive height (with
respect to (L, ¢)) is Zariski dense. Therefore fiess(L, ¢) < 0. The proposition is thus
proved. O



350 6 Adelic line bundles on arithmetic varieties

6.2.3 Adelic divisors

In this subsection, we fix a geometrically integral projective scheme over Spec K.
If D is a Cartier divisor on X, for any w € Q, D induces by base change a Cartier
divisor on X, which we denote by D,,.

Let D be a Cartier divisor on X. We call Green function family of D any family
g = {8w weq parametrised by Q such that each g, is a Green function of D,, (cf.
Subsection[2.5.T). Note that each Green function g,, determines a continuous metric
on the invertible sheaf Ox,, (D) = Ox(D)®o, Ox,,, which we denote by ¢, . Thus
the collection {¢,,, }weq forms a metric family on Ox(D) which we denote by ¢,
and call the metric family associated with g. We say that the Green function family
g is dominated (resp. measurable) if the associated metric family ¢, is dominated
(resp. measurable). In the case where g is dominated and measurable, we say that the
couple (D, g) is an adelic Cartier divisor on X. Note that this condition is equivalent
to the assertion that (Ox (D), ¢,) is an adelic line bundle on X. In this case we denote
by h(p,g) the height function iy (g).¢,) 0N X(K*).

Let D and D’ be Cartier divisors on X, g = {gw }weq and g’ = {g/, }weq be Green
function families of D and D’, respectively. We denote by g + g’ the Green function
family {g., + g/,}weq of D + D’. Moreover, we denote by —g the Green function
family {—g. }weq of —D. Note that, if (D, g) and (D’, g’) are adelic Cartier divisors
then (D+ D’,g +g’) and (—D, —g) are also adelic Cartier divisors. This follows from
Propositions[6.1.12]and [6.1.28] Therefore, the set of adelic Cartier divisors forms an
abelian group, which we denote by Div(X).

Remark 6.2.8 In the case where the Cartier divisor D is trivial, a Green function
family on D can be considered as a family {g,}w,ecq of continuous real-valued
functions, where g,, is a continuous function on X2'. It is dominated if and only if
the function (w € Q) > sup,cym |gw|(x) is v-dominated. It is measurable if the
following two conditions are satisfied (cf. Definition[6.1.27):
(a) for any closed point P of X, the function (w € Q) g, (P) is A-measurable,
(b) for any point x € X Z‘}Q (where we consider the trivial absolute value on K in
the construction of X?"), the function (w € Qg) — g, (x) is Ap-measurable,
where € is the set of w € Q such that ||, is trivial.

The set of all dominated and measurable Green function families on the trivial
Cartier divisor forms actually a vector space over R, which we denote by C° (X).

Definition 6.2.9 Let K be either Q or R. We denote by BEK(X ) the K-vector space
Div(X) ®z K modulo the vector subspace generated by elements of the form

Og)@A +--+(0,g0) ® A, — (0,181 + - + Augn)s

where {g;}I", is a finite family of elements of 60(X), and (11,...,4,) € K", In the
other words, BRK(X ) consists of pairs (see ~ for the notation of C2, (X))

gen

(D, {80 }wea) € Divie(X) x | | Chen(X2)

weQ
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such that D = a;D; + --- + a,D,, and g, = a181,w + '+ + Angn, for some
(D1,81),--.,(Dp,gn) € Div(X) and ay,. . .,a, € K. For

A, €K and  (Dy,g1), (D2, g2) € Divi(X),

A1(Dy, g1)+/12_(£)2, g2) is defined as (/1;21 +AyD5,A181+282). Note that A, (D1, g1)+
(D2, 82) € Divg(X). In this sense, Divg(X) forms a vector space over K.

The elements of Divg(X) are called adelic K-Cartier divisors on X. For any
element D written in the form 4,D; + --- + /l,,Bn with (51,. . .,Bn) € BE(X)
and (4y,...,4,) € K", we define a function Az : X(K*) — R such that, for any
P € X(K®),

h(P) = ) A (P).
i=1

Note the Proposition [6.2.2][(T)] shows that this map is actually well defined.

Remark 6.2.10 Let D be an element of EWK(X ), which is written in the form
A(Dy,g1) + -+ - + 4y(Dy, gn), where (1y,...,4,) € K", and for any i € {1,...,n},
(D, gi) is an element of BE(X). Then, for any w € Q, the element 41D; (, +--- +
AnDy o of Divg(X) is equal to D, where D = 41D + --- + 4,D,, € Divg(X).
Moreover, assume that g; is written in the form {g; . }weq, Where g; ., is a Green
function of D; ,,. Then, for any w € Q, the element 4181, + - - - + An&n.w is a Green
function of the K-Cartier divisor D,,, which does not depend on the choice of the
decomposition D=1 (D1,81) + -+ - + 4,(Dy, gn)- Thus we can write D in the form
(D, g), where D is a K-Cartier divisor of X and g is a family of Green functions of the
form {g, }weq, with g, being a Green function of D,,. Note that the measurability
of the Green function families g, . . ., g, implies the following statements:

(a) for any closed point P of X outside of the support of D, the function (w € Q)
g (P) is well defined and is A-measurable,

(b) for any point x € Xi‘;Q outside of the analytification of the support of D, the
function (w € Qp) — g, (x) is well defined and is Ay-measurable.

Moreover, if D belongs to Div(X), then g is a dominated Green function family of
D. This statement results directly from the following proposition.

Example 6.2.11 Let s be a non-zero rational function on X. For any w € Q, we
consider s as a non-zero rational function on X,,. Note that —In|s|, is a Green
function of the principal Cartier divisor div(s). Note that the Green function family
{=1In|s|y }weq is measurable and dominated since the corresponding metric family
on Ox((s)) = Ox is trivial. Thus

(s € K(X)*) — (s) := ((s), {=In[5] }owen)

defines a morphism of groups from (K (X)*, X) to Div(X). The adelic Cartier divisors
belonging to the image of this morphism are called principal adelic Cartier divisors.
Moreover, for K € {Q,R} this morphism induces a K-linear map divg : K(X)* ®z



352 6 Adelic line bundles on arithmetic varieties

K — BEK(X) sending to sf‘ .- -sfl" to /11(,51\) +t /ln(’sn\). The adelic K-Cartier
divisors belonging to the image of this K-linear map are said to be principal.

Let (D, g) be an adelic K-Cartier divisor on S. For s € HH%(X, D), |s|w exp(—gw)
extends to a continuous function on X" by Proposition We denote by

lIsllg., := sup, {(Islw exp(=gw)) (x)} .

Proposition 6.2.12 We assume that, either Qo € A and the restriction of A to Q
is discrete, or the field K is countable. Let (D, g) be an adelic K-Cartier divisor on
Xands € H]%(X, D)\ {0}. The function on Q given by

(we Q)= Inisllg, = sup {(=gw +log|slo)(x)}

xeXx®
is v-integrable.

Proof Note that D" := D +(s) >k 0, g/, := gu — log|s|,, is a Green function of D},
and |s|g, = |1|g;, on X2, so that we may assume that D is K-effective and s = 1.

Let X’ be the normalisation of X. Since X and X’ have the same function field, X’
is also geometrically integral over K. Moreover, let D’ (resp. g;,) be the pull-back of
Dby X' — X (resp. X, = X,,). Then g’ = {g/, }weq is a family of Green functions
of D’ over S. Note that ||1||g, = ||1|lg;, . so that we may further assume that X is
normal.

First we consider the case K = Q. Then there is a positive integer N such that
ND is a Cartier divisor. Then sV € H'(X,ND) and w > In ||s™ ||y, is integrable
on Q by Theorem and Theorem Note that In ||sV Invg, = Nn|ls|lg,,
so that w > In||s||g,, is also integrable on €.

Next we consider the case K = R. By Proposition [2.4.16] there are effective
Cartier divisors Dy,...,D, and ay,...,a, € Rygsuchthat D = a;Dy +--- + a, D,.
We choose a family of Green functions g; = {gi.w }weq of D; over S such that (D;, g;)
is an adelic Cartier divisor over S for each i and

(D,g) =(a1D1 + -+ a;Dy,aigi + -+ + arg).

If we set ¢;(w) = In|l1|lg, , and g/ = giw + ¥i(w) fori = 1,...,r, then y; is
integrable on Q and

Il = 1lg,.,, exp(-wi(@)) = 1,
so that g/ > 0 for all i and w. Note that if we set g’ = a1g{ + -+ + angy,, then
In ||1||g’,a) =1In ””lg,w - (all;bl(w) t+--t anl//n(w))-

Therefore, we may assume that g; ,, > 0 for all i and w.
For each i, we choose a sequence {a; , },_, of non-negative rational numbers such
that
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ai
O0<ain—a;<— and a;u1 < aipn
n
for all n. We set
(Dn, hn) = (a],nDl +eeot ar,nDhal,ngl +-ot ar,ngr)~

Then D,, is effective and

n
n+1

_hn,w < -8 < ( nw) 0 and - hn,w < _hnH,w

for all n and w. If we set

A@) = sup {~g0(1)) and 4,(@) = 5up {~hul))
then
Ap(w) S A(w) < ——Ap(w) <0 and  Ay(w) < Apti(w)

for all n and w. Thus hmn_,00 n(w) = A(w) and A,(w) < A(w) < 0. Note that
w — A,(w) is integrable for all n. Therefore, by monotone convergence theorem,
A(w) is integrable. O

Corollary 6.2.13 We keep the hypothesis of Proposition [6.2.12} Let (D, g) be an
adelic K-Cartier divisor on X. Let s € K(X)* ®z K such that D + (s) »g 0. Then
the function

(w € Q) r— Inlsllg, = sup {(-go +log|sl)(x)}

xex®
is v-integrable.

Proof If weset D’ = (D)+(s)and g, = g, —In|sly, then (D", g’ = {g/,}weq) is an
adelic K-Cartier divisor on X. Thus the assertion follows from Proposition [6.2.12}0

Corollary 6.2.14 We keep the hypothesis of Proposition Let (0,g) be an
adelic K-Cartier divisor on X whose underlying K-Cartier divisor is trivial. Assume
that g is written in the form {g, }wea, Where g, is considered as a continuous
Junction on X2. Then the function

(w € Q) — sup [gu(x)]

xex¥
is v-integrable.

For any D € BEK(X ), we define the essential minimum of D as

D) =
Fess(D) := ;léXPe(X\Z)(KdC) h(P),

where Z runs over the set of all strict Zariski closed subsets of X, and P runs over
the set of closed points of the open subscheme X \ Z of X. It turns out that the
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analogue of Proposition and Proposition holds for adelic K-Cartier
divisors (with essentially the same proof). We resume these statements as follows.

Proposition 6.2.15 Let D be an adelic K-Cartier divisor on X. Then [i(D) identifies
with the infimum of the set of real numbers C such that {P € X(K*) : h5(P) < C}

is Zariskiilense_in X. More_over, ifﬁl_and 52 are adelic K-Cartier divisors on X,
then ﬁess(Dl + DZ) > ﬁess(Dl) + ﬁess(DZ)

Similarly as in the case of adelic line bundles, the essential minimum of adelic
K-Cartier divisors never takes +oco as its value.

Proposition 6.2.16 Let D be an adelic K-Cartier divisor on X. One has [less(D) <

+00.

Proof Assume that D is written in the form D = A;D+- - -+, D,,, where Dy, . . ., D,,
are very ample Cartier divisors on X and (4y,...,4,) € K". By Proposition [6.2.6]
foranyi € {1,...,n} one has [ess(D;) > —c0. We choose (1/, . . LAL)€ (KNRyp)"
such that 4; + A7 € Zforanyi € {1,...,n}. Let

n
E = Z(/ll + ﬁ;)ﬁ,
i=1

By Proposition , one has Jiess(E) < +00. Moreover, by Proposition|6.2.15| one

has
n

fless(E) > fiess(D) + Y 4] Fless(Di).
i=1

Since fess(D;) > —oo and A; > 0 forany i € {1,...,n}, we deduce that Hess(D) <
+00. m]

Definition 6.2.17 Let D = (D,g) be an adelic K-Cartier divisor, where the Green
function family g is written in the form {g }weq. In the case where K = Q or R,
we assume that X is normal so that HHQ(X, D) is a K-vector subspace of K(X). For
w € Q, let X/, be the normalization of X, and D}, (resp. g;,) be the pull-back of
D by X/, — X, (resp. the pull-back of g, by X/,*" — X2"). By using the natural
injective homomorphism HY (X, D) ® K., — H2(X,,D/,) and g/,, one has a norm
IIllg,, on H]%(X, D) ®k K, (cf. Definition . The norm family {||||¢,, }wea is
denoted by &,.

Theorem 6.2.18 We assume that, either the o-algebra A is discrete, or the field K
admits a countable subfield which is dense in every K,,, w € Q. Suppose that X is
normal. Then the couple (H%(D),fg) is a strongly adelic vector bundle on S.

Proof The measurability of &, is a consequence of Proposition[6.2.12] which implies
the measurability of §§’ under the hypothesis of the theorem (see Propositionf4.1.24)).

Let us consider the dominancy of &. By using [109, Lemma 5.2.3], D is written in
the form
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Al(Dlagl) +-oe+ /ln(Dn’gn)a

where (D;,g;)’s are elements of ]Si\V(X) such that Dy,...,D, are effective, and
(A1,...,4,) € K" Let(4],...,4;)be anelement of (KNR()" such that A;+1] € Z
forany i € {1,...,n}. Let

(D',g') = (/ll + /1{)(D1,g1) R (/ln + A;)(Dmgn),

which is viewed as an adelic Cartier divisor on X. Since D; is effective, we obtain
that 1 belongs to H(D;). Moreover, by Proposition the function (w € Q) —
In||1]|g, , is v-integrable.

Let e = {e;}[", be a basis of HY ©(D). We complete it into a basis e’ = {e;}_,
of HO(D ). By Theorem the norm family &y = {]|-[lg;, }weq is strongly
dominated, so that, by Corollary the local distance function (w € Q) —
de(ég,€e) is v-dominated. Further, by Proposition|[6.2.12] the function (w € Q)
In||e;||g,, is v-integrable for each i.

For w € Q and (ay, . ..,am) € K]}, one has

Inllaie; + - + amemllg, < {rlnax {In|a;| + In|le;|lg,, } + Lo, (w)In(m)
L€

.....

<Inllater + -+ amemlle, + {rlnax {In|leillg,, } + Lo (w)In(m).
LE

.....

Moreover,
n
In|later + - -+ + amemllg, = Inllater +--- + amemlly, — Z A7 In||1lg, .,

n
> Inllarer + - + amemlle, — du(Enéer) = D A1 ]lg, .
i=1

and hence one obtains

,,,,,

dw(‘fg'? fe’) + Z /ll,| ln””'gi,w’}
i=1

Therefore the local distance function (w € Q) — d,,(&,,&,) is v-dominated, which
implies that the norm family & is strongly dominated (cf. Corollary [4.1.10). mi
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6.2.4 The canonical compatifications of Cartier divisors with respect to
endomorphisms

In this subsection, we assume that, either the o-algebra A is discrete, or there exists
a countable subfield Ky of K which is dense in the completion K, of K with respect
to any w € Q.

Let X be a projective and geometrically integral scheme over Spec K and f :
X — X be a surjective endomorphism of X over K. Let D be a Cartier divisor
on X. We assume that there are an integer d and s € K(X)* such that d > 1 and
f*(D) = dD + (s). For each w € Q, by Proposition [2.5.11} there is a unique Green
function g,, of D, with (f2")*(8w) = dgw — l0g |s|w on X,,.

Proposition 6.2.19 If we set g = {g. }weq, then the pair (D, g) is an adelic Cartier
divisor on X.

Proof Fix a family go = {g0.w }weq of Green functions on X such that (D, go) is an
adelic Cartier divisor on X. For each w € Q, there is a unique continuous function
A, on X, such that

(f )" (80,0) = dgo,w — l0g [s|e + Aey.

If we set
n—1

hn,w Z it ((f ))*(/lw)» hn = {hn,w}weﬂ»
i=0

e

ho =) dm((f ) (o) h = {ho}wea.

i=0

then g = go+h (cf. Proposition[2.5.TT]), so that it is sufficient to show that ¢y, is domi-
nated and measurable. By Proposition[6.1.12]and Proposition[6.2.12] one can see that
the function w — [|A,llsup is v-integrable on Q. Moreover, by Proposition
1 heollsup < [ llsup/(d = 1), so that ¢y, is dominated by Proposition [6.1.12} On the
other hand, by Proposition@], ¢n,, is measurable, so that ¢, is also measurable

by Proposition [6.1.29] O

Definition 6.2.20 (1) An adelic arithmetic R-Cartier divisor D = (D, g) is called
the canonical compactification of D with respect to f if f*(D) = dD + (s)
Note that D is uniquely determined by the equation f*(D) = dD + (s) (cf.

Proposition 2.5.TT).

(2) Let D be the canonical compactification of D with respect to f. Then the
associated height function /7 is called the canonical height function with respect
to f and it is often denoted by /.

Proposition 6.2.21 /ip(f(P)) = dhp(P) for all closed points P of X.

Proof Indeed, by Proposition[6.2.2]
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hp(f(P)) = hp.5)(P) = h 5, g5y (P) = hyp(P) = dh(P),
as required. O

Theorem 6.2.22 If D is effective and f*(D) = dD, then the canonical compactifica-
tion D of D is also effective.

Proof By Proposition [6.2.12] we can choose a Green function family gy =
{80.w }weo of D such that (D, go) is effective. Let 1 = {4, }weq be the collection of
continuous functions such that

J7(D,go) = d(D, o) + (0, 2).

As before, we set

n—1
1 1\*
b= ) s (P () (> 1)
i=0
&n =80+ hy (n>=1).
By Proposition [2.5.11} for each w € Q, {h; }, | converges uniformly to a contin-

uous function A, , and D = (D, go + h), where h = {he, }»cq. By Proposition[2.5.11
again, one has

f(D,gn-1) = d(D,gn)

for all n € Ny, so that (D,g,) > 0 for all n € N because (D,go) > 0. Therefore,
D > 0. m]

Example 6.2.23 We assume that X is the n-dimensional projective space over K,
thatis, X = P} = Proj(K [Ty, T1,. . -,T,]), and that f is a polynomial map, that is,

f (P \{To = 0}) < Px \{Tp =0}

If we set D = {T = 0}, then the canonical compactification D with respect to f is
effective because f*(D) = dD.

Definition 6.2.24 We say that an adelic R-Cartier divisor D satisfies the Dirichlet
property if D +(s) is effective for some s € K(X)* ®zR. The reason of the name “the
Dirichlet property” comes from the Dirichlet unit theorem (for details, see [[L10}46]).

Example 6.2.25 The Dirichlet property is very sensitive on the choice of the dynamic
system. For example, we set K := Q(V-1), X := P}{ = Proj(K[Ty,T1]) and z :=
T1/Ty. Let us consider two endomorphisms f] and f> on X given by

AT T) = QT = TE=T3) and  f(To: Th) = QV=1ToTy : TE - TY),

that is, fi(z) = (1/2)(z — 1/z) and fo(z) = (1/2V=1)(z — 1/2). If we set D :=
{T) = V=1T, = 0}, then fi(D) = 2D because

(I? = T3) = N=-1QToTy) = (Ty = V-1Tp)*.
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Let g be the canonical Green function of D with respect to fi. Then, by Theo-
rem = (D, g) has the Dirichlet property. On the other hand, for an infinite
place o of K , it is well-known that the Julia set of f, on X is equal to X, itself
(cf. [114} Theorem 4.2.18]). Therefore, by [46, Theorem 4.5], for any ample Cartier
divisor A, the canonical compactification A with respect to f> does not satisfy the
Dirichlet property.

6.3 Newton-Okounkov bodies and concave transform
6.3.1 Reminder on some facts about convex sets

In this subsection, we recall some basic facts about convex sets in finite-dimensional
vector spaces, which will be used in the subsequening subsections.

Proposition 6.3.1 Let V be a finite-dimensional vector space over R. Suppose that
C1 and C, are two convex subsets of V- which have the same closure in 'V, then the
interiors Cf and C; are also the same.

Proof 1t suffices to prove that, if C is a convex subset of V, then the interior of the
closure C coincides with the interior C° of C. Let x be an interior point of C. If
x does not belong to C, by Hahn-Banach theorem (see [130, Theorem 3.4]), there
exists an affine function ¢ : V — R such that g(x) < 0 and that the restriction of
g to C is non-negative. As the set {y € V : ¢(y) > 0} is closed, it contains C.
Hence the interior of C is contained in that of {y € V : ¢(y) > 0}, which is equal
to {y € v q(y) > 0}. ThlS leads to a contradiction since g(x) < 0. Therefore we
obtain C° C C and hence C = C°. O

Proposition 6.3.2 Let V be a finite-dimensional vector space over R and {C;};cr be
a family of convex subsets of W. Suppose that the family {C;};¢; is filtered, namely,
for any couple (iy,i2) of indices in I, there exists j € I such that C;; U C;, C Cj. Let
C be the union of C;, i € 1. Then the interior of C identifies with the union of C7,
iel

Proof Since the family {C;};¢; is filtered, for any couple of points (x,y) in C, there
exists an index i € I such that {x,y} C C;. Therefore C is a convex subset of V.
As a consequence, for any point x of the interior C°, there exist points xi,. . ., X, in
C such that the point x is contained in the interior of the convex hull of x,. .., x,.
Still by the assumption that the family (C;);¢; is filtered, there exists j € I such that
{x1,...,x,} € C;. Hence one has x € Cj‘.’.
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6.3.2 Graded semigroups

Let V be a finite-dimensional vector space over R. As graded semigroup in V we
refer to a non-empty subset I' of N1 X V which is stable by addition. If I is a graded
semigroup in V, for any n € N, we denote by I, the projection of I' N ({n} X V) in
V. Let N(I') be the set of all n € N such that I, is non-empty. This is a non-empty
sub-semigroup of N ;. We denote by Z(I") the subgroup of Z generated by N(I').

Proposition 6.3.3 Let I be a graded semigroup in V. Then there exist at most finitely
many positive elements of Z(T") \ N(I').

Proof The group Z(I') is non-zero since I' is not empty. Hence there exists a positive
integer m such that Z(I') = mZ. Assume that m is written in the form

m=ainy +---+ agng,

where ny, . . .,ng are elements of N(I') and ay, . . ., a are integers. Since N(I') € Z(I'),
there exists a positive integer N such that ny + - -- + n, = mN. Let

b=N- max |a;l.
i€ l}

We claim that mn € N(T') for any n > Nb. In fact, we can write such n in the form
n=cN+r wherec € Ny, andr € {0,...,N — 1}. Thus

mn =cmN +mr =c(ny +---+ng)+r(an +---+aeng)

=(c+ra)n + -+ (c+rae)ng.

Since ¢ > b and r < N, we obtain that ¢ + ra; > 0 for any i € {1,...,¢}. Hence
mn € N(I). O

Definition 6.3.4 Let I' be a graded semigroup in V. We denote by A(I") the closure
of the set
U {nla:ael,}cV.

neN,n>1

Proposition 6.3.5 Let I be a graded semigroup in' V. The set A(T) is a closed convex
subset of V.

Proof 1t suffices to prove the convexity of the set A(T"). Observe that, if n and m are
two positive integers, @ and § are elements of I',, and I, respectively. We show
that, for any € € [0,1] N Q, one has en'a + (1 — e)m™ ! € AT). Lete = p/gbe a
rational number in [0, 1], where g € N . One has

enla+(1-em'B=La+ LTLy = (gmn)(pma + (g - p)np).
qn m

Since a € I, and 8 € I, one has pma + (g — p)nf € I'yynn. Therefore
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enla+(1-em™'p e AD).

Let H be the set
(n'a: ael,}).
neN, nx>1
Let x and y be two points in A(T'), and € € [0,1]. By definition, there exist two
sequences { X, tnen and {y, }nen in H such that
lim x, =x, lim y,=y.
n—+oo n—+oo

Let {€,}nen be a sequence in [0,1] N Q which converges to €. By what we have
shown above, for any n € N one has €,x,, + (1 — €,)y, € H. Moreover, one has

lim e,x, + (1 —€)y, = ex + (1 —€)y.

n—+oo
Therefore ex + (1 — €)y € A(T). O

Let T" be a graded semigroup in V. We denote by I'r the R-vector subspace of
R X V generated by I'. For n € Z, let A(T'),, be the projection of I'x N ({n} X V) in
V. Especially, A(T'); is denoted by A(T"). Note that A(T") is a vector subspace of V,
which is a translation of the affine subspace A(I"). Since A(T"), is the image of an
affine subspace of R X V by a linear map, it is an affine subspace in V. Note that any
element in A(I') = A(I"); can be written in the form

Aryr + -+ Aeyes

where fori € {1,...,¢},yi € Iy, mi € N,n; > 1, and (4y,. .., A¢) is an element of
R such that A;ny +- - -+ Agng = 1. We denote by I'z the subgroup of R X V generated
by I'. For any n € Z, n > 1, let 'z, be the image of I'z; N ({n} X V) in V by the
canonical projection. Note that I'z,, is non-empty if and only if n € Z(T').

Proposition 6.3.6 Let I be a graded semigroup in V. We assume that ' is a discrete
subset of R X V.

(1) The set I'z o is a lattice in A(I)o.

(2) For any n,n’ € Z(I') and any yo € 'z n, the map from Iz, to Iz p4w, sending
v € I'z v to y + vy, is a bijection.

(3) For any convex and compact subset K of A(T') which is contained in the relative
interior of A(T'), one has

Kn{nly :yeT,}=Kn{nly: yely,} (6.7)
for sufficiently positive n € N(T').

Proof [(T)] Let n be an element in Z(T') and yg € I'z,. By definition, an element
x € Vliesin A(T)g if and only if x +n~'yy € A(T). In other words, A(T')g is precisely
the vector subspace of V of all vectors y which can be written in the form
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v =y + -+ Ay, (6.8)

where foranyi € {1,...,¢},y; € I,, withn; € N(I'), and (4y,. .., ) is an element
in RY such that A;n; + - - - + Agng = 0. Note that the set I'z o is characterized by the
same condition, except that (4y,. .., A,) is required to be in 7t Therefore Izpisa
subset (and hence a subgroup) of A(I')g. Moreover, we can also rewrite (6.8) as

A1 Ae
Y= 7("71 —nyyo) +- -+ 7(”7[ — n¢Yo)-

Since ny; — n;yo belongs to I'z o fori € {1,...,¢}, we obtain that A(I')y is generated
by I'z o as a vector space over R. Moreover, since [’z is a discrete subspace of R x V,
the set I'z o € V is also discrete. Hence it forms a lattice in A(I')o.

[(2)| This comes from the definition of I'z. In particular, the inverse map is given
by (y" € Iz psn) = ¥ = ¥o0.

[3)|Let ® be the family of all sub-semigroups of I which are finitely generated. The
family of convex sets {A(I'")}1cp is filtered. Let C be the union of all A(I'”), I’ € @.
By definition, the closure of C coincides with A(T'). Therefore (by Proposition|[6.3.1)),
the interior of A(T") relatively to A(I") identifies with that of C, which is equal to
Uree A(I)°, where A(T')° denotes the relative interior of A(I'”) in A(T). Since K is
a compact subset of A(I")° and since the family {A(T"")°}rce is filtered, there exists
I'" € O such that K € A(T"")°. Moreover, since 'z is a discrete subgroup of R X V,
it is actually finitely generated. Hence by possibly enlarging I we may assume that
I}, = T'z. Therefore, without loss of generality, we may assume that the semigroup
I' is finitely generated.

Let {xi}le be a system of generators of I', where x; = (n;,y;). Then A(T') is just
the convex hull of ni_ly,- (i€{l,...,£}). The set

F={ix; ++ Aexe | (A1, .., A¢) € [0, 1]}

is a compact subset of R x V. Therefore the intersection of F with I' is finite since
I'z is supposed to be discrete. In particular, there exists xo = (n9,y9) € I' such
that xo + y € I for any y € F NTz. Let n be an element of Z(I'), n > 1, and let
y € I'z,. If n™'y belongs to A(T'), then there exists (ay,...,as) € RC such that
ain; +---+aeng =nandthaty = ajy, +---+agye. Let b; = |a;] and A; = a; — b;
foranyi € {1,...,¢}. We write x = (n,7) in the form x = x’ + y with

x,=b1X1+-~~+bg)C[€r, y=/llxl+--~+/l[Xg€F.

Since x € I'z, alsois y. Hence y € F NIz Thus x + xp = x" + (y + x9) € I'. In
particular, one has
Y t7Y0 € 1—‘n+no-

Now we introduce an arbitrary norm ||-|| on V. Since K is a compact subset of the
relative interior of A(T"), there exists € > 0 such that, for any u € K, the ball

Bu,e)={u' e W : |lu—d'|| < €}
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is contained in A(I'). Moreover, the set K is bounded. Therefore, for sufficiently
positive integer n € N(I'), if B is an element in I'z,, N nK, then one has

(n—no)"'(B - y0) € A(),

which implies that 8 € I, by the above argument. The equality is thus proved.O

Definition 6.3.7 Let " be a graded semigroup in V such that I'z is discrete. Let
A(T')p be the vector subspace of V which is the translation of the affine subspace
A(T"). We equip A(I')g with the normalised Lebesgue measure such that the mass
of a fundamental domain of the lattice I'z o in A(I')g is 1. This measure induces by
translation a Borel measure on A(T"). We denote by nr the restriction of this Borel
measure to the closed convex set A(T'), that is, for any function f € C.(A(T')) (namely
f is continuous on A(T") and of compact support), one has

/ £ mr(d) = / F&)dy,
A(D) AT)

where dy denotes the normalised Lebesgue measure.

The following theorem is the key point of the Newton-Okounkov body approach
to the study of graded linear series [[118194,[101]]. Here we adopte the form presented
in the Bourbaki seminar lecture of Boucksom [25]].

Theorem 6.3.8 Let " be a graded semigroup in 'V such that Tz is discrete. For any
integer n € N(T'), we denote by nr_,, the Radon measure on A(') such that, for any
Sfunction f € C.(A(I")) one has

-1 -1
S @ = 5 3 g

veln

where k is the dimension of the affine space A(T'). Then the sequence of measures
{nr,ntnen(r) converges vaguely (see to the Radon measure nr.

Proof Recall that the vague convergence in the statement of the theorem signifies
that the sequence {11, }nenr), viewed as a sequence of positive linear functionals on
C.(A(TI)), converges pointwisely to nr. In other words, for any continuous function
f on A(') of compact support, one has

1
lim — nly) = / dy. (6.9)
neN(T), n—+co nk ')’;n f( y) AT) f(’)/) 4

Note that the direct image preserves the vague convergence. Therefore, it suffices to
prove that, for any non-negative continuous function f on A(I') which is of compact

support, the equality holds.
For any n € N(I") one has

N ICa R - YR (et}

y€ln y€lz, ,nA(T)
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Note that the right hand side of the inequality is the n™™ Riemann sum of the function
f on the convex set A(I"). Therefore one has

1
lim  — f@ly) = / f)dy,
neN(), n—+oco 1K yerz;m(r) AT)

which implies

lim sup Z f(n™ly) </ f(y)dy.

nEN(r),nH#»OO yel"n

Moreover, if g is a continuous function on A(I') whose support is contained in A(T")°
(the relative interior of A(I') in A(T")) and which is bounded from above by f, by
Proposition[6.3.6][(3)] for sufficiently positive n one has

D sy =) ey,

yel'z ,,NnA(T) yel'y

Hence one has

1
lim inf Zf(n‘17)> lim g ly) = /A . g(y)dy.

neN(T), n—+co n YT, neN(T), n—+co I’lK YT,

Since the restriction of the function f to A(I')° can be written as the limite of an
increasing sequence of continuous functions with support contained in A(T")°, by the
monotone convergence theorem, one has

lim inf Z finly) > / fy)dy.

neN(T), n—+oo nK yeT,

Finally, since the border of A(T") has Lebesgue measure 0, we obtain the desired
result. =

Definition 6.3.9 Let I" be a graded semigroup in V. The dimension of the affine
space A(T) is called the Kodaira dimension of T.

Corollary 6.3.10 We keep the notation and the hypotheses of Theorem For
any convex subset C of A(T') one has

. card(I', N nC)
lim _—

neN(), n—+oo nx

= 75r(C), (6.10)

where « is the Kodaira dimension of T

Proof Let C° be the relative interior of C in A(T"). If C° is empty, then one has
nr(C) = 0. Moreover, for n € Ny, one has card(I',,,z N nC) = o(n*) since I',, 7 is a
translation of a lattice (see Proposition [6.3.6). Therefore, one has
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lim card(l,, N nC) _0o

neN(), n—+oco nk

In the following, we assume that C° is not empty. Let K be a compact convex
subset of C°. We can find a function f € C.(A(T")) with O < f < ¢, f|lgk = 1. Then
one has

Ve N(T), card(T, N nC)
nK

> [ s,
A(T)
which leads to (by Theorem[6.3.8))

M S /A . F(x)nr(dx) > nr(K).

lim inf
neN(l), n—+co n

Since K is arbitrary, we obtain

L card(T',, N nC)
liminf ——=
neN(T), n—+co nk

> nr(C°) = nr(0).

In particular, if C is not bounded, then

. card(I',, N nC)
neN(ll},Hnl—Hoo n—K B UF(C) = teo
In the following, we assume in addition that the convex set C is bounded. Denote
by C the closure of the convex set C. It is a conex and compact subset of A(I'). Let
K be a compact subset of A(T") such that the relative interior of K contains C. For
any non-negative function g € C.(A(T")) with support contained K and such that
0<g<1,glc=1,onehas

I, N
v en(e), S0 AnC) " n0) /

g(x) nr n(dx).
A()

By Theorem[6.3.8] we obtain

. card(I;, N nC)
limsup ————— <
neN(), n—+co n

/ () ne(dx) < () < e (K).
AD)

Since K is arbitrary, we obtain

. card(T', N nC)
limsup ———— <
n—+oo n

/ ¢() nr(dx) < 7e(©).
A(D)
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6.3.3 Concave transform

Let V be a finite-dimensional vector space over R and I" be a graded semigroup in
V such that I'z is discrete. We suppose given a map ¢ : N5; — R such that §(n)/n
tends to O when n — +oo0.

Definition 6.3.11 Let g : I’ — R be a function. We say that the function g is strongly
&-superadditive if for any ¢ € N5, and for all elements (n1,7y1),. . .,(ng,ye) in I, one
has

¢
g+ +npyi 4+ +ye) 2 Z(g(ﬂi,)’i) —0(n;)). (6.11)
i=1
The purpose of this subsection is to prove the following result.
Theorem 6.3.12 Let T be a graded semigroup in V. We assume that Iz is discrete

and that A(T') is compact. Suppose given a function g on I which is strongly &-
superadditive for certain function 6 : N1 — R such that

lim ®=

n—+oco n

0.

For any n € N(I'), let v,, be the Borel probability measure on R given by

VieC®, [ fomn- ﬁ(r); 7 (Ssnn)

The the sequence of measures {vy,}nenr) converges vaguely to a Borel measure vr
on R. Moreover, vr is either the zero measure or a probability measure, and in the
latter case the sequence {v,}nen) actually converges weakly to vr (see Theorem
and there exists a concave function Gr : A(I')° — R such that vr identifies

with the direct image of
1

— T
nr(A(I))
by the map Gr.

Proof We introduce an auxiliary function g on I' taking values in R U {+oo} as

follows:

Vuerl, )= limsup S0 (6.12)

n—+oo n

Note that the sequence defining g(u) is bounded from below and hence the sup
limit does not take the value —co. The proof of the theorem is decomposed into the
following steps.

Step 1: The sup limit in the formula (6.12)) is actually a limit. This follows from
the following generalisation of Fekete’s lemma (the case where §(n) = 0 for all n):
let {a, }»>1 be a sequence in R such that, for any ¢ € N3, and for all ny,...,ne in
N, one has
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13
iy > ) (an, = 0(ny),
i=1

then the sequence {a, /n},>| converges in RU {+oo}. In fact, if p is an integer, p > 1
andifm e N, r € {1,...,p} one has

Amp+r = Map + a, — moé(p) — 6(r),

and hence
Amp+r S m a ay mé(p) + 6(r)
p - .

Z
mp +r mp +r mp +r mp +r

Therefore 5
a
liminfa—n > -2 _ @
n—+co n p p
In particular, liminf, .« a,/n > a; — §(1) > —oco. Moreover, this inequality also
implies that
ap  6(p)

. . ~0pn . . ap
liminf — > limsup (— — —= ) = limsup —,
n—o+c0 n p—+oo N P p—+oo P

which leads to the convergence of the sequence {a, /n},s.
Step 2: Some properties of the function g. Let u; = (n1,7y1) and up = (np,7y2) be
two elements of I'. For any n € N one has

gn(uy +uz)) > glnuy) + g(nuz) — 6(nny) — 6(nny)

and hence

g +w)) _ glnuy)  gluy) _ 6(nmy) + 6(nna)
n ~oon n n ’

By taking the limit when n — +oco, we obtain g(u; + up) > g(u;) + g(uz). In other
words, the function g is superadditive.
Let (n,7y) be an element of I'. Note that for any N € N, one has

g(Nn,Ny)

N > g(n,y) — o(n).

By taking the limit when N — +co, we obtain

gn,y) > g(n,y) - o(n). (6.13)

Step 3: Construction of the function Gr. For any t € R, let I'” be the set of all
(n,v) € T such that g(n,y) > nt. It is actually a sub-semigroup of I' since g is
super-additive. Note that {I'"’ };cp is a decreasing family of sub-semigroups of I" and
hence {A(I'")},cr is a decreasing family of closed convex subsets of A(T"). We define
the function Gr : A(I') — R U {+o0} as follows:

VxeAT), Gr(x)=sup{teR : xe A"}
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By definition, if ¢ is a real number, then Gr(x) > ¢ if and only if x € (., A(I'*). We
claim that the function Gr is concave. In fact, since the function g is super-additive,
we obtain that, if s and ¢ are two real numbers and if € € [0,1] N Q, for u € I'* and
v € T one has

N(eu + (1 — e)v) € Tes*i-er,

where N is an element in N such that Ne € N. Therefore one has
eA(T®) + (1 — )A(T') € A7),

In general, if we choose a sequence {¢, } of rational numbers such that lim,,,« €, = €
and €,5 + (1 — €,)t > es + (1 — €)t for all n, then

an(rS) + (1 _ €n)A(rt) C A(ans+(1—6,l)t) C A(I—*ES+(1—€)I‘)’

and hence eA(I™) + (1 — €)A(I'") € A(I¢s+(1-€)") Combining with the definition of
the function Gr, we obtain the concavity of Gr. In particular, the restriction of the
function Gr to A(T')° is either finite or identically +co, and it is a continuous function
on A(T")° when it is finite.

Step 4. Abundance of ;. Let ¢ be an element of R such that # < sup,.c ) Gr(x).
We will prove that I, = I'z (and hence A(I") = A(T)). Note that I'z is finitely
generated because I'z is discrete. Let u; = (n;,7y;), i € {1,...,£} be a family of
elements in I' which forms a system of generators in I'z. Since 7 < sup, zr) Gr(x),
there exists € > 0 such that I'"*€ is not empty. Let uy = (n9,7o) be an element in
I'"*€, By definition, one has g(ug) > no(z + €). Therefore, for sufficiently positive
integer p, one has

Vie {1, .. .,f}, §(pu0 + ui) > p’g'(uo) + g’(ul) > (pno + ni)t,

namely pug + u; € I foranyi € {l,...,¢}, which leads to l"% =TIy.

Step 5: Lower bound of the function g. We fix a (closed) fundamental domain
F of the lattice I'z o (see Proposition [6.3.6][(1)). For n € N(T'), we call an n-cell in
A(T),, any closed convex subset of A(I'),, of the form yy + F, where vy is an element
in I'z ,. We say that a compact subset K of A(T') is n-tileable if it can be written as
a union of n-cells in A(T'),,. Note that, if K is n-tileable, then, for any integer p > 1,
the set pK is pn-tileable since pF' can be written as the union of p* 0-celles.

Let ¢ be a real number such that # < sup, ) Gr(x), and € be a positive real
number. Let m > 1 be the generator of the group Z(I'). Suppose given a compact
subset K of A(T'")°. We assume that there exists an integer n € N(I') such that nK is
n-tileable.

By Proposition [6.3.6][3)] there exists an integer ng € Ns; which verifies the
following conditions (in the condition [(2)] we also use the result of Step 4 to identify

Coing.z With T _):

(1) mngK is mny-tileable;
(2) mnK N Tz CT7, forany n € N, n > no;
(3) for any integer g > mny, 6(q)/q < €/3.
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For simplifying the notation, in the following we denote by ® the set mngK NIy, 7.
Note that the condition |(2)| implies that g(mng,y) > ¢ for any y € ©. Therefore by
the definition of the function g and the finiteness of the set ®, we obtain that there
exists an integer Ny divisible by ng such that

(6.14)

W m

1
——g(mNo, (No/no)y) = t -
mNy

for any y € ©.

Let N be aninteger, N > ng. Let @ be an elementin mNKNT,y and x = (ng/N)a.
Since mnoK is mny-tileable, there exists an mng-cell C such that x belongs to C. We
write C as yg + F with yg € T',p,. Let {ey,. .., e} be the basis of I'z defining the
fundamental domain F. Then the point x can be written in a unique way as

K
xX=1y+ Z Aiei,
i=1

where
Vie{l,...,k}, A; €][0,1].

Moreover, since N(x — yp) = npa — Nyo € I'o.z, we obtain that NA; € Z for any
i € {1,...,«}. Without loss of generality, we may assume that A; > ... > A.. Then
Wwe can rewrite x as

K
X = Z(/li = Aiv1)vis
i=0
where by convention 49 = 1, A, = 0,and fori € {1,...,k},yi =yo+e1+---+e;.
Note that vy, ...y, are vertices of the mng-cell C, hence belong to ®. For any
i €{0,...,«}, let b; be the integral part of

N
— (A = Aiy1).
no

One has

N—(K+1)n0+l<n02bi < N.
i=0

Therefore, we can write a as
K
a = Z bi’yi + ﬂ/,
i=0
where 8 € I',,».z N mr'K, with

r':N—nOZbi €{0,...,(k+ Dng — 1}.
i=0
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Note that we have assumed that N > ng. Therefore, if r’ < ng — 1, then there exists
at least an indice b; which is > 0. In this case, we replace 8’ by 8’ + y; and b; by
b; — 1. Thus we obtain the existence of a decomposition of @ into the form

K

a=Zam+ﬁ

i=0
with a; € Nfori € {0,...,«}, and B8 € I,y z N mrK with
r € {ng,...,(k+ ng — 1}.

The advantage of the new decomposition is that 8 actually belongs to I, (see the
condition [(2)] above). Finally, we write each a; in the form a; = p;Ny/ng + r; with
pi € Nand r; € {0,...,Nyg/ng — 1}. Then we can decompose « as

K
a= Zpi(No/no)% +w,
i=0

where
K

w=ﬁ+2r,-yi.

i=0

The element w belongs to certain I, N msK with
s € {ng,...,(k + 1)Ny — 1}.

Hence by (6.11)) and (6.14) one obtains

g(mN,a)
mN
1 X K
> N ( ;Pig(MNo, (No/no)y;) + g(ms,w) — 5(mNy) ;pi - 5(ms)) (6.15)
NoP : P 5
s NoP( yzy 4 8@ P s gy - 2ms)
N mN mN N
where
P = 4o+ — N-s
=Po Pk = N()
Therefore we obtain
lim inf inf M >t— %’
N—+o00 aemNKNT N mN 3

where we have used the condition (3) above to obtain

P6(mNo) N —s 0(mNy) < N-s €

mN N mNy N 3
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Therefore, there exists an integer N’ depending on ¢, € and K such that g(mN,a) >
mN(t — €) forany N > N’ and any @ € [,y N mNK.

Step 6: Convergence of measures. We now proceed with the proof of the con-
vergence of the measures. We first consider the case where Gr is identically +oo
on the interior of A(T"). Let f be a non-negative continuous function with compact
support on R and #yp € R be a real number which is larger than the supremum of the
support of the function f. Let K be a compact subset of A(T")°. By the results in Step
5, we obtain that, there exists ny € N such that, for any n € N(I'), n > ng and any
a € T, NnkK, one has g(N,a) > nty. Hence

/Rf(mn(dr) < (%”(F\SI{))M: (1- %) ’

where M = sup,p f(¢). By Corollary|6.3.10} one has

card(I', N nkK) nr(K)
im = .
neN(), n—+oo  card(l’,;) nr(AT))

Since K is arbitrary, we obtain

li t dr) = 0.
neN(r%,III}—?-FOO‘/Iij( )Vn( )

In the following, we assume that the function Gr is finite. In this case, the direct
image vr of nr(A(T"))"'5r by Gr is a Borel probability measure on R. We denote by
F its probability distribution function, namely

. _ oA
VieR, F()=vr(-eor]) = 1 - - 7w
By Corollary[@ one has
F=1- fm ST 0nA0D) (6.16)

neN(T), n—+oo card(T;,)

The function F is continuous on R, except possibly at the point sup, ¢z Gr(x) (the

discontinuity of the function F happens precisely when the function Gr is constant

on A(T")°). For any n € N(I), let F;, be the probability distribution function of v,,.
If (n,y) is an element of T, then one has

gny) _ gny) o)
n ~ n n ’

Ginly) >
where the second inequality comes from (6.13)). Therefore we obtain
VieR, {(ny) el : Gn™'y) >1-6m)/n} 2 {(ny) €T : gln,y)/n > 1},

which implies (by (6.16))
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Ve>0, 1- liminf F,t)<1-F(@-e¢). (6.17)

neN(T), n—+o0

Conversely, for any ¢ € R, any € > 0 and any compact subset K of A(I'"*€)° (the
relative interior of A(I'"*€) with respect to A(T')), by the result obtained in Step 5,
we obtain that, there exists Ny € N such that, for any n € N(I'), n > Ny, one has

Vyel,nnK, g(ny)>nt.
Therefore, we get

Ve>0, 1- limsup F,(t)>1-F(@+e). (6.18)

neN(), n—+co

The estimates and (6.18) lead to the convergence of { F;,(f)}nen to F(¢) ift € R
is a point of continuity of the function F', which implies the weak convergence of the
sequence {Vy, }nen(r) to vr (see [121) §1.4] for more details about weak convergence
of Borel probability measures on R). O

Definition 6.3.13 Let I' be a graded semigroup in V such that I'z is discrete, and
g: I —» Rand 6 : Ny; — R be functions. We say that the function g is J-
superadditive if for all elements (ny,y) and (ny,7y,) in I', one has

g(m +na,y1 +y2) > g(ny,y1) + g(na, y2) — 6(ny) — 6(na2). (6.19)

Lemma 6.3.14 Let 6 : Ny — Ry be an increasing function such that

2a
D % < +oo.
aeN
Then one has s
im 3% _ o (6.20)
n—+oo n
and
1 & .
Jim Z{; 5(2%) = 0. 6.21)

Proof Forn € Ny, let a(n) = |log, n]. One has 29" < n < 240*1 Hence

@ B 6(2a(n)+l)

n 2a(m)

By the hypothesis of the lemma, one has

6(2a(n)+1)

- Y%

A et

which implies (6.20).
For any a € N, let
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5(20)
Sa = Z T

ieN,iza

By Abel’s summation formula, one has

2,02 = (S = Suw)2 = So = Sani 2 + ) 527
i=0 i=0 i=1

As the sequence {S, },en converges to 0, one has

a

1 .
lim — ) §;2i71 =0,
a—+co 24 —

which implies the relation (6.21). O

Proposition 6.3.15 Let 6 : Ny; — Ry be an increasing function such that

Z % < +00. (6.22)

aeNz

Let {b,, }nen be a sequence of real numbers. We assume that there exists an integer
ng > 0 such that, for any couple (n,m) of integers which are > ng, one has

bpim = by + by, — 6(n) — 5(m). (6.23)
Then the sequence {b,[n},cn,, converges in R U {+0o}.
Proof We first treat the case where ng = 1. For any n € N one has
bay = 2b, — 26(n),

and hence by induction we obtain that

a-1 i
bran > 2“(bn > 5C ”)). (6.24)

i
i=0 2

In particular, one has

which implies that

b
limsup — > —oco.
n—+o00 N

For any a € N, let

(21
S, = Z o

ieN,iza
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By the hypothesis (6.22)), we have

lim S, =0. (6.25)
a—+oo
Let n € Ns; and let a(n) be the unique natural number such that 24" < n < 2400+1
namely a(n) = |log, n]. Let p be an element in N, which is written in 2-adic basis

as
K

p= Zeﬂi

i=0
with ¢ € {0,1} fori € {0,...,x} and & = 1. For any r € {0,...,n — 1}, by (6.23)
one has
bupsr = bup + by — 8(np) — 6(r) = bpp + by — 26(np). (6.26)

Moreover, by induction on k one has

bup > Z €bai, — 2 Z €6(2'n)

i=0
K K
: 0(2

> &2,y ei(Z’ Z (2]") 26(2in ))

i=0 i=1 j=0

S 6(27n)

> pb, -2 — |

- 52

Jj=0
Since n > 29 we deduce that

bup > by — p2P* 1Sy = pby — PnSa(n) (6.27)

Combining (6.26) and (6.27), we obtain

bupsr _ pbutb, _mp o, Snp)
I’lp+l"/ l’lp+l" np+r aln) np+r'

Taking the infimum limit when p — +co, by (6.20) we obtain

b b
liminf =2 > 22 — a(n)s

which implies, by (6.23), that

lim inf b—m > lim sup ﬁ
m=—+eo m n—+oo N
Therefore the sequence {b,,/n}nen,, converges in R U {+oc0}.
For the general case, we apply the obtained result to the sequence { bk }xen., and
obtain the convergence of the sequence {b,k /k }x e, . Moreover, if £ is an element
in {no, . ..,2n9 — 1}, then for any k € N one has
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buyk+2) — bang— + S(nok + €) + 6(2ng — €) = bpgkse = bugk + be — 6(nok) — 5(£).
Dividing this formula by nok + ¢ and taking the limit when £k — +o0, we obtain

bnok-#f — hm bn()k
k—+oo nok + £ k—+00 npk '

Since ¢ is arbitrary, we obtain the statement announced in the proposition. O

Theorem 6.3.16 Let I" be a graded semigroup in V. We assume that Iz is discrete
and that A(T') is compact. Suppose given a function g on I which is §-superadditive
for certain increasing function 6 : Ny — R such that

Z 0% _ oo (6.28)

2(1

aeN

For any n € N(I'), let v,, be the Borel probability measure on R such that

[ romian = = 3 s st

vel

The the sequence of measures {v, }nen(r) converges vaguely to a Borel measure vp
on R. Moreover, vr is either the zero measure or a probability measure, and in the
latter case the sequence {vy },enr) actually converges weakly to vr and there exists
a concave function Gr : A(T')° — R, called concave transform of g, such that vp
identifies with the direct image of

1
(A ™

by the map Gr.

Proof The proof is very similar to that of Theorem We will sketch it in
emphasising the difference. Let u = (£,7) be an element in I, where £ > 1. Since
the function g is §-superadditive, for any pair (n,m) € N5 one has

g((n+mu) > g(nu) + g(mu) — 6(n€) — 6(mé).

Moreover, if we let b be an integer such that £ < 27, then, by the increasing property
of the function 6, one has

5(24¢ 5(24+b
Z ( ) Z (2a+b)

aeN

By Proposition [6.3.15} for any u € T, the sequence {g(nu)/n},cn,, converges in
R U {+o0}. We denote by g(u) the limite of the sequence. Moreover, the convergence
of the series ),y 6(2%)/2¢ implies that
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. 6(29)
lim

a—+oo 2“

=0.

Still by the hypothesis that the function §(-) is increasing, we deduce that

lim @ =0.
n—+co n

Therefore, by the same argument as in the Step 2 of the proof of Theorem|[6.3:12] we
obtain that the function g is superadditive, namely, for any pair uy, u; of elements in
T", one has

glu +uz) > glur) + g(ua).

Moreover, for any (n,7) € I' and any a € N5 one has

a-1

g(2%n,2%) > 2%(n,y) — Z 29471 5(21n). (6.29)
i=0

Let b(n) = |log, n] + 1. One has 2b-1 ¢y < 260D et
0 2
R(I’l) 2b(n) Z ( )
i=b(n)
Note that one has

. R(n)
lim —=

n—+oo n

=0
by the hypothesis (6.28). By the increasing property of the function & one has

6(2 +b(n))
+b(n)
§ 2471521 p) < 29100 § e < 2R0).

Therefore the inequality (6.29) leads to

g(n,y) > g(n,y) — R(n).

We then proceed as in the Steps 3-6 of the proof of Theorem [6.3.12] except that
in the counterpart of the minoration (6.15) we need more elaborated estimate as in

©27. o

Remark 6.3.17 We keep the notation of the proof of Theorems [6.3.12] and [6.3.16]
By virtue of [26, Lemma 1.6] (see also [43]]), we obtain that, for any real number ¢
such that

. g . n
t< lim max ——= = lim max g(_,)/),
neN(), n—+ooyely, n neNT),n—»+coyel, N

the set {x € A(T')° : G(x) > t} has a positive measure with respect to nr (and hence
is not empty). In particular, we obtain
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sup G(x) = lim maxg(n’ v)
xeA(T)° neN(T), n—+ocoyel, n

(6.30)

6.3.4 Applications to the study of graded algebras

Let d > 1 be an integer. We call monomial order on Z¢ any total order < on Z¢ such
that 0 < « for any @ € N and that o < o’ implies @ + 8 < @’ + 8 for all @, o’ and
B in Z4. For example, the lexicographic order on Z¢ is a monomial order.

Given a monomial order < on Z¢, we construct a Z4-valuation

v k[Th,....Ta] — Z% U {oo}

as follows. Forany a = (ay,. . .,aq) € N¥ we denote by T the monomial - T;".
For any formal series F' written as

F(Th,...,Ty) = 1,7 + Z TP, 2, #0,
a<p

we let v(F) := a. If F = 0 is the zero formal series, let v(0) = co. It is easy to
check that the map v satisfies the following axioms of valuation : for any (F,G) €
k[[T1,...,T4]%, one has v(FG) = v(F) + v(G) and v(F + G) > min(v(F),v(G)), and
the equality v(F + G) = min(v(F), v(G)) holds when v(F) # v(G). In particular, if
we denote by R the fraction field of k[[T1,...,T4]l, thenthe map v : k[T},...,T4]] —
Z4 U {co} extends to a map v : R — Z< U {co} such that, for any (F,G) €
k[Ty,...,T4]] with G # 0, one has v(F/G) = v(F) — v(G). The valuation map
v: R — Z4 U {co} allows to define a Z¢-filtration G of R as follows

VaeZ? GsoR) :={f€R :v(f)>al.

Note that for (f,g) € R? one has v(fg) = v(f)+v(g) and v(f +g) > min(v(f),v(g)).
Therefore, for (a, 8) € Z¢ x Z¢ one has

G>a(R) - G>p(R) C Gza+p(R). (6.31)
For any a € 74 we let
G>a(R) :={f € R : v(f) > a} and gr,(R) := G>a(R)/G>a(R).

The relation (6.3T) shows that the k-algebra structure on R induces by passing to
graduation a k-algebra structure on

er(R) = (P er, (R)

a€Z

so that gr(R) is isomorphic to the group algebra k[Z¢].
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LetV, = @B, iy Vo be a graded sub-k-algebra of the polynomial ring R[T'] (viewed
as a graded k-algebra with the grading by the degree on T). The filtration G on R
induces an Z¢-filtration on each homogeneous component V,,. The direct sum of
subquotients of V,, form an N x Z?-graded sub-k-algebra

gV)= P gpm®)

(n,a)eNxZ4

of gr(R)[T] = k[N x Z4]. In particular, gr(V,) is an integral ring, and each homo-
geneous component gr, ,(V.) is either zero or a k-vector space of dimension 1. In
particular, the set

T(V.) = {(na) € N>y xZ0 ¢ gr, o)(V.) # {01}

is a sub-semigroup of N x Z¢, called the Newton-Okounkov semigroup of V. The
algebra gr(V,) is canonically isomorphic to the semigroup k-algebra associated with
['(V.). Denote by A(V.) the closure of the subset

{(nla : (n,a)e(V.)}

of R?, called the Newton-Okounkov body of V,. Let A(V,) be the affine subspace of
R4 the canonical projection of I'(V,) N ({1} x R¢) in R?. By Proposition A(V,)
is a closed convex subset of A(V,). Moreover, the relative interior of A(V,) in A(V,) is
not empty. The dimension of the affine space A(V,) is called the Kodaira dimension
of the graded linear series V..

Proposition 6.3.18 Let V, = (P, . Vi be a graded sub-k-algebra of the polynomial
ring R[T]. One has

dimg (V,,) _
—

lim vol(A(V.)),

neN(V,), n—+oo
where N(V,) is the set of n € N such that V,, # {0}, « is the Kodaira dimension

of V., and vol(-) is the Lebesgue measure which is normalised with respect to the
semi-group T'(V,) as in Definition[6.3.7}

Proof 1t is a direct consequence of Corollary [6.3.10] mi

Definition 6.3.19 Let V, be a graded sub-k-algebra of R[T'] such that V,, is of finite
dimension over k for any n € N.

(a) We say that V, is of subfinite type if it is contained in a graded sub-k-algebra of
R[T] which is of finite type (over k).

(b) We call R-filtration on V, any collection ¥, = {F, }nen, Where ¥, is an R-
filtration on V,,.

(¢c)Let 6 : Ny; — Ry be a function. We say that an R-filtration ¥, on V, is
strongly 6-superadditive if for any £ € Ny and all (ny,...,n,) € N‘;l and
(t1,...,t¢) € RY, one has
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t t ti+ette=8(ny)—---=8(ne)
7:n]l(v"l)'”7_;!/,[(‘/”1?) < ﬂ:+~~~+nf[ 1 ‘ Vg4 tng -

We say that the R-filtration 7, is d-superadditive if the above relation holds in the
particular case where ¢ = 2, namely, for any (n1,n;) € Ni] and any (¢1,1;) € R?

-5(np)-6
Fobt V)T Vis) € Tl o Vo,

In the following theorem, we fix a graded sub-k-algebra V, of subfinite type
of R[T], which is equipped with an R-filtration #,. We suppose in addition that
NWV,):={neN :n>1,V, # {0}}is not empty. For each n € N(V,), let P,, be
the Borel probability measure on R such that, for any positive Borel function f on
R, one has

dimy (Vi)

1 —~
[ropn = s AT

where ||-||#, is the norm on V, associated with the R-filtration 7, (see Remark

Theorem 6.3.20 Let 6 : N5 — Ry be an increasing function. We suppose that, ei-
ther F, is strongly §-superadditive and lim,_, .o, §(n)/n = 0, or F, is 6-superadditive
and 3 ,en 0(24)/24 < +oo. Then the sequence of measures {Py},en(v.) converges
vaguely to a limite Borel measure P#, on R, which is the direct image of the uniform
probability measure on A(V.)° by a concave function G, : A(V.)° — R U {400},
called the concave transform of F.. Moreover, Py, is either the zero measure or a
probability measure, and, in the case where it is a probability measure, {P, }nen.)
also converges weakly to P,.

Proof Let I'(V,) be the Newton-Okounkov semigroup of V,. Since V, is contained
in an N-graded sub-algebra of finite type of R[T], the group I'(V,)z is discrete and
the Newton-Okounkov body A(V.) is compact. For any y = (n,a) € I['(V.), let ||-]l,
be the subquotient norm on gr, (V.) induced by ||-||#, and let g#, (y) be the Arakelov
degree of (gr,(V.), |||ly)- Since the R-filtration ¥, is strongly J-superadditive (resp.
d-superadditive), the function g# on I'(V,) is strongly §-superadditive (resp. d-
superadditive). Moreover, by Proposition[5.1.2J(7)] the sequence of successive slopes
of (Vu, |I-ll#,) identifies with the sorted sequence of {g# (n,@)}qer(v.), . Therefore
the Borel probability measure P,, verifies

1
HP,(dt) = —— 1 n,a)| .
[roeaan = g 2 flpenm)
Therefore the assertion follows from Theorem[6.3.12] (resp. Theorem[6.3.16). O

Remark 6.3.21 We keep the notation and the hypothesis of Theorem [6.3.20}
(1) By (6.30) we obtain that
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. 1.
sup Gr(x)= lim  —@(V, [l llg,)- (6.32)
xeA(VL)° neN(V,), n—+oo 1

(2) Let m be an integer, we denote by V™ the graded sub-k-algebra of R[T] such
that V,Em) = Vum for any n € N. Then one has

T(V™) = {(n@) € No1 XZ? © grip.o)(V) # {0}}.

Therefore one has A(V.™) = mA(V.). Denote by 7™ the family of filtrations
{Fmntnex on V™ then one has

VxeAV,)°, Gﬁm)(mx) = mG g (x).

In particular, Py_—(m) identifies with the direct image of P, by the dilatation map
(t € R) > mz.

Remark 6.3.22 Let U,, V, and W, be graded sub-k-algebras of subfinite type of R[T].
Suppose that, for any n € N, one has

Uy+Vy,:={x+y :xeU,, yeV,} CW,.

Then, for all n € N and (a, 8) € N such that (n,a) € T'(U.) and (n, 8) € I'(V,), one
has (n,a + B) € I'(W,). Therefore, A(U,) + A(V,) C A(W,).

Assume that the graded sub-k-algebras U., V, and W, are equipped with R-
filtrations 7V, 7.V and F.," respectively. Let 6 : N5; — Ry be a map. We suppose
that, either 7.V, 7.V and 7,V are strongly -superadditive and lim,,_, o, 6(n)/n = 0,
or 7V, FV and FV are 6-superadditive and ¥,y 6(24)/2¢ < +00. Let € : Ny —
R0 be a map such that lim,,_, ;. €(n)/n = 0. Suppose that, for any n € N, and any
(t1,12) € R?, one has

7_-U,t| (Un) . TV’IZ(Vn) c /@nW,tlthQfe(n)(Wn).

Then, for all (n,m) € N2, and (e, 8) € N such that (n,@) € T(U.) and (n, 8) € T(V.),
one has
ggu (mn,ma) + ggv (mn,mp) < gzw (mn,ma + mp) + e(mn).

Dividing the two sides of the inequality by m, by passing to limit when m — +oo,
we obtain that

ggu(n,@) + ggv (n,B) < ggw (n,a + ).
Therefore, for (x,y) € A(U,) x A(V,), one has

Gru(x) + Gav(y) < Ggw (x + ).
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6.3.5 Applications to the study of the volume function

Let S = (K,(Q,A,v),¢) be a proper adelic curve such that, either the o-algebra A
is discrete, or there exists a countable subfield of K which is dense in all K,,,, w € Q.

Definition 6.3.23 Let Cy be a non-negative real number. We say that the adelic curve
S satisfies the tensorial minimal slope property of level > Cy if, for any couple (E, F)
of adelic vector bundles on S, the following inequality holds

ﬁmin(E Be,n f) > ﬁmin(E) + ﬁmin(f) - Cp In(dimg (E) - dimg (F)). (6.33)

Recall that we have proved in Corollary [5.6.2] that, if the field K is of characteristic
0, then the adelic curve S satisfies the tensorial minimal slope property of level
> 3v(Qu).

2 00

We let R = Frac(K|[[Ty,...,T4]]) be the fraction field of the K-algebra of formal
series of d variables T1,...,T; and we equip 79 with a monomial order < and R
with the corresponding Z9-filtration as explained in Subsectionm

Definition 6.3.24 We call graded K-algebra of adelic vector bundles with respect
to R any family E, = {(E,,&,)}nen of adelic vector bundles on S such that the
following conditions are satisfied:

(@ E.=@, e EnT" forms a graded sub-K-algebra of subfinite type of the poly-
nomial ring R[TT;

(b) for any n € N, the norm family &, is ultrametric on Q \ Q;

(c) assume that &, is of the form {||-|[n.w }wea, then, for all w € Q, (n1,n2) € Ni],
and (s1,52) € En k., X En, k., > ONE has ||sq - 52||n|+nz,w < ||sl||n],w : ”SZan,w-

Proposition 6.3.25 Assume that the adelic curve S satisfies the tensorial min-
imal slope property of level > C, where C is a non-negative constant. Let
E. = {(En,&)}nen be a graded K-algebra of adelic vector bundles with respect
to R. For any n € N, we equip E,, with the Harder-Narasimhan R-filtration F,. Then
the collection F, = {Fn}nen forms an R-filtration on E, which is §-superadditive,
where & denotes the function Ny1 — Ry sending n € N3 to CIn(dimg (E,)).

Proof Let n; and n; be elements of N ;. By the condition [(c)]in Definition [6.3.24]

for any w € Q and sgl) ® sgl) + sgN) ® s(zN) € En, k, ®k, En,.k,.one has

1. N) (N
lsi"s5” + -4 5755 g o

_ maxicq, il o - 1Y o @ € 2\ Q.
< : :
NS Mo - 155 o w € Q.

Therefore, the canonical K, -linear map E,, k, ®«k, En,.k, — Enj+ny.x, is of
operator norm < 1. Let F; and F> be non-zero vector subspace of E,, and E,,,
respectively, and let G be the image of F| ®x F, by the canonical K-linear map
En, ®k En, — Epyyin,y. By Proposition [d.3.3T][(2)} one has
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Fimin(G) > fimin(F1 ®¢x F2)
> fmin(F1) + fimin(F2) = C(In(dimg (F1))) — C(In(dim (F)))
> Fin(F1) + Amin(F2) = C(n(dimg (Ey, ) — C(In(dim (Ep,))).

where the second inequality comes from (7.I). By Proposition f.3.46] we obtain
that, for any (t;,72) € R?, one has

Fal(Emy) - ot (Eny) € Tt i 0O By ).
The proposition is thus proved. O

Corollary 6.3.26 Let E. = {(En,&n)}nen be a graded K-algebra of adelic vector
bundles with respect to R. We assume that N(E,) does not reduce to {0} and we
denote by q € N a generator of the group Z(E,). Suppose in addition that

In(dimg (Epag))
— T < 4

% (6.34)

aeN,24geN(E,)

For each n € N(V,), let P,, be the Borel probability measure on R such that, for any
positive Borel function f on R, one has

dimg (E,,) _
> FGEE).

i=1

/]R FORA) = s

Then the sequence of measures {P,}nenE,) converges vaguely to a limite Borel
measure Pz , which is the direct image of the uniform distribution on A(E.) by a

concave function Gg_ : A(E.) = R U {+0o0}. Moreover, the limite measure is either
zero or a Borel probability measure, and in the latter case the sequence {Py,},en(E.)
also converges weakly 1o Pg .

Proof This is a direct consequence of Proposition[6.3.25]and Theorem[6.3.20] O

Remark 6.3.27 We keep the notation and the conditions of Corollary [6.3.26] We
suppose that {% H1(En)}nenv.), n>1 is bounded from above. Then the limit measure
Pz, is a probability measure. The weak convergence of {Py },ene.) to Pz, implies
that

dimg (E;,)
>, max{(En),0}
i=1 (6.35)

1
lim —
neN(E,), n—+oo ndimg (En)

/ max{z,0} P (d)
R

d/e\g+(En)
neN(E,), n—+oo ndimg (En) )

If in addition the sequence {% ﬁmin(En)}n eN(V.), n>1 is bounded from below, then one
has
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l dimK<En)
tPx (dt) = li —_— i1;(E,
‘/Rj E'( ) nEN(E.l)I,I}'l—Hoo n dlmK(En) Z H ( )

- i=1 (6.36)
neN(E,),n—+c0 N

Proposition 6.3.28 Let

g. = {(Una{”'”Un,w}weQ)}neN,
K- = {(Vn,{”'”Vn,m}meﬂ)}neN,
W. = {Wn Al 0 twea) nen

be graded K-algebras of adelic vector bundles with respect to R. We assume that

In(dimg (Wag))

a < 400, (6.37)

a€N, 24 geN(W,)

where q € N is a generator of the group Z(W,). Suppose that, for any n € N one has
U, -V, W, and

Vw € Q, V(s,5") € Uk, XVik,s  NIss'W,w < lIsllv,.e - 15"V, 0. (6.38)
Then, for any (x,y) € A(U,) X A(V,), one has
Gyw.(x +y) > Gy (x) + Gy (). (6.39)
Proof Denote by 6 : N5 — Ry the function sending n € N5 to
C In(dimg (Uy)) + C In(dimg (V,,))

Let n € N, n > 1. Suppose that E is a non-zero vector subspace of U, and F is
a non-zero vector subspace of V,,. Since the adelic curve S satisfies the tensorial
minimal slope superadditivity of level > C, one has

ﬁmin(E ®a,7r f) > ﬁmin(E) + ﬁmin(F) - 5(")

Moreover, by (6.38) the canonical K-linear map E ® F — W,, has height < 0 if we
consider the adelic vector bundles E ®; . F and (W, {|||lw, .« }wea. Therefore, if
we denote by FU, 7Y and F, the Harder-Narasimhan R-filtrations of U,,V, and
W, respectively, then, for any (,7’) € R,

7_~nU,t(Un) . 7:nV,t’(Vn) c 7_;[W,l+t/—6(n).

By Remark [6.3.22] we obtain the inequality (6.39). m

Remark 6.3.29 Let V, be a graded k-algebra. We say that V, is of subfinite type if
it is contained in a graded k-algebra of finite type. It is not true that any integral
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graded k-algebra of subfinite type can be identifies as a graded sub-k-algebra of the
ring of polynomials (of one variable) with coefficients in the fraction field of the
formal series ring (with finitely many variables) over k since the latter condition
implies that V, admits a valuation of one-dimensional leaves and in particular V, is
geometrically integral. We refer to [45, Remark 5.3] for more details. Moreover, the
combination of the methods in [43] §4] and [45] §5] allows to obtain a generalisation
of Corollary [6.3.26] and Proposition [6.3.28] to the case of graded algebras of adelic
vector bundles whose underlying graded k-algebras are integral domains of subfinite
type over k. Note that the R-filtration by slopes of a graded algebra of adelic vector
bundles is not necessarily superadditive and we need an argument similar to the Step
2 in the proof of Theorem [6.3.12]in order to replace the R-filtration by slopes by a
superadditive R-filtration while keeping the asymptotic behaviour of the distribution
of average on the jump points of the R-filtrations. The approach can serve to remove
the hypothesis that the scheme X admits a regular rational points in Theorem [6.4.6|
and Theorem

Definition 6.3.30 Let C; be a non-negative real number. We say that the adelic curve
S satisfies the strong tensorial minimal slope property of level > C if, for any integer
n € N, and any family {E; }, of non-zero adelic vector bundles on S, the following
inequality holds

n

ﬁ(El ®.9,7r e ®£,7r Fn) 2 Z (ﬁmin(Ei) - Cl ln(dimK(Ei))) .

i=1

Note that Corollary [5.6.2] shows that the adelic curve S satisfies the strong ten-
sorial minimal slope property of level > %V(Qoo), provided that the field K is of
characteristic 0.

Remark 6.3.31 Let C be a non-negative real number. We suppose that the adelic
curve S satisfies the strong minimal slope property of level > C. Let E, =
{(En,&n)}tnen be a graded K-algebra of adelic vector bundles with respect to R. For
any n € N, we equip E, with the Harder-Narasimhan R-filtration ¥,. Then the col-
lection ¥, = {F, }nen forms an R-filtration on E, which is strongly §-superadditive,
where ¢ denotes the function Ny; — Ry sending n € Ny to ClIn(dimg(E,)).
Therefore, by Theorem [6.3.20] if the condition

. In(dimg (E,,))
lim —m8 = =

n—+oo n

0

is satisfied, then the sequence of Borel probability measures {P, },,en(£,), defined by
dimg (Ey,)

1
[10R.0 = s 2 S

converges vaguely to a Borel measure Pz, which is either the zero measure or a Borel
probability measure. In the latter case, the sequence {P,},en(£,) converges weakly
to Pz, . Similarly, the assertion of Proposition @ holds under the condition
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. ln(dimK(Wn))
lim ———MM~ =

n—+oo n

0.

Remark 6.3.32 In the number field setting, Yuan [152} [153] has proposed another
method to associate to each adelic line bundle a convex body which computes
the arithmetic volume of the adelic line bundle. His method relies on multiplicity
estimates of arithmetic global sections with respect to a flag of subvarieties of the
fibre of the arithmetic variety over a finite place, which is similar to [101]]. Note
that in the general setting of adelic curves the set of “arithmetic global sections” is
not necessarily finite and the classic formula relating the volume function and the
asymptotic behaviour of “arithmetic global sections” does not hold in general.

6.4 Asymptotic invariants of graded linear series

In this section, we fix an integral projective K-scheme X and denote by 7 : X —
Spec K the structural morphism. Let d be the Krull dimension of the scheme X.

6.4.1 Asymptotic maximal slope

Let (L, ) be an adelic line bundle on an integral projective K-scheme 7 : X —
Spec K. For any n € Ny, the metric family ng on L®" induces a norm family
{1l llng,, }eweq on the linear series 7r,.(L®") = H(X, L®") which we denote by 7.(ny).
By Theorems [6.1.13| and [6.1.32} the pair (m.(L®"), m.(ng)) forms an adelic vector
bundle on S, which we denote by m.(L®",np). Note that m,.(n¢) is ultrametric
on Q\ Q. We can then compute diverse arithmetic invariants of these adelic
vector bundles. The asymptotic behaviour of these arithmetic invariants describes
the positivity of the adelic line bundle (L, ¢).
Let (L, ) be an adelic line bundle on X. We define

* L@I’l’
V¥ (L, ) = limsup N (L™, ng)) ”90)),

n—+00 n

called the asymptotic first minimum of (L, ¢). Similarly, we define
~asy

1 L(L®",
Hmax (L, @) := lim sup Himax (71( nsﬁ))’

n—+oco n

(6.40)

called the asymptotic maximal slope of (L,¢). Note that all adelic vector bundles
7. (L®", nyp) are ultrametric on Q \ Q. Therefore, by Remark and the fact
that
. In(dimg (H(X, L®")))
lim =

n—+o0o n

0,
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we obtain that
—~asy

1y (. (L™,
A5 (L, @) = lim sup FATHEZn9)

n—+o0o n

(6.41)

Let K be either Z or Q or R. From now on we assume that K = Z or X is normal.
Let (D, g) be an adelic K-Cartier divisor on X. Note that if X is not normal and
K is either Q or R, then HH%(X,D) is not necessarily a vector space over K (cf.
Example . Similarly we can define v;™ (D, g) and i (D, g) as follows:

vi(HY(X,nD),

V?SY(D,g) := lim sup 1 (g ) fng),
n—+o0o n

~asy

. ﬁmax(HO(X’nD)afng)
Hmax(D, g) := lim sup ~ :

n—+oco n

In the case where K = Z,

viY(D,g) = v{¥(Ox(D),gg) and  Imax(D, &) = Hmx(Ox(D), gg),

where ¢, is the metric family of L defined by g.

Proposition 6.4.1 Let (D, g) be an adelic K-Cartier divisor on S. Then one has
v?sy (D, g) < fmx(D,g). The equality holds when S satisfies the Minkowski property
of certain level (see Definition {.3.73)).

Proof By [383), for any n € N, one has

V] (H]%(X, nD), fng) < ﬁmax(HH%(X, nD), fng)~
Therefore v{™ (D, g) < Hmax(D. g).
If the adelic curve S satisfies the Minkowski property of level > C, where C > 0,
then
VI(H2(X,nD),€ng) = fimax(HY(X,nD), éng) — C In(dimg (H(X,nD))).

Since X is a projective scheme, one has

dimg (H2 (X, nD)) = O(n™X)),

Hence 0
In(dimg (Hz. (X, nD
L In@img (HYX DY)
n—+oo n
Therefore vi™ (D, g) > Hmax(D. g). =

Let (D, g) be an adelic R-Cartier divisor on X. Let K be either Q or R. We set
[F(D)={s € K(X)*®z K : D+ (s) > 0},

sup {cfe:ggg (s): se r]g(p)} if TX(D) # 0,

vi%(D,g) =
LE —00 if [X(D) = 0,
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where (cf. Corollary [6.2.13))
deg, (s) = —/an||s||gm v(dw).

Note that v?sy(D,g) = vagy (D g) < agy (D 2).

Proposition 6.4.2 We assume that X is normal. Let (D, g) and (D’,g’) be adelic
R-Cartier divisors on X. Then one has the following:

(D) v 7 ((D,g) + (D', g") > v{"k(D,g) + v{"L (D", g").
2) vagy w(a(D,g)) = avagy (D, g)for alla € K>o

Proof (1) Clearly we may assume that I'7(D) # 0 and I';(D’) # 0. If s € [Z(D)
and s” € TF(D’), then |[ss”|lg+gr < |Isllglls”lg» so that

~log|lsllg —logIs"lly' < ~log llss”llg+g < Vi x(D+D',g +g").

Therefore one has (1).
(2) Clearly we may assume that a > 0 and I';(D) # 0. Then one has a bijective

correspondence (s € I'F(D)) = (s* € I'}(aD)). Moreover, d/e;gfag(s“) = ad/e\ggg (s)
for s € I'Z(D). Thus the assertion follows. O

Theorem 6.4.3 We assume that X is normal. Let (D,g) be an adelic R-Cartier
divisor on X. Ifl"a(D) # 0, then vagy (D g)=v R(D g). In particular, if D is big,

then v?sy(a(D,g)) = av?sy(D,g)for all a € Ry.
Proof By our assumption, we can find ¢ € F&(D). Then the map
ay : TR(D) = TE(D + (¥))
given by s - sy ! is bijective and, for s € TX(D), [Isllg = llay(s)llg-tog 4| SO that
V% (D,g) = vy (D + (), g — log ).

Therefore we may assume that D is effective. Moreover, for an integrable function
@ onQ,

VL(D,g +9) = VLD, g) + / o v(dw),
Q

so that we may further assume that

/ —log|I1llg,, v(dw) =0
Q

For s” € TZ(D), we choose s1,...,s, € K(X)* ®2 Q and ay,...,a, € R such
that s = sla‘ ---s%" and ay,. . .,a, are linearly independent over Q. We set ||x|jo =
[xi] + - + |x| and s* = 57" 53" for x = (x1,...,x) € R’, so that if we

denote (ay,...,a,) by @, then s’ = s*. By Proposition [2.4.18| for any a positive
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rational number ¢, there is a positive number 6 such that if ||@’ — al|lp < ¢ for
@’ € R, then (1 + £)D + (s%) is effective. We choose a basis {wy, .. .,w,} of Q"
such that |lw; —allp < ¢ for all j € {1,...,r}, so that (1 + &)D + (s“) > 0O for
all j. Here we set @ = djw; + - -+ + A,w,. Further, if we define a norm ||-||,, by
[xjwi + -+ + xpwpllw = |x1] + -+ - + x| for xq,...,x. € R, then there is a positive
constant C such that C||-|lo < |||l Note that for any ¢ > 0, there is @’ € Q" such
that if we set @’ = Ajw; + -+ + A/w,, then /lj’. >4 (V) and |l —all, <t
Indeed, for each j, one can find /lj’. € Q such that 0 < /ljf — A; < t/r, and hence
lla” — |l < t. Therefore, we can also choose a sequence {a,}, , of Q" with the
following properties:

() ay, € a+Rypw; + -+ Rypw, foralln > 1.
(i) ||y — a|ln < min{e/((1 + &)n),Cé} foralln > 1.

Since ||a, — allp < 6 by (ii), (1 + €)D + (%) > 0 for all n > 1. Moreover, if we set
a, —a = Z;:l /l;.")a)j, then /l;.") >0 (Yj)and Zizl 5.") < g/((1 + &)n). Therefore,
if we denote £ — (1 + ¢) 2;‘:1 /l;.") by «,, then k,, > 0 and, for each w € Q,

ol g

|sdn |(1+8)gw = |Sa|gwls Ié‘gw

|s<r |

o wr Y -
= 15"l 1™ I o)g,, | erge, ! insr

(n)

a
50 that s g I3 513y, g, I - Therefore,since

/Q 102 157 1+, Y(de) < V(1 + 2)D, )

and «, / —log ||1]lg,, v(dw) > 0, one has
Q

-
[~ 1085l vdw) + Y4 [ =101 s, ()
Q A Q
vip((1+e)D,g)),
so that taking n — oo, we obtain
[ ~1og 5l vide) < VL + o)D)
and hence, as ¢ is a rational number, by Proposition@], (2), one can see
Vin(D,g) < V% oI +&)D.g) = (1+ 8)Vasy (D, g),

which implies v} (D, g) < vi%(D,g), as required. O
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Proposition 6.4.4 Let (D, g) be an adelic K-Cartier divisor on X. We assume that
either K = Z or X is normal. Then one has

ﬁess(D’ g) > ﬁmax(H]%(Xa D), é:g)

In particular,
fless(D, 8) > Himax(D 8)- (6.42)

Proof The second inequality is a consequence of the first inequality because
Hess(nD,ng) = njiess(D, 8).
Let U be a non-empty Zariski open set of X given by

{x e X : X — SpecK is smooth at x and x ¢ Suppg(D)}.

Note that exp(—g,,) is a positive continuous function on U2 for each w € Q and
that, for s € HH%(X ,D)and x € U, one has s € Ox . Let t be a real number such that
Hess(D, g) < t. Then there is an infinite subset A of U(K*) such that A is Zariski
dense in U and hp 4)(P) < t forall P € A.

Let F be anon-zero vector subspace of HH%(X ,D). Thenthereexist Py,. .., PgimF €
A such that the evaluation map

dim F

f:FQg K* — @ k(P;)
i=1

is a bijection. For y € Qu, let P; , be the unique extension of P; € Xgan to (Xgun )j‘(“.
Let [|-|lp, , be a norm of k(P;), given by [|1]lp, , = exp(=gn(y)(u(Pi,y))), where 7

is the canonical map Qgm — Q and p @ (Xg=)y' — X;Ev) is also the canonical
dim F

morphism as analytic spaces. We set & := {|||lp; , }yeaxum- We equip ;2] «(P;)
with the yo-direct sum & = {[|||,}yeQum Of &1,...,&aimF, Where ¢y denotes the
function from [0, 1] to [0, 1] sending x € [0, 1] to max(x,1 — x) (see Subsections
and . Note that, if we denote by {e; ?LTF a basis of EB?:?F k(P;) such
that ¢; € «(P;), then this basis is orthogonal with respect to ||-||,, for any y € Qgan.
By Proposition this basis is also a Hadamard basis with respect to |||, for

any y € Qgu. In particular, one has

dimg (F) dimg (F)

d’eﬁg( D (K(Pi),fi)) = > (P < dimg(Fr.

i=1 i=1
Moreover, for any y € Qac the operator norm of f), is < 1. Therefore, by Proposition
[£318] one has

dimK(F)

~F ~F an 1 1o
AF) = iF @ K™) < o deg D (K(P.&)) <.
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Since F is arbitrary, we obtain [Imax(HH%(X, D),&g) < t. Therefore (6.42) follows
because 7 is an arbitrary real number with 7 > e (L, ¢). O

6.4.2 Arithmetic volume function

We assume that there exists C > 0 such that the adelic curve S verifies the tensorial
minimal slope property.

Definition 6.4.5 Let (L, ¢) be an adelic line bundle on X. We define the arithmetic

volume of (L, ¢) as

— o deg, (m(L®" ny))
vol(L, ¢) := li’llgitlop (@1 D)

We say that (L, ¢) is big if \7(?1(L, ) > 0.

Assume that the K-scheme X admits a regular rational point of X. Then the local
ring Ox p is a regular local ring. By Cohen’s structure theorem of complete regular
local rings [56] Proposition 10.16], the formal completion of Ox p is isomorphic to
the algebra of formal series K[[T1,. . .,T4]|, where d is the Krull dimension of X. If L
is an invertible Ox-module, by choosing a local generator of the Ox_p-module Lp,
we can identify the graded linear series 5, . H (X, L®")as a graded sub-K-algebra
(of subfinite type) of K[[T1,...,T4][T]. We denote by A(L) the Newton-Okounknov
body of this graded algebra (see §6.3.4]for the construction of A(L)). For any n € N,
let r,, := dimg(H°(X,L®")) > 0. By Propositionone has

'n

/ 1dx = lim —,
A(L) rn>0, n—+oo0 Nk

where « is the Kodaira-litaka dimension of the graded linear series €, o H O(X,L®")
(which is also called the Kodaira-litaka dimension of L). In particular, if L is a big
line bundle, namely

vol(L) := lim sup —2— > 0,

n—+o0o nd/d'

or equivalently, x = d, one has

vol(L) = d!/ 1dx.
A(L)

If (L, ¢) is an adelic line bundle of X, then the family {(7.(L®",n¢))},en forms
a graded K-algebra of adelic vector bundles with respect to Frac(K[T1,...,T4])
(see Definition . For any n € Ny such that r,, := dimg(H?(X,L®")) > 0,
let P(z,),» be the Borel probability measure on R such that, for any positive Borel
function f on R, one has
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[ 1OF @ttt = 2 3 G L)
=1

Theorem 6.4.6 Assume that the scheme X admits a regular rational point. Let
(L, @) be an adelic line bundle on X. For any n € N, let r,, = dimg (H(X, L®")).
Assume that there exists n € Ny such that r, > 0. Then the sequence of measures
{P(L.p).ntneN, 1, >0 converges weakly to a Borel probability measure Py ,, which is
the direct image of a concave real-valued function G,y on A(L)°. In particular, if
(L, p) is big, then the invertible Ox-module is big. Moreover, in the case where L is
big, the sequence

deg. (m.(L®",ng))

nd+l/(d + 1)!

, neN, >0 (6.43)

converges to \7(;1(L, ©), which is also equal to

(d + D)vol(L) / 1P p)(dr) = (d + 1) / max(Gr4)(x),0)dx.  (6.44)
[0,+00[ A(L)°

Proof We deduce from Corollary @that the sequence {P(z. o) n}nen, r,>0 cON-
verges vaguely to a Borel measure Pz, ) on R, which is the direct image of the
uniform probability measure on A(L)° by a concave function G ) : A(L)° —
R U {+00}. Moreover, by Proposition and we obtain that the supports
of the Borel probability measures Py ), are uniformly bounded from above. The
function G(z ) is then bounded from above and hence limit measure P(; ) is a Borel
probability measure and the sequence {P; },en, r,, >0 converges weakly to Pz ). In

particular, the sequence {#d’f—::g +(L®" ne)nen, r, >0 converges to

1
tPp(dt) = ——— max(G(r,,,)(x),0)dx
/[o,+oo[ () VOI(A(L)) Jawy (L)

since
1 &
/ tP,(dr) = / tP,(dt) = — Z max{z;(7.(L®", ne)),0},
[0,+o0[ [0, (L) 3
and by (@.71) and @.67),

BoR, (L")~ 3 max{(ra (L, n), 0} < 3 In(r) Y@

i=1

In particular, in the case where \//(?1(L, ¢) > 0, one has

. T,
lim sup —Z > 0,
n—+oco N
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namely the invertible Ox-module L is big. Moreover, in the case where L is big, one
has

. 'n
nl—l>IPoo i jdl " vol(L) > 0.

Therefore the sequence (6.43) converges (to vol(L, ¢) by definition), which is equal
to (6.44). O

Theorem 6.4.7 Assume that the scheme X admits a regular rational point. Let
(L1, 1) and (L, ¢2) be big adelic line bundles on X. Then the following inequality
of Brunn-Minkowski type holds

VOI(Ly ® Lo, @1 + 92)*D > vol(Ly, 1) /Y 4 vol(La, ) @D, (6.45)

Proof For any adelic line bundle (L, ¢) on X such that L is big, we denote by Z(L, ®)
the closure of the convex set {(x,7) € A(L)°’ xR : 0 <t < Gz ,4)(x)}. Then

Theorem implies that

vol(L,g) = (d+1) [ 1d(x.r)
A(L,p)

By Proposition [6.3.28] one has
A(L1,¢1) + A(La, ¢2) < A(Ly ® Lo, g1 + ¢2).

Therefore the relation (6.45)) follows from the classic Brunn-Minkowski inequality.O

6.4.3 Volume of adelic R-Cartier divisors

We assume that X is normal and geometrically integral and admits a regular rational
point P. We identify the formal completion of Ox p with K[T1,...,T4], which
allow us to embed the rational function field K(X) into the fraction field R =
Frac(K|[[T1,. . .,T4])). We also suppose that there exists C > 0 such that the adelic
curve S verifies the tensorial minimal slope property of level > C. In the following,
the symbol K denotes Z, Q or R.

Let D be a K-Cartier divisor. We identify &P, H%(nD) with a graded sub-K-
algebra of subfinite type of R[T]. We denote by A(D) the Newton-Okounkov body
of this graded algebra (see §6.3.4|for its construction).

Definition 6.4.8 Let (D, g) be an adelic K-Cartier divisor. We define the arithmetic
volume of (D, g) as

-~ . d’e\g+(H]I%(nD), éng)
vol(D, g) := lggigop w1 1))
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(for the definition of the norm family &,,, see Definition [6.2.17). We say that (D, g)
is big if vol(D, g) > 0. Note that for any s € K(X)* one has (see Remark|2.5.10)

vol((D, g) + (5)) = vol(D, g). (6.46)

Moreover, (D,g) is said to be arithmetically K-effective, which is denoted by
(D,g) =k (0,0), if D is K-effective and g,, > O for all w € Q. For adelic K-Cartier
divisors (D1, g1) and (D3, g2) on X,

def
(D1,81) >k (Dr,87) < (D1,81) - (D2,g1) >x (0,0).

Note that if (D1,g1) >x (D2,g2). then deg, (HY(D1).£&,) > deg, (HY(D2).&g,). In

particular, \7(?1(D1,g1) > \H(Dz, g2). By using Prposition [6.2.12} if D >k 0, then
there is a family of D-Green functions g over S such that (D, g) >k (0,0).

Let (D, g) be an adelic K-Cartier divisor. The family {(HH%(nD), &ng)tnen forms
a graded K-algebra of adelic vector bundles with respect to

R = Frac(K[T},...,T4]).

For any n € N3 such that r,, := dimg(H°(nD)) > 0, we let P(p ) ,, be the Borel
probability measure on R such that, for any positive Borel function on R, one has

[ 7O F w000 = = 3" FRRHND) ),
"=l

Theorem 6.4.9 Let (D, g) be an adelic K-Cartier divisor. For any n € N, let r, =
dimK(HH%(nD)). Assume that there exists n € Ny such that r, > 0. Then the
sequence of measures {P(p g¢) ntnen,r,>0 converges weakly to a Borel probability
measure P(p o), which is the direct image of a concave real-valued function G(p ) on
A(D)°. In particular, if (D, g) is big, then the K-Cartier divisor D is big. Moreover,
in the case where D is big, the sequence

cfe:g+(HH%(nD), gng)
nd*tl/(d + 1)!

, neN, r,>0

converges to \7(;1(D, g), which is also equal to
(d+ 1)V01(L)/ tPp g)(dt) = (d + 1)/ max(G(p,g)(x),0)dx.  (6.47)
[0,+oo[ ADY

Proof We omit the proof since it is quite similar to that of Theorem [6.4.6 O

Corollary 6.4.10 Let (D, g) and (A, h) be adelic R-Cartier divisors on X. We assume
that D is big. Then
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deg, (HY(X.1D + A).£gun)

tggo 14+1/(d + 1)! - \7(;1(D,g),
where t is a positive real number.
Proof Let us begin with the following claim:
Claim 6.4.11 \751(aD, ag) = ad+l\7a(D,g)f0r any positive integer a. O

Proof By Theorem[6.4.9]

deg, (HY(naD), &nay)
nd+l/(d + 1)!
d’,é\g+(HH(%(naD),§nag) _

_ o d+1 q; d+1.7
= @y Pe)

\7(?1(aD, ag) = lim
n—oo

as required. O
Claim 6.4.12 If D is R-effective, then the assertion of the corollary holds. O

Proof Choose positive integers ng and n; such that ng(X, ngD + A) # {0} and
HY(X,n1D — A) # {0}, so that one can take s € H2(X,noD + A) \ {0} and 5’ €
HH%(X ,n1D — A)\ {0}. Let us consider the following injective homomorphisms

@  HY(([t] —no)D) — H2(tD +A) and g, : HO(tD + A) — HO(([t] + n1)D)

givenby f — fsand f — fs’, respectively. Note that

e (Pllege+hes < WS N1 J=no)ge 18— 12 14m0)g00+hr

t—|t
<1t oo IS lnoge s, LIS,

so that, by Proposition [#-3.21] [(T)]and [2)]
deg, (HY((Lt] = m0)D).&(r1-ny)e) < deg, (HY(1D + A).&rgun)

+ (dimg H (L] —no)D))/Q(|1n||S|Inogw+hw|+|ln||1||gw|) v(dw). (6.48)

In the same way, one has

deg, (H2(tD + A).&1g4n) < deg, (H2(([1] + m)D). &t n1)e)
+ (dimg HY(tD + A)) /Q (10118 by gop—ne, | + [ I [1Lllg,,|) v(dw). (6.49)
Note that

deg, (HY((Lt] = n0)D).&(1s j-np)e)  —
t—00 [d+l/(d + 1)' a VOl(D,g)
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and

__dimg H3((L7] = no)D)
1m =
e 4 (d + 1)
so that, by (6.48), one has

]

deg, (HO(1D + A),£g4n)
td/(d +1)!

vol(D, g) < lim inf
n—oo

Similarly, by using (6.49),

(Ié:g+(Hﬂg(tD + A),Egen)

lims < /0\1 D,g).
ol )+ 1)! vol(D. g)
Thus the assertion of the claim follows. O

Claim 6.4.13 If there is s € K(X)* such that D’ := D + (s) is R-effective, then the
assertion of the corollary holds. O

Proof Weset(D’,g’)=(D,g)+ (’s\) We choose an arithmetically R-effective adelic
Cartier divisor (B, k) on X such that (B, k) + (s) are arithmetically R-effective. Then,
as (B, k) = (¢t — [t])(s) are arithmetically R-effective, one has

1(D',g") + (A, h) — (B,k) — [t](s) < 1(D,g) + (A, h)
<t(D',g') + (A h) + (B,k) + [£](s).

Thus

deg, (HY(tD' + A — B),&grn-k) < deg, (HO(tD + A),&g4n)
< deg,(HY(tD' + A+ B), &g sk,

so that, by using Claim[6.4.12]

deg, (HO(tD' + A — B),&grrn-k)

vol(D’,g’) = lim
t—

0 t4+1/(d + 1))
_deg (HO(D + A)éign)  deg (HY(UD + A)&ign)
< liminf < lim sup
t—00 td+L/(d + 1)! t—00 td+1/(d + 1)!
deg,(HO(tD' + A + B),& _
< lim g+( R( ) ftg +h+k) _ VO](D/,g/).
1—00 td+L/(d + 1)
Therefore one has the claim because \7(?1(D, g)= \781(D’, g) O

In general, there are a positive integer a and f € K(X)* such that aD + (f) is
R-effective, so that, by using Claim [6.4.1T]and Claim [6.4.T3] one has
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Jeo 0
- lim ci?gJHﬁ(mD + A),Erag+n)
f—0e0 (ta)@*1/(d + 1)!
_ iy G D + A), &)
100 14+ /(d + 1)! ’
as required. 5

Corollary 6.4.14 Let (D,g) be an adelic R-Cartier divisor on X. Then, for any
a € R, vol(aD,ag) = a®*'vol(D, g).

Proof Clearly we may assume that a > 0. If D is not big, then aD is also not big, so
that vol(D, g) = 0 and vol(aD, ag) = 0. Thus the assertion follows in this case. If D
is big, then by Corollary [6.4.10]

(T<;g+(HH%(taD),§mg)
t4+1/(d + 1)!
_ d+l &gng(H]]%(taD)’fmg) _

. d+1.3
=a tlgglo A a“ " vol(D, g),

\751(aD, ag) = tlim

as required. O

Remark 6.4.15 Let (D, g;) and (D3, g2) be adelic K-Cartier divisors. Proposition
shows that, if (x,y) € A(D;)° X A(D;)°, one has

G(Dy+D,g1+82)(X +¥) 2 G(Dy,4)(X) + G(D,,45)(¥)-

Similarly to Theorem [6.4.7] an analogue of Brunn-Minkowski inequality holds
for adelic K-Cartier divisors.

Theorem 6.4.16 Let (Dy,g1) and (D3, g») be big adelic K-Cartier divisors on X.
Then the following inequality holds

vol(Dy + Da. g1 + 82)"*) > vol(Dy,g1)/*V) + vol(Dy, g2) /¥, (6.50)
Proof The proof of (6.50) is similar to that of (6.43)), which relies on the inequality
V(x,y) € A(D1) X A(D2),  G(Dy+Dy.g1+22)(X +¥) = G(D, 5)(X) + G(D,.0) (V)

Let us consider a criterion for the bigness of adelic K-Cartier divisors.

Lemma 6.4.17 Let (D, g) be an adelic K-Cartier divisor on X such that D is big.
Then sup,eapy G(p.g)(X) is equal to oy (D, g).

Proof By (6.32)), we obtain that the maximal value of G(p ) is equal to
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N P
lim =i (Hg(nD),&ng).
n—+oo n

Note that all norm families &, are ultrametric on Q \ Q.
By Remark {£.3.48]and the relation

1
lim —1In rkK(H]%(nD)) =
n—+oo 1
we obtain the equality sup G(p,g)(x) = Amax(D, &) O
xeA(D)°

Proposition 6.4.18 Let (D, g) be an adelic K-Cartier divisor on X. Then the follow-
ing are equivalent:

(1) (D, g) is big.
(2) D is big and [y (D,g) > 0.

Proof Firstof all, note that  sup  G(p ¢)(x) = Himax (D, g) by Lemma/6.4.17} More-
xeA(D)°
over, by Theorem[6.4.9]
vol(D, g) = (d + 1) / max(Gp g)(x),0) dx, (6.51)
AD)

(1) = (2): By the above facts, one has
vol(D, g) < (d + 1)vol(D) max(Tim(D; 8),0). (6.52)

Therefore, the assertion follows.

(2) = (1): First of all, as D is big, A(D)° # 0. Moreover, since fim(D,g) > 0
and G(p ) is continuous on A(D)°, one can find a non-empty open set U of A(D)°
such that G(p 4) > 0 on U, so that the assertion follows from (6.57). O

Definition 6.4.19 An adelic K-Cartier divisor (D, g) is strongly big if D is big and

asy(D g) > 0, that is, D is big and there are a positive integer a and s € H, (aD)\{O}
such that deg g (s) > 0 Note that strong bigness implies bigness by Proposmon
and Prop0s1t10n 6.4.18] Moreover if S satisfies the Minkowski property of cerfain

level, then strong blgness is equivalent to bigness by Proposition [6.4.1]and Proposi-
tion

Proposition 6.4.20 Let (D, g) be an adelic K-Cartier divisor on X such that D is
big. Then there is an integrable function ¢ on Q such that (D, g + @) is strongly big.

Proof Since D is big, there are a positive integer a and f € K(X)* such thataD +(f)
is effective. By Proposition|6.2.12] a function given by w + In || f||4,, is integrable.
Thus if we set
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1

_(ln ”f”ag(u + ln2) if w € Q,
p(w) = i‘

—In||fllag., ifweQ\Qu,

a

then (w € Q) — ¢(w) is integrable. Let F,, be a vector subspace of HH%(naD)
generated by f". Then

degg,, ., (Fu) = = /Q I [ " llna(g,, +o(w) v(dw)
== [ (01l = ap(@) vidw) =n [ (n2)v(do
so that

D) i) > g, (F) =1 [ (2 v(d)

which shows that v{™ (D, g + @) > 0, so that (D, g + ¢) is strongly big. O

Definition 6.4.21 Let (D, g) and (D’, g’) be adelic K-Cartier divisors on X. We define
(D',g") < (D,g) to be

(D'.g) 5 (D.g) L either (D,g") = (D.g) or (D,g) — (D'.g") is big.

Proposition 6.4.22 (1) The relation < forms a partial order on the group of adelic
K-Cartier divisors on X.

(2) Foradelic K-Cartier divisors (D, g),(D’,g"),(E,h)and (E’,h")on X, if (D', g’) <
(D,g) and (E’,h’) 5 (E,h), then (D’,g’) + (E’,h') 5 (D,g) + (E,h) and
a(D’,g") s a(D,g) for a € Ky,.

(3) For adelic K-Cartier divisors (D, g) and (D', g") on X, if (D', g") 3 (D, g), then
vol(D’,g") < vol(D, g).

Proof (1) We assume that (D’,g’) < (D,g)and (D,g) < (D’,g’).1f(D’,g") # (D, g),
then (D, g) — (D’,g’) and (D’,g") — (D, g) are big, so that

(O’O) = ((D’g) - (D”g’)) + ((D,’g,) - (D’g))

is also big by Theorem [6.4.16] which is a contradiction. Next let us see that if
(D1,81) 3 (D2, 82) and (D2, 82) 3 (D3,83), then (D1, g1) < (D3, 83). Indeed, this is a
consequence of Theorem because

(D3,83) = (D1,81) = ((D3,83) = (D2,82)) + (D2, 82) — (D1,81)) -

(2) follows from Theorem|[6.4.16]and Corollary [6.4.14]because

((D.g) + (E. 1) = (D",8") + (E", b)) = (D,g) = (D", &") + (E, h) — (E", ")),
a(D,g) —a(D',g") = a((D,g) = (D".g")) .
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(3) We may assume that (D,g) — (D’,g’) is big. If (D’,g’) is big, then the as-
sertion follows from Theorem [6.4.16|because (D, g) = ((D,g) — (D’,g")) + (D', g").
Otherwise, the assertion is obvious because vol(D’,g’) = 0. O

Proposition 6.4.23 Let (D, g) be a big adelic K-Cartier divisor on X and (A, h)
be an adelic R-Cartier divisor on X. Then there is a positive integer ny such that
n(D,g) + (A, h) is big for all n € Zsp,.
Proof 1t is sufficient to find a positive integer ng such that no(D, g) + (A, h) is big
because n(D, g) + (A, h) = no(D, g) + (A, h) + (n — ny)(D, g).

As D is big, one can find a positive integer m such that mD + A is big, so that, by

Prioposition [6.4.20} (mD + A,mg + h + ¢) is big for some non-negative integrable
function ¢ on Q. Let a be a positive integer such that

wol(D,g) > .+ DvolD) / ¢ v(dw).
a Q

Since
WD, g~ d/a) > (D, g) - LHAD) / 6 ¥(dw) > 0
Q

by using Proposition 4.3.21] (2), one obtains that (D,g — ¢/a) is big. Thus the
assertion follows because

(m+a)(D,g)+ (A h)=(mD + A,mg+ h+ ¢)+a(D,g — ¢/a).

Theorem 6.4.24 Let (D, g),(D1,g1),. . .,(Dy, gn) be adelic R-Cartier divisors on X.
Then

Jim - ol(D.g) + £1(D1.g1) + -+ + £n(D gn)) = Vol(D. g).
€12V, En

Proof Let us begin with the following Claim[6.4.23] Claim[6.4.26] Claim and
Claim

Claim 6.4.25 Let (E, h) be an adelic R-Cartier divisor on X. Let (0, f) be an adelic
Cartier divisor on X. Then limg_, vol(E h+ef)= Vol(E h). O

Proof We set ¢1() = supyex, {fo(¥)} and @2(@) = sup, ey, {~fu()}. Then,
by Proposition ¢1(w) and ¢o(w) are integrable on Q, so that ¢(w) =
max{|p(w)|, |¢2(w)|} is also integrable on Q and |f,(x)| < ¢(w) for all x € X,
and w € Q. Therefore,

- lelo(w) < ho + &fo < ho + [le(w),

so that, by Proposition.3.21] (1),

(T(?Tng(HH%(nE), enlg“pé:nh) < CI(;g+(H]]%(nE)’§n(h+ef))
< deg, (HY(nE),e "¢, ,).
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Moreover, by Proposition 4.3.21] (2),

deg, (HY(nE),&u) < deg, (HO(nE),e 119,

< dog, (HUNE). &my) + nle| dimg (HO(nE)) / o v(dw),
Q
and

deg, (HY(nE),e"#%&,,) < deg, (HYU(nE), &)

< deg, (HY(nE),e"*% &) + n|e| dimg (HY(nE)) / ¢ v(dw).
Q

Therefore the assertion of the claim follows. O
Claim 6.4.26 Let (B, f) be an adelic R-Cartier divisor on X such that (B, f)+(D;, g;)
is big for everyi = 1,...,n. Then

vol((D,g) = (le1] + - -+ + lea)(B, £))
< \751((D,g) +&1(D1,g1) + -+ + &y(Dn, gn))
<vol((D, g) + (l&1] + -+ - + |&a)(B, 1))

Proof Since
l&i|(B, f) — &i(Di, gi) = |&il((B, f) = (Dy, &i))s
i(Di, gi) + |&il(B, f) = |&i|((B, f) £ (D, &),

one has —|g|(B, ) 3 €i(D;, &) 3 |&|(B, f) by Proposition [6.4.22] (2), so that, by
using Proposition[6.4.22] (2) again,

(D,g) = (le1] + -+~ + |eal)(B, f)
3(D,g) +&1(D1,81) + - + n(Dn, gn)
3 (D,g) + (lerl + -+ + |ea)(B, f).

Therefore, by Proposition[6.4.22] (3), one obtains the claim. O

Claim 6.4.27 Let (H,gpy) be an adelic R-Cartier divisor on X. Then there is an
integrable function  on S such that (H, gy — V) is not big. O

Proof Proposition |6.2.16{ and Proposition [6.4.4] one obtains [y (H,gr) < 0, $0
that one can find an integrable function ¢ on S such that

Hmax(H.gH) < /Q ¥ v(dw).
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We choose a positive integer ng such that
Fis (X)) < [ b vido)
for all n > ng. Thus, as &n(gyy—y) = Xp()) €ng,, » by Lemmad.3.36} (1),
Fimax (HR (X.nH), én(gyy ) = Fimax (HR (X, nH),ng,y) = /Q ny v(dw) < 0,
so that the assertion follows from Lemma[4.3.36] (2).

Claim 6.4.28 Let (H, gp) be an adelic R-Cartier divisor on X and ¢ be an integrable
function on Q. Then

vol(H, g + ¢) < Vol(H, gn) + (d + 1)\'01(1‘1)/Q lp(w)] v(dw).

O
Proof As &gy +¢) = eXp(—n@)Epg,, > by using Proposition4.3.21} (2),
deg, (HY(X.nH). €n(gyy+p)) < deg, (HY(X,nH). &gy, )
 ntaimi H20E) [ (@) vdo)
Q
so that the assertion follows. |

First we assume that D is big. By Proposition [6.4.20} we can choose a D-Green
functions family g’ such that (D,g’) is a big adelic K-Cartier divisor. Then, by
Proposition [6.4.23| one can choose a positive integer a such that a(D,g’) + (D;, g;)
is big for every i = 1,...,n. Then, by Claim[6.4.26]

vol((D, g) — a(le1| + - - - + len (D, g"))
<vol(D,g) + £1(D1,g1) + - - + &n(Drs gn))
<vol((D, g) + a(le1| + -+ + |ea)(D,g"))

Ifweset f =g’ —gande = |g1| + -+ |&y,], then

(D,g) —a(le1| + - + e )(D.g") = (1 — ae) (D.g) + (0. 725 f) )
(D,g)+aller| + -+ |ea)(D,g") = (1 + ag) ((D,g) + (0 —4£_ )) .

> l+ae

Therefore, by Claim [6.4.25]
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lim  vol((D.g) ~ aller] + -+ + |en)(D.g")
= lim(1 - as)™'vol ((D,g) + (0, if)) = vol(D, g).
£—0 1 -ae
In the same way,
lim _ vol((D.g) +aller] + -+ + lea)(D.g")) = voI(D. g).

One has the theorem in the case where D is big.

Next we assume that D is not big. Let (A, &) be a big adelic Cartier divisor on X
such that D + A is big and (A, h) + (D;, g;) are big for every i = 1,...,n. Then, by
Claim|[6.4.26] if we set & = |g(| + - - - + |&,], then

0 < vol((D, ) + £1(D1,81) + - - - + £4(Dn> n)) < VOI((D, g) + &(A, b)),

and hence one need show that lim, o \751((D, g)+&(A,h)) =0.By Claim|[6.4.27] one
can choose a non-negative integrable function ¢ on Q such that (D, g)+ (A, h)—(0, ¢)
is not big. Then, as (D, g) — (0,¢) + (A, h) 3 (D, g) + (A, h) — (0,¢) + (A, h), one
has

vol((D, ) = (0,¢) + £(A, b)) < VoI(D, g) + (A, h) = (0,) + &(A, ).
Since D + A is big, by the previous case,

lim vol((D, g) + (A, h) — (0,¢) + &(A, h)) = vol(D, g) + (A, h) - (0,¢)) = 0,

and hence -
li?g vol((D, g) — (0,¢) + (A, h)) = 0. (6.53)
E

On the other hand, by Claim[6.4.28]
vol((D, g) + £(A, b)) < Vol((D, g) = (0,¢) + &(A, )
+(d + 1)vol(D + SA)/ p(w)v(dw).
Q
As D is not big, one obtains
lim vol(D + €A) = vol(D) = 0,
10

and hence, by (6.53), one has lim, |y vol((D, g) + (A, h)) = 0, as required.

Corollary 6.4.29 Let H be a finite-dimensional vector subspace of 5i\VR(X). Then
the set {(D,g) € H | (D, g) is big} is an open cone in H.
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Proof The openness of it is a consequence of Theorem [6.4.24] One can check that
it is a cone by Theorem[6.4.16|and Corollary [6.4.14] i

Corollary 6.4.30 The volume function vol : ﬁ_i;R(X ) — R factors through E_i\VR(X )
modulo the vector subspace over R generated by principal Cartier divisors, that is,

vol((D.g) + ar(fi) + -+~ + a-(,)) = Vol(D, g)
forany r € Zsy, (D,g) € Dive(X), fis....f € K(X)*and ai,...,a, € R.

Proof If ay,...,a, € Z, then the assertion is obvious. Next we assume that
ai,...,ar € Q. We choose a positive integer N such that Nay,...,Na, € Z. Then

N415ol(D, g) = vol(ND,Ng)
= Vol(ND,Ng) + (Na1)(fi) + - - + (Na,)(f,))
= NIS0l(D, g) + ar(fi) + - - + ar (),

as required. In general, take sequences {a1 »}, ... .,{@r n},._, of rational numbers
such that a; = lim,, e @15, . - ., @ = liM, e @ . Then, by Theorem [6.4.24}

Vol((D, g) + a1(fi) + -~ + a, (/)
= 1im Vol((D,g) +a1.a(fi) + - + ar.a(f,)) = VOI(D. ),

so that the assertion follows. O



Chapter 7
Nakai-Moishezon’s criterion

In this chapter, we fix a proper adelic curve S = (K, (€, A, V), $). We assume that,
either the o--algebra A is discrete, or the field K admits a countable subfield which
is dense in each K,,, where w € Q. We let Q be the set of all w € Q such that ||,
is the trivial absolute value. Note that, if € is not empty, then the above hypothesis
implies that, either the o-algebra A is discrete, or the field K is countable.

7.1 Graded algebra of adelic vector bundles

Let C be a non-negative real number. In this section, we assume that the adelic curve
S satisfies the tensorial minimal slope property of level > Co. Namely, for any pair
(E, F) of non-zero adelic vector bundles on S, one has

ﬁmin(E Qe 1 F) > ﬁmin(E) + ﬁmin(ﬁ) - C(ln(dimK(E) : dimK(F)))- (7.1)

Note that we have shown in ChapterE]that, if the field K is of characteristic O, then
the adelic curve S satisfies the tensorial minimal slope property of level > %V(Qoo).

Definition 7.1.1 Let R, = B, .;; R, be a graded K-algebra. We assume that, for any
n € N, R, is of finite dimension over K. For any n € N, let &, = {||*|[n.w }weq be a
norm family on R,,. We say that R, = {(R,,&n)}nen is a normed graded algebra on
S if, forany w € Q, ﬁ.’w = {(Rn.w» Illn.w)}ner forms a normed graded algebra over
K., where R,, o, := R, ®k K,, (cf. Subsection[1.1.14). Moreover, if (R,,, é,) forms an
adelic vector bundle on S for all n € N, then R, is called a graded algebra of adelic
vector bundles on S. Furthermore, we say that R. is of finite type if the underlying
graded K-algebra R, is of finite type over K.

Proposition 7.1.2 Let R, = {(Rn,&n)} be a graded algebra of adelic vector bundles
on S such that Ry is the trivial adelic line bundle, namely Ry = K and for any w € Q,
one has ||1]|, = 1. Suppose in addition that R, is generated as Ry-algebra by R;.
Then the sequence {fimin(Rn)/n}nen converges to an element of R U {+oo}.

403
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Proof Let (n,m) be a couple of positive integers. Since R, is generated as K-algebra
by Ry, the canonical K-linear map f;, »,, : R, ®x Ry — Ry1m is surjective. Moreover,
if we equip R, ®k R, with the &, n-tensor product norm family &, ®¢ » &q, then,
by the submultiplicativity condition, the homomorphism f, ,, has height < 1. By
Proposition[4.3.3T] one has

ﬁmin(ﬁn ®5,7r ﬁm) < ﬁmin(ﬁn+m)'
Moreover, by the assumption of tensorial minimal slope property,
ﬁmin(ﬁn g, Em) = ﬁmin(ﬁn) + ﬁmin(ﬁm) = Co(In(dimg (Ry,)) + In(dimg (Ry,))).

Note that R, is a quotient K-algebra of K[R;]. Hence dimg (R,) = O(ndimx (R)=1),
By [40}, Proposition 1.3.5 the sequence {imin(R,)/n}nen converges to an element
in R U {+oco}. O

Definition 7.1.3 Let R, be a normed graded algebra on S. Let M, = B, ., My, be a
Z-graded K-linear space and h be a positive integer. We say that M, is an h-graded
R.-module if M, is equipped with a structure of R,-module such that

V(n,m) e NXZ, VY(a,x)€ Ry XM,, ax € Muypim.

Let M, be an h-graded R.-module. Assume that each homogeneous component M,,
is of finite dimension over K and is equipped with a norm family &, = {||[I;, ., }wea-

We say that M, = {M,,}nez is a normed h-graded Eimodule if, for any w € Q,
M. o, = {(Mp 0, lln,) }nez forms anormed h-graded R, .,-module, where M,, ., :=

M, ®k K, (cf. Subsetion|1.1.14). We say that an h-graded R.-module M, is of finite
type if the underlying /-graded R.-module M, is of finite type. Moreover, if (My,&,)
forms an adelic vector bundle on § for all n € Z, then M, is called a h-graded

R.-module of adelic vector bundles on S.

Proposition 7.1.4 Let Cy be a non-negative constant. We assume that the adelic
curve S satisfies the tensorial minimal slope property of level > Cy. Let R, be a
graded algebra of adelic vector bundles which is of finite type, and M, be an h-
graded R.-module of adelic vector bundles on S such that M., is of finite type, where
h is a positive integer. Then one has

Imin(M,) 1 Hmin (R
fiming AmnMn) L i BonRa) (7.2)

n—+oo n n—+oo n

! In the statement of [40l Proposition 1.3.5], we suppose given a positive sequence {b;, }nen, n>1
satisfying the weak subadditivity condition by, 4, < by + by, + f(n) + f(m), where f : Ny — Ry
is a non-decreasing function such that ), f(2%)/2% < +c0. Then the sequence {b,,/n}nen, n>1
converges in R,. However the same proof applies to a general (not necessarily positive) sequence
satisfying the same weak subadditivity condition and leads to the convergence of the sequence
{bn/n}nen, n>1 inRU {-o0}.



7.1 Graded algebra of adelic vector bundles 405

Proof If we replace R by the trivial adelic line bundle, we obtain a new graded
algebra of adelic vector bundles (denoted by E:) and M, is naturally equipped with
a structure of h-graded module over this graded algebra of adelic vector bundles.
Moreover, R, is a finite R!-algebra since Ry is supposed to be of finite dimension over
K. In particular, M, is a module of finite type over R!. If {a; };¢; is a basis of Ry over
K which contains 1 € Rg and if {b;};e; is a finite family of homogeneous elements
of positive degree in R., which generates R, as Ryp-algebra, then R is generated
as K-algebra by {a;b;} jjerxs. This shows that R is a K-algebra of finite type.
Therefore (by replacing R, by ﬁ:) we may assume without loss of generality that Ry
is the trivial adelic line bundle.

We first prove the proposition in the particular case where R, is generated as K-
algebra by R;. Let A be the infimum limit of the sequence { Hmin(Ry)/ N}neN, n>1- By
[74, Lemma 2.1.6], there exist integers b; and m > 0 such that, for any integer b with
b > by and any integer £ > 1 the canonical K-linear map R¢,, ®x Mp — Mpyemp iS
surjective. Hence by Proposition #.3.31} one has

ﬁmin(Mlemh) > ﬁmin(ﬁfm ®e,7r Mb),
which leads to
Hmin(Mpemn) > Fimin(Rem) + Hmin(Mp) — Co In(dimg (Reyy) - dimg (Mp)).

Dividing the two sides of the inequality by £mh and then letting ¢ tend to the infinity,
we obtain

.. ﬁmin(ﬁlﬁfmh) 1
1 f—m—m= > —A,
NS T tmh n
where we have used the fact that
o Inime(Ren) _ o
{—+00 4
Since b > b is arbitrary, we obtain
Hmin(M. 1
lim inf M > —A.
n—-+oo n h

We now consider the general case. By [[74, Lemma 2.1.6], there exists a positive
integer u such that RW .= B, s Run is generated as K-algebra by Ri“) = R,.
Moreover, R, is a u-graded R™-module of finite type and hence a finite R™-
algebra. Therefore M, is an hu-graded RE”)—algebra of finite type. Let B be the
infimum limit of the sequence {fimin(Ruu)/n}nen, n>1. By applying the particular
case of the proposition established above, we obtain
fﬁmin(ﬁn) > B fﬁmin(ﬁn) > E

limin — and limin .
n—-+oo n u n—+o0o n hu



406 7 Nakai-Moishezon’s criterion

Note that the first inequality actually implies that

lim inf Mmin(Rn) — E

n—+oo n u

since {fmin(Ruu)/M}ner, n>1 converges to B. The inequality is thus proved.
Finally, if the adelic curve § satisfies the tensorial minimal slope property, by

Proposition the sequence { /fimin(ﬁnu) [N}nen, n>1 converges to an element of

R U {+co}. Hence the last statement of the proposition is true. O

Remark 7.1.5 Let R, be a graded algebra of adelic vector bundles, I, be a homo-
geneous ideal of R, and R be the quotient algebra R,/I,. If we equip R;, with the
quotient norm family of that of R,, then E: is a graded algebra of adelic vector
bundles, denoted by W (cf. Proposition .

More generally, let M, be an h-graded R,-module and Q. is a graded quotient
R.-module of M.. If we equip each Q,, with the quotient norm family of that of M,,,
then 0, becomes an h-graded R.-module (cf. Proposition .

Let R, be a graded algebra of adelic vector bundles, M, be an h-graded module,
where h € N, h > 1. Let I, be a homogeneous ideal of R,. Assume that M, is
annihilated by 1., then M. is naturally equipped with a structure of h-graded R./I.-

module (cf. Proposition [[.T.7T][(2)).

Proposition 7.1.6 We suppose that the adelic curve S satisfies the tensorial minimal
slope property. Let R, be a graded algebra of adelic vector bundles, 1., J, and M,
be homogeneous ideals of R, such that J, € M, and I, - M, C J,. Let R, = R,/1, and
0. = M./J.. For each n € N, we equip R}, and Q, with the quotient norm families
of that of R,, and M, respectively. Then one has

—~ ' — ~ EI
lim inf Zmint<n/ n(Qn) > liminf —#mm( ").

n—+oo n n—+oo n

Proof By the above remark, Q, is equipped with a structure of graded ﬁ:—module.
Hence the statement follows from Proposition [7.1.4] m]

7.2 Fundamental estimations

In this section, we prove some lower bounds of asymptotic minimal slope. Let
R. = {(Ru,&n)}nen be a graded algebra of adelic vector bundles which is of finite
type. We assume that R, is an integral ring. Let X = Proj(R.) be the projective
spectrum of R,. If Y is an integral closed subscheme of X and P, C R, is the defining
homogeneous prime ideal of ¥, we denote by Ry . the quotient graded ring R./P..

Note that each Ry, is naturally equipped with the quotient norm family &y, of &, so
that Ry . becomes a graded algebra of adelic vector bundles (cf. Proposition|1.1.71}

Proposition [#.1.19]and Proposition 4.1.24).
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Theorem 7.2.1 We assume that the adelic curve S satisfies the tensorial minimal
slope property of level > Cy, where Cy > 0. Let Sx be the set of all integral closed
subschemes of X. To each Y € Sx we assigne a real number vy, a positive integer
ny and a non-zero element sy in Ry ,, such that deg Ev my (sy) = nyvy. Then there
exists a finite subset S of Sx such that

liminf —#min(R")

n—+oo n

> min{v(Y) : Y € G}. (7.3)

In particular, one has

Umin(Ry, vi(Ry n,
lim inf Mmm( n fn) > inf lim sup 1( Y.n gY,n)
n—+oo n YeCx po+oo

(7.4)

Proof Step 1: For any positive integer &, we set

R) := Ry, and R" =(DR].
neN

If we assign v)’}, hny and si’, toeach Y € Sy, then s{} € Ry nny \ {0} and
d’e\gfy,hny (S?) >h- &;ggy,ny(sY) > hvy,

so that the above assignment satisfies the condition of the theorem for R""). Moreover,
R is a finitely generated h-graded R/)-module (cf. [111, Lemma 5.44]). By using
Proposition we can see that if the theorem holds for R™, then it holds for
R. Therefore, by [31, Chapitre III, §1, Proposition 3], we may assume that R is
generated by R over Ry and nx = 1. Let Ox(1) be the tautological invertible sheaf
of X arising from R;.

We prove the theorem by induction on d = dim X.

Step 2: In the case where d = 0, X = Spec(F) for some finite extension field F
over K, so that R, € H°(X, Ox(n)) = F. Therefore, dimg(R,) < [F : K] for all
n € N. Let us consider the following sequence of homomorphisms:

SX - SX - SX - SX - SX - SX - SX -
Ry —wR R —>R3y—--+—>SR, | —R,— -

i

Note that each homomorphism is injective and dimg (R,,) is bounded, so that we can
find a positive integer N such that R, x5 R, +1 is an isomorphism for all n € N .

Therefore, by Proposition 4.3.31],
fimin(Rn) > Hmin(RN) + (n = N) degy, (sx) > fimin(Rn) + (n = N)vx,

which leads to _
Hmin(R
lim inf M > vy.
n—+oo n
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Step 3: We assume d > 0. Let I, be the homogeneous ideal generated by sy, that
is, I, = R,sx. By using the same ideas as in [85, Chapter I, Proposition 7.4], we can
find a sequence

L=0h.Ch.C - CL.=R

of homogeneous ideals of R, and non-zero homogeneous prime ideals Py .,. .., P,
of R, suchthat P;, - I;, C I;_y . fori e {1,...,r}.

Step 4: Consider the following sequence:

Sx
Ro— Iy == L) —--— Li=R

Sx

— [O,j [N RN Ii,j (SN N Ir,j:Rj
Sx

— Dy 1> o L s> L = Rjgg

-Sx
N IO,n [N S Ii,n [N N Ir’n:Rn

By using Proposition4.3.33| one has

.....

For any i € {1,...,r}, let ¥; be the integral closed subscheme defined by P;. By
Proposition[7.1.6} one has

T Gon(R,
lim inf /Jmm(ll,m/ll l,m) > lim inf ,umm( Y,,m)

m—+oo m m—+co m

Moreover, by the induction hypothesis, there is a finite subset S; of Sy, such that

Hmin(Ry,
liminfM > min{vz : Z € G;}.
m

m—+oo

Therefore the estimate (7.3)) leads to

— . En r
liminf'umL() > min{vz : Ze{X}u U@,}
i=1

n—+oo n

The inequality (7.3)) is thus proved.

Step 5: We show how to deduce (7.4) from (7.3). Let & be an arbitrary positive
number. For any Y € Gy, there exist a positive integer ny and a non-zero element sy
in Ry p, such that

degfy»ny (SY) . V1 (RY,n, fY,n)
——— > limsuyp ——— -
ny n—+oo n

0.
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Hence the inequality (7.3)) leads to

Hmi Rna n R 5 n
lim inf —”mm( &) > inf limsup —1( Yono€v.n) - 0.
n—+oo n YeGx n—+00 n
Since ¢ > 0 is arbitrary, the inequality (7.4)) holds. m|

Remark 7.2.2 Consider the following variante of the above theorem. Assume that
R. is generated as Ry-algebra by R;. By using Proposition[4.3.13] we obtain that, for
integers n and m such that 1 < m < n, one has

n-1
deg(ﬁn) Z Z deg(ll ]/Il 1 /) + deg(RO) + Ux Z dlmK(Rk)
Jj=1i=1 k=0

Z Z deg(l; j/T-1,)

j=1i=

Umin(Li ¢/ 1;—
+  min inf ,Umm( t,l’/t 1,{’)

Z jdimg (R;/R;-1)

ie{l,...,r} €N, € el
. n-1

+ deg(Ro) +vx ) dimk (Ry).
k=0

Dividing the two sides by ndimg (R,,) and letting n tend to the infinity, we obtain

AR,) 5 4 d min inf Hmin(Li,e/1i-1,¢) 1 v
n—+co d+1 ie{l,...r} teN,, 4 d+1 %

where we have used the geometric Hilbert-Samuel theorem asserting that rk(R,,) =
deg(X)n? + 0(n?~"), with d being the Krull dimension of the scheme X, which leads
to

lim —— > dimg(R;) = ——
niToondimK(R,,)Z img (R;) d+1

Since m is arbitrary, we obtain

H(E") > d min min vy +
n—+co 1 /d+1ie{l ,,,,, r} Zes; z d+1

Ux. (7.6)

Note that in the general case where R, is not necessarily generated by R, the same
argument leads to

(R d
H(Rn) > min  min vz + VX (7.7)

noto N d+1ie{l,...,r} Zee; +1

In the case where the adelic curve S satisfies the Minkowski property and the norm
families &,, are ultrametric on Q \ Qc, by the same argument as in Step 5 of the proof
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of Theorem [7.2.1] one obtains

. ﬁ(ﬁn) 1 s ﬁmax(ﬁn) . . ﬁmax(ﬁY n)
1 — > —1 —+ f1 —, (7.8
P g e, e e, O
YeX
and, when R, is generated as an Ry-algebra by R, one obtains
(R, 1 Hinax(Rn d Himax(R
liminfM > —— limsup Hinax (Rn) + inf limsup M (7.9)
n—+co  n +1 hsseo n d+1 );es)? s 400 n
c

Corollary 7.2.3 We keep the notation and hypothesis of Theorem[7.2.1| and assume
in addition that the adelic curve S satisfies the Minkowski property and all norm
Sfamilies &, are ultrametric on Q \ Q. Let Sx o be the set of all closed points of X.

One has _
R n» n
> inf limsup —”maX( 2 &z, ).

n—+oo n 2€Cx,0 n—+oo n

Jim inf Amin(Rn-€n) (7.10)

Proof We denote by A the term on the right hand side of the inequality (7.10) and
we will prove the inequality by induction on the Krull dimension d of X. By the
Minkowski property and Remark [7.2.2] we obtain that, for any z € Sx o, one has

R b
lim sup —V]( e éen) > A.

n—+o0o n

Therefore, by Theorem [7.2.| we obtain that the inequality (7.10) holds when d = 0.
In the following, we assume that d > 0 and that the statement is true for integral
schemes of dimension < d. In particular, the induction hypothesis leads to

li ﬁmax(RY,m fY,n)
msup ——— >

n—+oo n

A

for any integral closed subscheme ¥ ¢ X. Therefore, by Theorem [7.2.1] we obtain
that the inequality (7.10) holds once

inf ﬁmin(Rna é:n) ﬁmax(Rnagn)

lim < lim sup ———.
n—+co n n—+oo n
It remains the case where the equality
Hmin (R, Himax (Rn, Vi(Ry,
liminf Hmin(Rn, &n) = lim sup Himax (R, €n) = lim sup 1(Ry fn)
n—+oco n N—+00 n n—+o0o n

In this case, these infimum and supremum limits are actually limits, and are both
equal to

m —-.

n—+oo n

Since d > 0, by (7-8) we still get the inequality (7:10). O
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Under the strong tensorial minimal slope property (see Definition[6.3.30), Theo-
rem|[7.2.1]admits the following analogue.

Theorem 7.2.4 We assume that the adelic curve S satisfies the strong tensorial
minimal slope property of level > Cy, where C| € Ry¢. Let Sx be the set of all
integral closed subschemes of X. Then one has
fmin(R i (R
lim inf —#mm( n) > inf limsup —'ul( Y’m).
n—-+oo n YeSx m—o+co m
Proof We reason by induction on the dimension d of the scheme X.
First we treat the case where il =0. Le_t m be an integer, m > 1. Let E be a vector
subspace of R, such that min(E) = 1(R,,). There exists an integer N € N such
that, for any p € N1, the canonical K-linear map

Run ® E®P — Rm(N+p)

is surjective. Therefore, by Proposition[d.3.3T|and the strong tensorial minimal slope
property (by an argument similar to the Step 2 of the proof of Theorem[7.2.1)), one
has
ﬁmin(ﬁm(N+p)) = ﬁmin(ﬁmN)_ Ci In(dimg (RN ))+p (/71 (Em)_ Ci In(dimg (E)))

> Lmin(Rmn ) —C1 In(dimg (Ryun )+ p (11 (Rin) — C1 In(dimg (Ryy,))) -

Dividing the two sides by m(N + p) and letting p tend to +oo, by Proposition [7.1.6]
we obtain

£ ﬁmin(ﬁn) > U (ﬁm) el ln(dimK(Rm)).

limin
n—+oco n m m
Note that
. ln(dimK (Rm))
lim —————~ =0.
m—+oo m

Therefore, by taking the limsup when m — +oco, we obtain
lim inf Hmin(Rn) “1(Rp) )

> limsup
n—+oo n

m—+oo

We now assume that d > 1. Let m be an integer such that m > 1. Let E be a
vector subspace of R, such that ,ZImm(E) = 1 (Em). Let I, be the homogeneous ideal
of Rfm) = EB” ont Rmn generated by E. That is, for any n € N, I, is the image of the
canonical homomorphism

R(nfl)m ® E — Rum.

As in the the proof of Theorem[7.2.1] we let
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be a sequence of homogeneous ideals of Rfm) and Py .,..., P, . be non-zero homo-
geneous prime ideals of R such that P;, - I;, ¢ Iy, fori € {1,...,r}. Let p be
an integer in N ;. We denote by F), the image of the canonical K-linear map

Ro® E® — Ryp.

Consider the following sequence:

Fpy= I EP7' i LEPTD .o LEPT!

]O’jEP—j (SR IN [i’jEP—j IO TN ]r’jEP—j
-j-1 -j-1 -j-1
I()’j+1Epj c_)...;)Ii’j_HEP] c_)...c_>Ir’j+1EPJ

= IO,p [N Ii,p [N S Ir,p:Rmp

By Proposition [d.3.33] we obtain that

ﬁmin(ﬁmp) > min {ﬁmin(ﬁp), _E{min }ﬁmin(li,jEp_j/IF],J‘Ep_j)}. (711)
i r

,,,,,

By Proposition[4.3.3T]and the strong tensorial minimal slope property, one has

ﬁmin(Fp) > ﬁmin(EO) - Cy In(dimg (Rp)) + p(ﬁmin(E) -C 1n(dimK(E)))
> fimin(Ro) — C1 In(dimg (Ro)) + p(i1(Rm) — Cy In(dimg (Ryn))) -

Similarly, for any (i, j) € {1,...,r} X {1,...,n}, one has

Hmin(Li jJEP~ [1i_y jEPTT) > Hmin(1; j/Ii-1,j) — C1 In(dimg (1 j /I;—1 ;)
+(p = j)(Hmin(E) — Cy In(dimg (E))).

For any i € {1,...,r}, let ¥; be the integral closed subscheme defined by P;. By
Proposition[7.1.6] one has

Ui (I /L1 : T (Ry. (R
lim inf —ﬂmm( Z’J,/ d 1’1) > liminf —ﬂmm(, Y”J) > min limsup —#l( zk)

R —— j jo+oo i Z€Cy; kot k ’

where the second inequality comes from the induction hypothesis. Therefore, if we
denote by v the value

e iRz k)
inf limsup ———

b
ZeBX kotoo k

then the inequality (7.11)) leads to

. ﬁmin(Rm )
minf —— 27 >
n—+oo n p—o+oo mp

Jim inf Pmin(Rn) _

AiRa) _ ¢ IO )

min {
m m
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where the equality comes from Proposition [7.1.6] By taking the limsup when m —
+00, we obtain

lim inf M > v
n—+oo n

’

as desired. O

7.3 A consequence of the extension property of semipositive
metrics

The purpose of this section is to prove the following theorem as a consequence of the
extension property of semipositive metrics (cf. Theorem[2.3.32]and Theorem[2.3.36).

Theorem 7.3.1 Let X be a geometrically reduced projective K-scheme, L be a
semiample invertible Ox-module, and ¢ = {¢,,}wcq be a metric family of L. Let Y
be a closed subscheme of X, and ¢ly = {¢ly.w }wea be the restriction of ¢ to Y. For
eachn € N, let én = {”'”mpw }weQr é:nlY = {”'”mﬂy,w}wefb RY,n be the image of
HO(X,L®") — HOY, L|$") and &y n = {|||ly,n,0 }weaq be the quotient norm family
on Ry , induced by HO(X,L®") — Ry, and &,. If ¢ is dominated and measurable
and ¢, is semipositive for all w € Q, then we have the following:

(1) The norm families &, and &y ; are dominated and measurable for all n > 0.

(2) Foranyn € Nand s € Ry ,, the function (w € Q) — In||s||., is measurable and
upper dominated.

(3) For s € Ry 1 \ {0}, one has (see Remarkfor notation)

deg, (s®) __
T L= degy, (9). (7.12)

lim

n—oo

Proof (1)) First, by Theorem[6.1.13|and Theorem[6.1.32] &, is dominated and mea-
surable for n > 0. Moreover, by Theorem [6.1.13] and Theorem [6.1.32] together

with Proposition and Proposition &nly is dominated and measurable
for n > 0. Finally, by virtue of Proposition #.1.19] and Proposition F.1.24] &y, is
dominated and measurable for n > 0.

[) follows from Remark [6.1.17] (for the upper dominancy), propositions [6.1.20]
and [6.1.26] (for the measurability).

Before starting the proof of (3), we need to prepare several facts. We set &y, =
{II*ll¥ .0 }weq. We claim the following:

Claim 7.3.2 (a) Forallw € Q, n > 0and s € Ry 5,

Isllngly..o < llslly.n.e-

(b) Forallw e Q, n> 1lands € Ry 1., \ {0},
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In ”S®n”Y,n,w
Inlsllyly.,, € =" < Inlslly. .0

(c) Forallw € Qand s € Ry 1, \ {0},

. In ||s®n||Y,n,w
lim ————

n—oo

=Inlsllyly .., -
m|
Proof (a)Note that, forall/ € H’(X, L®")with I|, = s, one has Islligly o < Illng,,

so that the assertion follows.
(b) By Proposition|1.1.71} [[s®"|ly »..o < (IIslly.1.0)"- Moreover, by (a),

(”s”cp\y,w)n = ”s@n”mply,w < ”s®n”Y,n,w:

so that one has (b).

(¢) For a positive number €, by Theorem [2.3.32] and Theorem [2.336] there is a
positive integer ng such that, for all n > ng, we can find [ € H(X,,, LE") such that
lly, = s®" and ||/|lng,, <€"€(|lslly|y.,)", and hence

In [Is®" ly, 0 < In[l{lng,, <ne+nlnlslly, .-
Therefore, by (b),
In [|s®" ||y
0< TEEEE g, <€

for all n > ny, as required. m|

By (1)) and (2), the function (w € Q) + In||s|l,, ., is measurable and upper
dominated. By the reverse Fatou lemma, (c) leads to

] _
lim sup — / In||s®*|ly .0 v(dw) < / In Islle}y ., v(dw),
Q o

n—+oo N

which is equivalent to

In particular, the equality (7-12) holds when deg &1, (8) = +oo. In the case where

d’e\g aly (s) is finite, the function

@€ Q) [l

is integrable. By (T)), the function

(@e Q) [Infsly,1.0]
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is also integrable. Moreover, by (b), one has

In ”s@n”Y,n,a)

i

< max {| I llslliy., [ 10 sl 1o}

n

and hence, by Lebesgue’s dominated convergence theorem together with (c),

1
lim —/1n||s®"||y,n,w v(dw):/ln Islley ., v(dw),
n—eon Jo Q

which shows (7.12). m|

Remark 7.3.3 We keep the notation and hypotheses of Theorem Let z be a
closed point of X. For any n € N, let R;, be the image of the restriction map
HO(X,L®") — z*(L®") and &, ,, be the quotient norm family of &, on R, . Let k(z)
be the residue field of z. For any w € Q and any x € M,(;),, (namely || is an
absolute value of «(z) extending |-|,, see §3.3), if s is a non-zero element of Ry i,

one has 15
In [|s®"
Insly, () < ———ete,

where z, denotes the point of X' given by the couple (z, |-|x). Moreover, the semi-
positivity of the metric ¢,, leads to

In[[s®" lz,n,0

lim In|s|y, (zx) = lim
n—+oo n—+oo n

In particular, one has

ht(2) = - /Q /M 10 [5l,, (22) Baeyo(d)v(d0)

K(x),w

1 1 —
=— lim —‘/ln||s®"||z,n,w: lim —deg,  (s®")
o) n—+oo 11 5z.n

n—+oo

vi(R; 4,
< limsup 1( zZ,n fz,n).
n

n—+oo

7.4 Nakai-Moishezon’s criterion in a general settings

In this section, let us consider the following Nakai-Moishezon’s criterion in a general
settings:

Theorem 7.4.1 Let X be an integral and geometrically reduced projective K -scheme,
L be an invertible Ox-module and ¢ = {¢y}wcq be a metric family of L. For any

n €N, leté, := {||'llng, }wea andlet &,y := {[|llgly ., }wea for any integral closed
subscheme Y of X. We assume the following:
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(1) (Dominancy and measurability) The metric family ¢ is dominated and measur-
able.

(2) (Semipositivity) L is semiample and ¢, is semipositive for all w € Q.

(3) (Bigness) For every integral closed subscheme Y of X, Ll|y is big, and there are
a positive number ny and sy € HO(Y, L®"Y |Y) \ {0} such that (fggfny l, (sy) > 0.

Then one has _
. Hmin (HO(X, L®), &)
liminf >

n—oo n

0. (7.13)

Moreover, if the adelic curve S satisfies the strong Minkowski property, then

in (HO(X, L®"),
lim inf Vmin ( ( ) gn) S

n—oo n

0, (7.14)

so that, there are a positive integer n and a basis {e;};, of HO(X, L®™") such that
(i‘;ggn(ei) >0fori=1,...,N.

Proof First of all, for each integral closed subscheme Y of X, as L|y is nef and big,
one has (L|§1,lm ¥) > 0, so that by the classic Nakai-Moishezon criterion, L is ample.
For any subvariety Y of X, we set

Ry ,, := the image of the natural homomorphism H%(X,L®") — HO(Y, L|3"),
RY,n,w = RY,n Ok Ka) ((1) € Q),
I Il¥,n.0 := the quotient norm of |||l 0N Ry n (w € Q),

fY,n = {||'||Y,n,w}we§2~

Claim 7.4.2 There are a positive number ny, and sy, € Ry, \ {0} such that
degfy‘n,y (sy) > 0. O

Proof Fix a positive integer ng such that the natural homomorphism
H(X,L®") — H(Y, L|2")

is surjective for all n > nop, that is, Ry, = HO(y, L|$”) for all n > ng, so that

sy € Ry ngny \ {0}. By Theorem, one has

1 ®nng
hm deng,nnOnY (SY )

n—oo n

= deg,,, |, (57") = modeg, | (sv) > O

so that there is a positive integer n; such that cfe:\ggy — (sff’"‘"o) > (. Therefore, if

we set nj, := ninony and sy, = sf"‘"", one has the claim. O

The assertion (7.13) follows from the above claim together with Theorem [7.2.1]
Further, if S satisfies the strong Minkowski property, then there is a constant C
depending only on § such that
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Vinin(H'(X, L"), &,) + C In(dimg HO(X, L") > fmin(H (X, L®"), &),

and hence the assertion (7.14) follows. mi

Remark 7.4.3 In the case where Q = Q) and #(Q)) = 1, S satisfies the strong
Minkowski property of level > 0, that s, if E is a finite-dimensional vector space over
K and ||-|| is an ultrametric norm of E over (K, ||), then viin(E, ||]]) = Hmin(E, ||*]]),
which can be checked as follows:

In general, one has Vimin(E, ||-[) < fmin(E, ||-||) by Proposition [4.3.77} so that it
is sufficient to show that viin(E, ||-[I) > Hmin(E,||-]|). Let {e;}/_, be an orthogonal
basis of E with respect to ||-|| (cf. Proposition [1.2.30). Clearly we may assume
that ||e, || = max{|leill,...,lle/||}. Let Q := E/(Kej +---+ Ke,_1) and ||-]|o be the
quotient norm of ||-|| on Q. Then ||n(e,)|lo = ||er ||, where 7 : E — Q is the canonical
homomorphism. Thus —log ||e,|| > Zimin(E, ||-||), and hence deg(e;) > Limin(E. |I-]))
for all i. Therefore, one has vipin(E, ||-]]) = tmin(E, ||-]])-

Lemma 7.4.4 We assume that the adelic curve S satisfies the Minkowski property
and the tensorial minimal slope property. Let X be an integral and geometrically
reduced projective K-scheme, L be an ample invertible Ox-module, ¢ = {¢y }wen
be a dominated and measurable metric family on L such that ¢, is semipositive for
any w € Q. Then one has

Amin(HO(X, L®"),
lim inf P 260 S int (@), (7.15)
n—+00 n zeX(K)

where for any n € N, & = {||llng,, }wea-

Proof Denote by R, the graded sectional algebra P, HO(X, L®"). For any closed
point z of X and any n € N, let R, ,, be the image of the restriction map H%(X, L®") —
Z*(L®") and &, ,, be the quotient norm family of &, on R, . By Corollary(7.2.3] one

has
- . Rn’ » —_ R ,
timing £mnRrdn) e i qup P RensEon)

n—+oo n ZEBX,0 n—o+oo n

where Gy o denotes the set of all closed points of X. Moreover, by Remark
one has

1, R 5 R s
limsup PrexRemben) oy oo Bembon) Sy
n

n—+co n n—+oo

for any z € Sx . Therefore the inequality (7.15)) holds. O

Definition 7.4.5 Let X be a geometrically integral scheme over Spec K, L be an
ample invertible Ox-module, ¢ = {¢,, }weq be a dominated and measurable metric
family on L. We denote by v,ps(L, ¢) the infimum of the height function Ay, called
the absolute minimum of (L, ¢).

Theorem 7.4.6 We assume that the adelic curve S satisfies the strong Minkowski
property and the tensorial minimal slope property. Let X be an integral and ge-
ometrically reduce projective K-scheme, L be an ample invertible Ox-module,
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¢ = {Ywtwea be a dominated and measurable metric family on L such that ¢,,
is semipositive for any w € Q. Then the following inequality holds.

as o HO X,L®" )
B (L) = lim inf 2o ).&n)

Himin n—+oo n

= VabS(L’ 90)’ (716)

where for any n € N, &, = {||-llng,, Yweq, and d is the Krull dimension of X.

Proof For any n € N, let E, := H(X, L®"). Since the adelic curve S satisfies the
strong Minkowski property, one has

—~asy EETIr 4
Hinin(L> ) = lim inf

min(En’ fn)
n

Va- E N Ui E, ac, ac
< liminf —mm( mén) < liminf Hanin(En, K+ n K ),

n—+oo n n—+oo n

where the second inequality comes from Proposition and the last inequality
comes from Corollary Let P be an algebraic point of X. For sufficiently
positive integer n, the invertible Ox-module L®" is very ample hence defines a closed
embedding X — P(E,). Let O, (1) be the universal invertible sheaf on P(E,,). Then,
viewed as a quotient vector space of dimension 1 of E, g, the Arakelov degree
of P*(Og, (1)) (equipped with the quotient norm family) is bounded from above
by nhz, ) (P) and bounded from below by fimin(En, kac,én, k= ). Therefore we obtain

—~asy

oo (Ly ) < hr o)(P). Since P € X(K*) is arbitrary, this leads to the inequality

—~asy

ﬂmin(L, ®) < Vans(L, ¢).

Moreover, by Lemma(7.4.4]the converse inequality also holds. Therefore the equality

(7.16) is proved.

7.5 Nakai-Moishezon’s criterion over a number field

Throughout this section, we fix a number field K and the standard adelic curve
S = (K,(,A,v),$) of K as in Subsection [3.2.2] Denote by Qg, the set Q \ Qo of
finite places of K, and by ox the ring of algebraic integers in K. Note that S satisfies
the strong Minkowski property (see [44, Theorem 1.1]). Moreover, for w € Qgj, the
valuation ring of the completion K, of K with respect to w is denoted by o,,.
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7.5.1 Invariants and for a graded algebra of adelic vector bundles

Let R, = {(Rn.&)}n ez, be a graded algebra of adelic vector bundles on S such that
(Ry, &) is dominated and coherent for all n > 0. For the definition of the invariants
and , see Subsection|4.4.3

Definition 7.5.1 We say that R, is asymptotically pure if

Rl ’
lim sup M =0.
n

n—0oo
As a consequence of Proposition[4.4.10] we have the following:

Proposition 7.5.2 One has the following inequalities:

(K : Q) liminf ~ 2080  jipy g Yin(Rn: &)
n—+oo n n—+oo n
Rn, n . Rn’ n
< [K:Q] liminfﬁ + lim sup ﬁ
n—+co n n—-+oo n

In particular, if R, is asymptotically pure, then

[K : Q]liminf (Rudn) lim inf M

n—-+oo n n—+oo n

Let M, = {(My,ém,,)}nez be an h-graded R.-module such that (M,,,&,) is domi-
nated and coherent for all n € Z.

Rns n . .
Proposition 7.5.3 (1) If R, is generated by Ry over K, then lim M exists in

n—oo n
R U {co}.
(2) IfR. = @D, Rn is of finite type over K and M, = B, ., M is finitely generated

over R,, then

1 Rn, n . . M 2
7 liminf ﬁ < liminf M

n—oo n n—oo n

Proof We set %, := (Ry,&,)Y) forn > 0, and .4, := (My.ép,)™, forn € Z.

<1

(1) For € > 0, we choose bases ey,...,e, and e},...,e/, of R, and R, over K,
respectively, such that

elr....er € By,  max{|leilloon} < e Rnsdnlte
el se, € Km, max{||e]'.||oo,n} < em Rmdm)te,

Then eie} € Rpm and max{||eie;||oo,n+m} < e Rndn)= (Ru-n)+2€ Note that {eie;}
forms generators of R, ., over K because R, ® R,, — Ryn, is surjective, so that
e (Rn+m’§n+m> <e” (Rn,fn)7 (Rn,fn)+25‘ Therefore, one has
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(Rn+m’ §n+m) > (th é:n) + (R’l’ fn)

for all n, m. Thus the assertion follows from Fekete’s lemma.

(2) It can be proved in the similar way as in Proposition First we assume
that R, is generated by R; over K. Then there exist integers b; and m > 0 such that,
for any integer b with b > b; and any integer £ > 1 the canonical K-linear map
Rem ®x Mp — Mpiemp is surjective. For € > 0, we choose a basis ey,...,e, of
Re and a basis my,. . .,m,» of My, such that eq,...,e, € Zem, M1, ..., My € Mp,
max{||¢;lleo.em} < €= Rem-Eem*e and max{||m;lleo ps, } < €~ Mp-$M5)7€ Note that
eimj € «//b+€mh and

lleim;lloopyoppn < € Rem&em)= (Mp &y, )+2€

Moreover we can find a basis of Mp¢;,,;, among {@imj}]gigr’lgjgr’, so that

e~ Mbromns&my, o) < o= RemsEem)= (Mb’be)'*'ZE’

and hence one has

(Mp s emhnsEMysomn) 2 (Rem>éem) + (Mp,Ear,).

Therefore,
M b n» m . . n-sn
iminf _Meromh by en) L (RemEom) 1y (Rieé ).
[—o0 tmh [—c0 tm h n-ow n

which implies

M,, 1 R,,
liminf ( n ‘an) > — liminf ( n En)
n—oo n n—oo n
because b > b; is arbitrary.
In general, we can find a positive integer u such that R .= EB‘::O Ry, is

generated by R}“) = R, over K. Note that R, is a finitely generated R"™-module.

Therefore, by the previous observation, one has

R,, 1 Ry,
timinf “Rmén) 5 Ly jop R ) f""),
n—oo n u n—oo n
M, 1 Ry,
hmmf ( n é:Mn) > —hmlnf ( un é:un).
n—oo n U n—oo n
Moreover, as
R R
n—oo un m—oo m
one obtains
. . (Rn"fn) _ 1 . . (Runsérun)
liminf ———= = — liminf ———.
n—oo n u n—oo n

Thus the assertion follows. i
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7.5.2 Dominancy and coherency of generically pure metric

Let X be a geometrically integral projective variety over K and L be an invertible
sheaf on X. For w € Q, let X, := X Xspecx Ko and L, := L ®oy Ox,,. Let ¢, be
a continuous metric of L,, on X2 for each w € Q, and ¢ := {¢@y, }wea-

Let us begin with the definition of the generic purity of the metric family ¢.

Definition 7.5.4 We say that ¢ is generically pure if there are a non-empty Zariski
open set U of Spec(ok), a projective integral scheme 2~ over U and an invertible
O g -module .Z such that 2 Xy Spec(K) = X, Z|x = L and, foreach w € UNQgp,
¢, coincides with the metric arising from 2, and .%,,,, where Z,, = 2 Xy Spec(o,,)
and .%,, is the pull-back of .Z to Z,.

Proposition 7.5.5 (1) If L is generated by global sections and ¢ is generically pure,
there exist a non-empty Zariski open set U of Spec(vk) and a basis e = {e;};_,
of HY(X, L) such that ¢, = @e ., for all w € U N Qg

(2)If L is semiample and ¢ is generically pure, then ¢ is dominated and
(HO(X, L&) Al lng., }weg) is coherent for all n > 0.

Proof (1): We use the notation in Definition Shrinking U if necessarily, we
may assume that H(2",.%) is a free opy-module and H)( %2, ) @y, O — L is
surjective. Lete = {e;}!_, be afree basis of H'(Z', %) over oy. Then {ei}_, yieldsa
free basis of H(.Z,,.%,,) overo,, forany w € UNQg,. Let |- o2, be thenorm
of H%(X,,, L") arising from the lattice H%(2,,.%.,). Then, by Proposition
I-llroc 2,2, = lIlle.w for any w € U N Qg,. Moreover, HY 2, L) @, Or,, —
., is surjective, so that, by Proposition[2.3.12] one has ¢, = @e,c, as required.

(2) We choose a positive integer m such that L®™ is generated by global sections
and a,, : HO(X,L®™)®" — HO(X,L®"™) is surjective for all n > 1. Then, by (1),
there are a non-empty Zariski open set U of Spec(ox) and a basis e = {e;}!_,
of HY(X,L®™) such that mg,, = @e., for all w € U N Qg,. In particular, me is
dominated, so that ¢ is also dominated by Proposition[6.1.12]

For w € UNQgy, let ||-|E7, be the &-tensor products of ||-[le,c, on HO(X,,, LE™)®".

Note that, by Proposition [I.2.19|together with (T.T7) in Remark [I.1.56]
®n

[15eees i |w}

({150t €ZL,
i1+ +i,=n

foralla;, .. iy € K..Moreover, by Remark[2.2.19] nge ., coincides with the quotient
metric induced by the surjective homomorphism H(X,,, L3™)®"®k  Ox,, — L&"™
and |-,

Fix s € H(X,L®") (n > 1). Then s®™ € HY(X,L®""). As a,, is surjective, one
can choose
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f= D) el @ @el € HOXLLOM® (£ €K)
(it seenrir ) EZL,
i|++i=n
such that @, (f) = s®™. Then, by Proposition [2.2.23]
(”s”mpw)m = ”s®m”nmapw = ”S@m”mpe,w < ”f”f:ﬁ) = max{lfil ,,,,, ir|w}»

for all w € U N Qgy, so that so that ||s||,e,, < 1 forall w € Q except finitely many
w because Q \ (U N Qgp) is finite and |f;,, ;. |lo = 1 forall iy,...,i, and w € Qgy
except finitely many w. O

7.5.3 Fine metric family

Let X be a geometrically integral projective variety over K and L be an invertible
sheaf on X. For w € Q, let X, := X Xspeck Ko and L, := L ®¢y Ox,, - Let ¢, be
a continuous metric of L,, on X2 for each w € Q, and ¢ := {¢, }wea.

Definition 7.5.6 We say that ¢ is very fine if ¢ is dominated and there are a generically
pure continuous metric family ¢’ = {¢,,}weq of L and a non-empty Zariski open
set U of Spec(og) such that |-|, < ||, forall w € U N Qg,. Further, ¢ is said to
be fine if r¢ is very fine for some positive integer r.

Proposition 7.5.7 Let L and M be invertible Ox-module, and ¢ and s be continuous
metric families of L and M, respectively.

(1) If ¢ and  are very fine, then ¢ + Y is very fine.

(2) If ¢ and  are fine, then ¢ + ¥ is fine.

(3) If ay is fine for some positive integer a, then ¢ is fine.
4) If ¢ is fine, then (HO(X,L), {IIllp, Yweq) is coherent.

Proof (1) is obvious.

(2) We choose positive integers r and r’ such that r¢ and r’y are very fine. Then,
by (1), rr’¢ and rr’y are very fine, so that rr’(¢ + ) is very fine, as required.

(3) Since ag is fine, there is a positive integer r such that ray is very fine, so that
@ is fine.

(4) Let r be a positive integer such that r¢ is very fine. Then there are a generically
pure continuous metric family ¢’ = {¢} }o,ecq of L®" and a non-empty Zariski
open set U of Spec(ok) such that |-|.,, < ||, for all w € U N Qgy, so that, for
s € H'(X,L)\ {0} and € U N Qgin, |Is*" |lr,, < [I5® |, - By Proposition|[7.5.5]
ls®"|l,;, < 1 except finitely many w € Q. Therefore, the same assertion holds for
15" |Irg,, - Note that [|s®" ||, = [Is|},, . and hence ||s]l,,, < 1 except finitely many
w € Q. O

For n > 0, we set R, := H%X,L®") and &, := {IIllng,, }weq. Note that
R. = {(Rn,€n)},., forms a graded algebra of adelic vector bundles over S (cf.
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Definition [7.1.1). For n > 0 and w € Q, we denote R, ®k K, = H(X,,, LS") by
Ry,- Moreover, for n > 0 and w € Qfy, We set Zn,, = {x € Ry © || ¥|ln < 1}

Note that %, , is a locally free o,,-module and %, ., ®,, Ko, = Rn o (cf. Proposi-
tion[I.T.25]and Proposition [T.1.30). Further we set

Ry ={x €R, : ||x]lnw < 1forall w € Qgp}.

If (R,,&,) is dominated and coherent, then, by Proposition and Proposi-
tion [4.4.6] %, is finitely generated over ox, Zn Qo K = Ry, %y ®ox K = R
and Z,, ®oy 00 = Fn,e for all w € Qgy.

Proposition 7.5.8 We assume that L is ample and ¢ is dominated. Then the following
are equivalent:

(1) The metric family ¢ is fine.
(2) (Ry, &) is coherent for all n > 0.

Proof (1) = (2): This is a consequence of Proposition [7.5.7]

(2) = (1): First note that (R,,&,) is dominated for n > 0 by Proposition [6.1.12]
and Theorem Moreover, by our assumption, (R,,&,) is coherent for every
n>0.

Let r be a positive integer such that L®" is very ample. Let 2 be the Zariski
closure of X in P(%,) and .£ = O]p(%r)(l)‘%. Then Z|x = L®". Moreover, since
Sy @og Op,) — Op,)(1) is surjective, Z, ®,, Og — Z is also surjective.
For each w € Qgy, let i, be the metric of LE" arising from %2, and .%,,, where
Zw = X Xspec(ox)Spec(oy,) and Z,, is the pull-back of £ to Z,. Let ¢’ = {¢,, }wea
be the metric family of L®" given by

’ QI/(U ifwe Qﬁn,
Po = .
r¢, otherwise.

Here let us see
VweQ, VxeXT, |le,(x) <] g, (x). (7.17)

Clearly we may assume that w € Qg,. Note that
%r,u) = {S € HO(%w,jw) : ”sllr«pw < ]}

and %, ., ® Oz, — £, is surjective, so that, by Proposition|2.3.12] (7.17) follows.
Therefore, r¢ is very fine, and hence ¢ is fine. m]

Finally we consider the following theorem:
Theorem 7.5.9 If ¢ is very fine, then R. is asymptotically pure.

Proof By our assumption, ¢ is dominated and there are a generically pure continuous
metric family ¢’ = {¢/,}weq of L and a non-empty Zariski open set U of Spec(ok)
such that ||, < ||, forall w € U N Qgy.
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First note that (R,,&,) is dominated for n > 0 by Proposition [6.1.12| and Theo-
rem Moreover, by Proposition or Proposition(7.5.8] (R,,&,) is coherent

for every n > 0.

By the generic purity of ¢’, there are a non-empty Zariski open set U’ of Spec(og ),
a projective integral scheme 2~ over U’ and an invertible O 4--module .Z such that
Z Xy Spec(K) = X, Z|x = L and, for each w € U’ N Qgy, ¢,, coincides with
the metric arising from Z,, and .%,,, where 2, = Z Xy Spec(o,,) and .%,,, is the
pull-back of .Z to Z,,. Replacing U and U’ by UNU’, we may assume that U = U’.
Moreover, as X is geometrically integral over K, by virtue of [[76, Théore¢me 9.7.7],
shrinking U if necessarily, we may also assume that, for any w € U N Qg,, the fiber
of 2" — U over w is geometrically integral over the residue field at w. Then, by

Proposition[2.3.16]
{{x € Ry ¢ |[xllng, < 1} = HY( 2,0, £8") = HA(Z, L") @y, 00

(7.18)
-y, = llproc 2, 2o
foralln > 1 and w € U N Qgpy.

Claim 7.5.10 (@) |-|np,, (X) < |-lng;, (%) for all w € U N Qgp, x € X3 and n > 1.
®) g, < Iz, < min{|ww|;1||-||mpw, ||'||n<p;u} for all w € U N Qg, and
n = 1, where @, is a uniformizing parameter of 0. O

Proof (a) is obvious.
(b) First of all, by Proposition[T.1.30}

-1
l-llnge < 2. < @0l [-llng, -

By (a), one has ||*|lns,, < lI*llng, » so that, by (7.18), one obtains

%n,w 2 HO(%ws ffm)

Therefore, by (7-18) again, (b) follows. m
Claim 7.5.11 If we set A, = dow(@uw. @l,) for w € Q, then one has the following:
lIsllzz,,..,
(@ sup In < Apnforallw e UNQgyandn > 1.
xer\ {0} ISllng.,
(b) / Apv(dw) = Z Apv({w)) < oo. O
Q

weQ
Proof (a) By using the inequality (2.3) in Subsection[Z.Z.Zltogether with Claim[7.3.10]

lIsll Sl
sup ln n,w l || ”mpw

- u
x€R,\{0} lIsllng., xeR,\{0} lIsllng.,

= dey (IIlngs, > I llngz, )
< dy(ngw,ne,,) = nA,,.
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(b) Note that ¢’ is dominated by Proposition [7.5.5] Moreover, ¢ is dominated by
our assumption, so that, by Proposition|6.1.12} the function w — d,(¢w, ¢.,) = Aw
is v-dominated. Thus one obtains (b). |

Fix a positive number €. Then, by Claim there is a non-empty Zariski
open set Ue of U such that

Z A,v({w}) < e.

weUNQgn

Thus, if we set B = X, cq;,\v. (= In |@y|w)v({w}), then, by Claim|7.5.10}

(Rwé&n)= ). sup ]n(%

W€Qfin X€Rn, o \{0}

) v({w})

1 xllng.,

llxllz
< n,w

sup 1 ( ) v({w}) + B
wel_nQy, X €Rn.\{0} ”x”n(pm
sn Z Apv({w})+ B <ne+B

weUNQpp
for n > 1, and hence one has

Ry,
lim sup M <€,
n—oo n

so that the assertion of the theorem follows. O

7.5.4 A generalization of Nakai-Moishezon’s criterion

Let X be a geometrically integral projective variety over K and L be an invertible
sheaf on X. For w € Q, let X, := X Xspeck Ko and L, := L ®¢, Ox,, . Let ¢, be a
continuous metric of L,, on X2 for each w € Q, and ¢ := {¢y }wea. For n > 0 and
any subvariety Y of X, let &, := {||llng,, Ywea and &nly := {ll‘lln g, Iy, twea. In this
subsection, let us consider the following Nakai-Moishezon’s criterion over a number
field, which gives a generalisation of Nakai-Moishezon’s criterion due to Shouwu
Zhang.

Theorem 7.5.12 We assume the following:

(1) (Fineness) The metric family ¢ is fine.

(2) (Semipositivity) L is semiample and ¢, is semipositive for every w € Q.

(3) (Bigness) For every subvariety Y of X, L|y is big, and there are a positive
number ny and sy € HO(Y, L®" |Y) \ {0} such that d/e\ggny|y (sy) > 0.

Then one has
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HO X,L®n ,
lim inf ( ( )‘fn) >

n—oo n

0.

Proof We set R, := H(X,L®") for n > 0. By Proposition [7.5.3] for a positive

number £,
R R,
— liminf —( n:€n) < liminf —( n,é:n),
n—oo n n—oo n
so that, replacing L, ¢, ny and sy by L8 he, hny and s{’?h for a sufficiently large
integer h, we may assume that ¢ is very fine. Moreover, by Remark [#.1.25] we can
see that ¢ is measurable. Therefore, by Theorem[7.4.1] one has

lim inf 2min7tnon) (Rn,£n) >

n—0o n

By Proposition|6.1.12] Theorem and Proposition(7.5.7] (R,,&,) is dominated
and coherent for all n > 0. Therefore, by Proposition[7.5.2]and Theorem [7.5.9] one

can see the assertion of the theorem. O

0.

Remark 7.5.13 In [48], Nakai-Moishezon’s criterion was proved under the following
condition (7.19) instead of (Fineness) in Theroem[7.5.12}

{The adelic vector bundle (HO(X, L®),¢&,) over S (7.19)

is dominaited and coherent for every n > 0.



Appendix A
Reminders on measure theory

A.1 Monotone class theorems

We recall here a monotone class theorem in the functional form and several related
results, and we refer to [52, §1.2] and [[151} §2.2] for reference. For convenience of
readers, we include the proof here. We fix in this section a non-empty set Q. If H
is a family of real-valued functions on Q, we denote by o () the o-algebra on Q
generated by . It is the smallest o-algebra on Q with respect to which all functions
in H are measurable.

Definition A.1.1 Let H be a family of non-negative and bounded functions on Q.
We say that H is a A-family if it verifies the following conditions:

(i) the constant function 1 belongs to H;
(i) if f and g are two functions in H, a and b are non-negative numbers, then
af +bg € ‘H;
(iii) if f and g are two functions in H such that f < g, then g — f € H;
(iv) if {fy }nen is an increasing and uniformly bounded sequence of functions in H,
then the limit of the sequence { f, },,en belongs to H.

Lemma A.1.2 Let H be a A-family of non-negative and bounded functions on Q.
If for any couple (f,g) of functions in H, one has min(f,g) € H, then any non-
negative, bounded and o-(H)-measurable function on Q belongs to H. In particular,
the o-algebra o(H) is equal to the set of all A C Q such that 14 € H.

Proof Let ¥ be the set of all A C Q such that 14 € H. Since H is a A-family, we
obtain that ¥ is a A-systemj!]and at the same time a -system (namely for all A € F
and B € F one has AN B € ¥) since the family # is supposed to be stable by the
operator (f,g) + min(f, g). Therefore ¥ is actually a o-algebra.

If (f,g) is a couple of functions in H, one has

! Namely ¥ satisfies the following conditions: (i) Q € F, (ii)) if A € F, B € ¥ and A C B, then
B\ A € 7, (iii) if {A,, }nen is an increasing sequence of elements of 7, then the union J,,en An
belongs to F.

427
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max(f,g) = f +g—min(f,g) € H.
In particular, if f € H and a € R,, then
max(f — a,0) = max(f,a) —a € H.

This property actually implies that, for any f € H and any integer n > 1, one has
f™ € H. In fact, the function x — x" is convex on R, which can be written as the
supremum of a countable family of functions of the form

x — max(na”'x - (n — 1)a",0)

with @ € Q, := Q N R,. Therefore by the condition (iv) in Definition one
obtains
f* = sup max(na""' f - (n - 1)a",0) € H.
acQy

If f is an element of H and ¢ is a real number, ¢ > 0, one has min(+~' £, 1) € H.
Moreover, the sequence {1 — min(t~! f,1)"} e, n>1 is increasing and converges to
I{f<;y, which implies that 1;r.,; € ¥ and hence {f < t} € F. Therefore every
function in H is #-measurable, and thus o(H) C F.

It remains to prove that any non-negative bounded ¥ -measurable function belongs
to H. Let f be such a function. For any integer n > 1, let

n2"-1 k

fo= Z Z_nﬂ{k/2"<f<(k+l)/2"} +nllrzny.
=0

This is a function in H. Moreover, the sequence {f;}nen, n>1 1S increasing and
converges to f. Therefore f € H. |

Theorem A.1.3 Let H be a A-family of non-negative and bounded functions on
Q and C be a subset of H. Assume that for any couple (f,g) of functions in C,
the product function fg belongs to C. Then any non-negative and bounded o (C)-
measurable function belongs to H.

Proof By replacing H by the intersection of all A-families containing C we may
assume that H is the smallest A-family which contains C.

We first prove that H is stable by multiplication. Let H; be the set of all non-
negative and bounded functions f on Q such that fg € H for any g € C. This is a
A-family containing C. Hence one has H; 2 H. Let H, be the set of all non-negative
and bounded functions f on Q such that fg € H for any g € H. This is also a
A-family. Moreover, since H; 2 HH one obtains H, 2 C and hence H, 2 H, which
implies that H is stable by multiplication.

Let f and g be two functions in H. We will prove that | f — g| € H. By dilating
the function | f — g| by a positive constant, we may assume that | f — g| is bounded
from above by 1. One has

(f-grf=f+g -2fgeH.
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Let {f,, }nen be the sequence of functions on Q defined by the following recursive
formula

1
fo=0. fusr = fot+ 5(F =8P = £

By induction on n, we can show that f, € H and f, < |f — g|. In fact, these
properties are trivially satisfied by fy. If f,, € H and f,, < |f — g|, then one has
Jfu+1 € H. Moreover, by the relation | f — g| < 1 one obtains f,,+; < |f — g| since the
function ¢ + ¢ — %tz is increasing on the interval [0, 1]. The properties f;, € H and
Jfu < |f — g| show that the sequence { f;, } e is increasing and converges to | f — g|.
Hence |f — g| € H, which implies that

min(f.) = 5(f +¢ - |f - gl) € H.

By Lemma [A.1.2] any non-negative, bounded and o (H)-measurable function be-
longs to H. The theorem is thus proved. O

A.2 Measurable selection theorem

In this section, we recall a measurable selection theorem due to Kuratowski and
Ryll-Nardzewski [100]. See [119, Chapter 5] for more details.

Theorem A.2.1 Let Y be a complete separable metric space and P (Y) be the set of
subsets of Y. Let (Q, A) be a measurable space and F : Q — P(Y) be a map. We
assume that

(1) for any w € Q, the set F(w) is a non-empty closed subset of Y,
(2) for any open subset U of Y, the set {w € Q : F(w)NU # @} belongs to A.

Then there exists a measurable map f : Q — Y such that f(w) € F(w) for any
w € Q.

A.3 Vague convergence and weak convergence of measures

Let X be a locally compact Hausdorff space. Recall that a Radon measure is by
definition a Borel measure v on X which satisfies the following conditions:

(1) v is tight, that is, for any Borel subset B of X, v(B) is equal to the supremum of
v(K), where K runs over the set of compact subsets of B;

(2) v is outer regular, that is, for any Borel subset B of X, v(B) is equal to the
infimum of v(U), where U runs over the set of open subsets of X containing B;

(3) vislocally finite, that is, for any x € X there exists a neighbourhood U of x such
that v(U) < +co.
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We denote by .#(X) be the set of Radon measures on X. Let C.(X) be the vector
space of continuous real-valued functions of compact support on X. We say that
an R-linear map ¢ : C.(X) — R is a positive linear functional if ¢(f) > 0 for
any non-negative function f in C.(X). Recall the Riesz’s representation theorem as
follows. See [I83l §56] for a proof.

Theorem A.3.1 Let X be a locally compact Hausdorff space. The map sending
v € A (X) to the positive linear functional

feC.(X)— /dev

defines a bijection between the set # (X) and the set of all positive linear functionals
on Ce(X).

The vague topology on .#(X) is an example of weak-* topology if we identify
A (X) with a subset of the dual space of C.(X). More precisely, we say that a
sequence {v,}nen of Radon measures converges vaguely if for any function f €
C.(X), the sequence of integrals { fX f dv, }nen converges in R. Note that the limit
of the above sequence defines a positive linear functional on C.(X) when f varies,
which corresponds to a Radon measure, called the vague limit of {v, },en.

If {v;; }nen is a sequence of Radon probability measure which converges vaguely,
the limite measure may have a total mass < 1. In probability theory, the notion of weak
convergence is also largely used. Let .#;(X) be the subset of .# (X) of probability
measures. Let Cp(X) be the vector space of bounded continuous functions. We
say that a sequence {v, }, ey of measures in . (X) (they are therefore probability
measures) converges weakly if for any bounded continuous function f on X, the
sequence of integrals { fX f dvy, }nen converges in R. Clearly, if the sequence {v, },en
converges weakly, then it also converges vaguely, and its vague limit is also called
its weak limit. Note that, in the weak convergence case, the limit measure should
be a probability measure. The following criterion provides a criterion of weak
convergence for vaguely convergence sequence of Radon probability measures. We
refer the readers to 98 Theorem 13.16] for the proof and for more detailf}

Theorem A.3.2 Let X be a locally compact metrisable space and {v, }nen be a
sequence of Radon probability measures on X, which converges vaguely to a limite
measure v. Assume the limite measure v is a probability measure. Then the sequence
{Vn}nen converge weakly to v.

2 In [98, Theorem 13.16], it is assumed that the topological space is a locally compact Polish space.
This condition is satisfied notably when X is a locally compact Hausdorff space with countable
base, see [145]. However, it actually suffices that the topological space is locally compact and
metrisable (see Lemma 13.10 of [98] which is used in the proof of Theorem 13.16 of loc. cit.).
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A.4 Upper and lower integral

Let (Q, A, v) be a measure space. We denote by ¥ 1(Q, A, v) the vector space of
all real-valued v-integrable functions on (Q, A). We say that a subset A of Q is v-
negligible if there exists a set B € A such that v(B) = 0 and that A C B. We say that
two functions i) and hy on Q are v-indistinguishable if {h; # hy} is a v-negligible
set. Any function on Q which is v-indistinguishable with the zero function is said
to be v-negligible. In other words, a function f on Q is v-negligible if and only if
{f # 0} is a v-negligible set. If a formula depending on a variable w € Q is satisfied
outside of a v-negligible set, we say that it holds v-almost everywhere (written in
abbriviation as v-a.e.).

Definition A.4.1 We construct two non-necessarily linear functional 7,(-) and ()
as follows. For any function 7 : Q — R, let

/ how)v(dw) := inf / fw)v(dw),
Q fezl Ay Jo
f=hv-ae.

/h(w)v(dw) = sup /g(w)v(dw).
JQ ge LN (Q,A,) Y Q
g<hv-ae.

If & is not v-almost everywhere bounded from above by any integrable function,
then /Q h(w)v(dw) is defined as +oco by convention. Similarly, if % is not v-almost
everywhere bounded from below by any integrable function, then fQ hw)v(dw)

is defined as —oo by convention. The values ]Q h(w)v(dw) and fQ h(w)v(dw) are

called upper integral and lower integral of the function h, respectively. From now
on, for simplicity,

/Q hw)v(dw), /Q hwW(dw) and /Q f@)v(dew)

are denoted by I,,(h), 1,(h) and I,,(f), respectively, for any function & on Q and any
integrable function f on Q.

The following properties are straightforward from the definition of upper and
lower integrals.

Proposition A.4.2 (1) For any function h : Q — R
1,(h) < I,(h). (A.1)
(2) If hy and hy are two real-valued functions on Q such that hy < h, then

L(h) <1,(h), I,(h)<T1(h). (A2)
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Proposition A.4.3 Let h be a real-valued function on Q. Then h is v-indistinguishable
with a v-integrable function if and only if I,(h) = I (h) € R.

Proof If h is indistinguishable with a v-integrable function E, then 7V(h) and 1,,(h)
are both equal to the integral of h with respect to the measure v, which is a real
number.

Conversely, assume that 7, (h) = I(h), then we can find two sequences { f;; }nen
and {g, }nen of functions in £ (Q, A, v) such that g, < h < f,, v-almost every-
where. and that

nl—1>Too L(fu) = 7v(h) = !v(h) = nl_i)IPoo L,(gn)-

Without loss of generality, we may assume that the sequence { f, }nen is decreasing
and {gy }nen is increasing (otherwise we replace f;, by f;, = min{fi,..., f,} and g,

by g, = max{gi,...,gn}). Let f = inf,cn f, and g = sup, oy gn. By Lebesgue’s
dominated convergence theorem, we obtain that f and g are both v-integrable, and

L(f) = I,(h) = 1,,(h) = 1,(g).

Moreover, one has g < h < f v-almost everywhere, which implies that f = g = h
v-almost everywhere. O

In general the operators 7,,(-) and 1(-) are not linear operators. However, they
satisfies some convexity property.

Proposition A.4.4 Let hy and h; be two real-valued functions on Q.
(1) Assume that {I,,(h1),1,,(h2)} # {+00,—co}. Then one has

Ly(hy + h2) < I,(hy) + T, (h2) (A3)
(2) Assume that {1,(hy),1,(h2)} # {+0c0,—co}. Then one has
L(hi+hy) =2 1,(hi) + L,(hy). (A4)

Proof (1) We first treat the case where neither of I,,(h;) and I, (hy) is +oo. If f;
and f, are two v-integrable functions on Q such that f; > hy and f, > hy v-almost
everywhere, then the sum f; + f is v-integrable, and f; + f, > h; + hy. Therefore
L(fi)+L(R)=L(fi + )= I,,(hy + hy). Since f; and f> are arbitrary, we obtain
Iv(hl) + Iv(hZ) > Iv(hl + hZ)' _ _

If at least one of the upper integrals 1,,(h) and I, (h;) is +oo, then by the hypothesis
{I,(h1),I,(hy)} # {+00,—c0} one has I,,(h;) + I,,(hy) = +oco. Hence the inequality
(A3 is trivial.

The proof of the statement (2) is very similar to that of (1). We omit the details.0

Proposition A.4.5 Let h be a real-valued function on Q and ¢ be a v-integrable
function. Then one has

L(h+¢) =L+ L(p), I(h+¢)=1(h)+L(p).
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Proof Since ¢ is v-integrable, one has

L(¢) = 1,(p) = 1(¢) €R.
By Proposition[A.4.4] one has

L(h+¢) < L(h) + I(¢).
Moreover, if we apply this inequality to z + ¢ and —¢, we obtain

L () < T,(h + @) = I (¢).

Therefore the first equality is true. The proof of the second equality is quite similar,
we omit the details. O

Proposition A.4.6 Let h be a real-valued function on Q. If a is a non-negative
number, then one has

T,(ah) = al,(h). 1,(ah) = al,(h).

Proof The assertions are trivial when a = 0. In the following, we assume that
a > 0. If f is a v-integrable function such that 7 < f v-almost everywhere, then
af is a v-integrable function such that ah < af v-almost everywhere. Therefore,
we obtain that I,,(ah) < al(h). If we apply this inequality to a~' and ah we get
1,,(h) < a™'T,(ah). Hence the first equality is true. The proof of the second equality
is very similar, we omit the details. m]

Proposition A.4.7 Let h be a real-valued function on Q. One has
I(=h) = =1,(h), IL,(-h)=-IL,(h).

Proof 1f f is a v-integrable function such that —& < f v-almost everywhere, then one
has —f < h v-almost everywhere. Since f is arbitrary, we obtain —I,,(—h) < L,(h).
Similarly, if g is a v-integrable function such that g < —h v-almost everywhere, then
one has i < —g v-almost everywhere. Since g is arbitrary, we obtain —I (-h) >
1,,(h). Finally, if we apply the obtained inequality to —/, we obtain —I, () < I,(=h)
and —7,(h) > 1,,(—h). Therefore the equalities hold. O

Proposition A.4.8 Let_hl and hy be two real-valued functions on Q, and let h =
hy + hy. Assume that {I,,(h),1,(hy)} # {+00,~co}. Then one has

!y(h) < 7v(hl) + !v(hZ) < 7V(h)

Proof By the equality h = hy + hy we obtain h; = (—hy) + h. Thus Proposition
leads to B B B B
I,(m) < L(=h2) + I,(h) = =1, (h2) + I,,(h),

where the equality comes from Proposition Hence we obtain the inequality
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L(h) > I,(h) + I (ho).
We then apply this inequality to —h, —hy and —h; to get the other equality. O

Definition A.4.9 Let 4 : 3 — R be a real valued function on Q. We say that £ is
v-dominated if there exists a v-integrable function f such that {w € Q : |h(w)| <
f(w)} is a v-negligible set (in other words, |A| < f v-almost everywhere). Note that
this condition is equivalent to

I,(h) < +o0 and I (h) > —co.

We denote by 2'(Q, A, v) the vector space of v-dominated functions on Q. Clearly
one has 2'(Q,A,v) 2 L' (QA,v), and 2'(Q, A,v) is invariant by the operator
f — | f]| of taking the absolute value. Moreover, if f and g are real-valued functions
on Q such that |f| < |g| v-almost everywhere and that g is v-dominated, then the
function f is also v-dominated.

Proposition A.4.10 Let ||-||;1 be the function on DN Q,A,v) sending any v-

dominated function f to I,(|f]). Then ””%‘ is a seminorm. Moreover, a function

f € 2Y(Q A, v) satisfies I /1l = 0 if and only if it is v-negligible.

Proof Let f be a v-dominated function and a be a real number. One has |af| =
la| - | f]. By Proposition we obtain that

lafllgy = LAaf) = I(al - 1f) = lal - T,(fD) = lal - 1 fll 5.

Moreover, if f and g are two v-dominated functions, then by Proposition[A.4.4] one
has

If +gllgy = LA + gD < TAf1+ 18D < LASD + L8l = 1 fllgy + gl

where the first inequality comes from (A.2)), and the second inequality comes from
(A-Z3). Therefore |||| 5, is a seminorm on 2} (Q, A, v).

Let f be a v-negligible function. Then one has |f| = 0 v-almost everywhere.
Hence one has || f|| 51 = I,(If]) = 0. Conversely, if f is a v-dominated function such

that 7,,(|f|) = 0, then one has LAfD = 1,(If]) = 0. By Proposition , |f] is

v-indistinguishable with a v-integrable function g of integral 0. Moreover, since | f|
is non-negative, we obtain that the set {g < 0} is v-negligible. Therefore g vanishes
v-almost everywhere. Thus f is v-negligible. O

Proposition A.4.11 Let { f;,}nen be an increasing sequence of non-negative func-
tions on Q and f be the limit of { f;, }nen. Then one has

nlirilw 7v(fn) = 7v(f)

Proof Clearly one has 1,,(f;,) < I,(f) for any n € N. Hence
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lim 7,(fx) < L,(f)
n—+oo
If one of the functions f,, is not dominated, then neither is f. Hence one has
lim Iv(fn) = t+00 = Iv(f)-
n—-+o0o

In the following, we assume that all the functions f,, are dominated. Let € > O.
For any n € N, let g, be an integrable function on Q such that f,, < g, and that
1,(f) > 1,(gn) — €. Note that 2, := inf,n=, gm is also an integrable function on Q
such that f, < 2, and I,,(f,) > 1,(3,) — €. Therefore, by replacing g, by g, we
may assume without loss of generality that the sequence {g, },en is increasing. Let
g = sup,,y 8n- By the monotone convergence theorem one has

I(g)= lim I(ga) < lim T,(fy)+e.

Moreover, since g > f, one has I,,(f) < 1,,(g). Therefore the proposition is proved.O

Corollary A.4.12 Let { f,, }nen be a sequence of non-negative functions on Q, and f
be the sum of the series Y, ,cn fn. Then one has

L(f) < DS Tu(fo).

neN

Proof For any n € N, let g, = X}'_ fk- The sequence {g,},cy is increasing, and
converges to f. Therefore, by Proposition[A.4.T1] one has

7v(f) = nl_i}}_looiv(gn)-

Moreover, by Proposition[A.4.4] for any n € N one has

7v(gn) < 7v(fk)

M=

>~
Il

0

Hence we obtain

L(f) < 3" Tu(fo)-
neN

Proposition A.4.13 Let { f;, }nen be a sequence of non-negative functions on Q and
f =liminf, ., fu. Then one has

L(f) < lim JirnfTV( fu)- (A.5)

Proof For any n € N, let g, = inf,,>,, f;,. Then the sequence {g, },en is increasing
and converges to f. By Proposition[A.4.T1} one has

7v(f) = nl—i>IE><>7V(gn) < lrllrgigofiv(fn),
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where the inequality comes from the fact that g, < f, for any n € N. The proposition
is thus proved. O

Proposition A.4.14 Let D'(Q,A,v) be the quotient space of ' (Q,A,v) by the
vector subspace of v-negligible functions. Then the seminorm ||-||% on 21 (Q,A,v)

induces a norm ||-|| pl on DY (Q, A, v), and the vector space D'(Q, A, v) is complete
with respect to this norm.

Proof The first assertion is a direct consequence of Proposition In the
following, we prove the second assertion.

Let {f,}new be a Cauchy sequence in 2'(Q,A,v). For any € > 0 and any
m,n € N, one has | f, — fiul > €l|f,_f,|>e)» Which implies that

”fn - fm”@‘l = 7v(lfn - fm|) > 67v(“{|fn—fm\>e})-

Since {f,, }nen is a Cauchy sequence, one has

lim sup ”fn - fm” =0.

ot (n,m)eN?
n>N,m>N

Therefore we can construct a subsequence { f;,, }x>1 of {f, }nen such that
Yk EN)], TV(]I{‘ﬁlk_fnk+1|>2_k}) <2_k.
For any m € Ny, let Ay = Ugs il far = fara:| > 275} Then the set

B:={weQ : {fy (w)}ks1 does not converge}

is contained in (,,,»1 Am. Moreover, for any m € Ny, by Corollary [A.4.12|one has

7V(]1Am) < Z 7V(]1{|f"k7f"k+l ‘>2—k}) < 27m+1.

k>m

Therefore we obtain 1,,(1z) = 0, which implies that B is a v-negligible set. Thus we
obtain that the sequence { f;,, }x>1 converges v-almost everywhere to some function
f on Q. Note that by Proposition [A.4.13one has

L(If]) < 1,i<r3+i{.1<)f7v(|fnk .

Therefore f is a dominated function. Finally, still by Proposition [A.4.13] for any
n € N one has

7V(Ifn - f|) < 1]1<Il>1i130f7v(|fn - fnk|)

Hence one has B
Tim Ty(1fu — ) =0,

The proposition is thus proved. O
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A.5 L! space

Let #! (Q, A, v) be the vector space of all real-valued v-integrable functions on the
measurable space (€, A). This vector space is equipped with the seminorm ||-|| 1

which sends a function f € Z'(Q, A, v) to
MM:Amwmm

Note that the set of all functions f € ! (Q, A, v) such that || f| o1 = 0forms a vector
subspace of .Z!(Q, A, v). Such functions are said to be v-negligible. The quotient
space of Z!(Q, A, v) by the vector subspace of v-negligible functions is denoted by
LY(Q, A, v). The seminorm ||-|| ) induces by quotient a norm on LY(Q, A, v), which
we denote by ||-||;1. Note that the vector space L'(Q, A, v) is complete with respect
to this norm, and the integration with respect to v induces a continuous linear form
on LI(Q, A, v), which we denote by

<mU@ﬂmHjhwmm
Q

by abuse of notation.
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