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Abstract. Let L be a big invertible sheaf on a projective variety defined on a complete
valued field (such as the field C of complex numbers or a complete non-archimedean field),
equipped with two continuous metrics. By using the ideas in Arakelov geometry, we prove
that the distribution of the eigenvalues of the transition matrix between the L? norms on
HO(X,nL) with respect to the two metriques converges (in law) as n goes to infinity to
a Borel probability measure on R. This result can be thought of as a generalization of the
existence of the energy at the equilibrium as a limit, or an extension of Berndtsson’s results
to the more general context of graded linear series and a more general class of line bundles.
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1. Introduction

Let K be a number field and X be an integral projective scheme defined over
K. Assume given an adelic line bundle L on X. Namely L is an invertible sheaf
on X equipped with a family (h,)yem; of metrics indexed by the set Mg of all
places of K, where each A, is a continuous metric on the analytification of L with
respect to the place v. For each v € Mk and any integer n > 0, the metric A,
induces naturally anormon V,, := H 0(X , L®), which is the sup norm when v is
non-archimedean, and is the L? norm with respect to a Borel probability measure
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which is equivalent to the Lebesgue measure on each local coordinate chart when
v is archimedean. Thus the K -vector space V,, is equipped with an adelic structure
and becomes an adelic vector bundle on Spec K . Recall that the arithmetic Hilbert—
Samuel theorem [1] describes the asymptotic behaviour of the normalized Arakelov
degree of V,, when n — 4o00. Note that the Arakelov degree of a hermitian adelic
vector bundle on Spec K equals the sum of successive slopes of the adelic vector
bundle. In [10], a limit theorem has been established, asserting that the uniform
distribution of the suitably normalized successive slopes of V,, converges in law
to some Borel probability measure on R. The method was based on a convexity
property of successive slopes of V,, and the functoriality of Harder—Narasimhan
filtrations.

The current paper treats a local analogue of the above result. We focus on
the situation where the scheme is defined on a complete valued field. The metric
structure is given by two continuous metrics on the same invertible sheaf. The
purpose is to compare the sup norms or the L? norms induced by these two metrics
on the linear series of the invertible sheaf (or its tensor powers). This problem has
been widely studied in the framework of complex hermitian geometry, notably in
[3,4,20].

Let X be a complex projective variety or alternatively, a projective variety
defined over a complete non-archimedean field, and let L be an invertible sheaf on
X. We assume that L is big, or in other words, that the volume of L, defined by

0
vol(L) := lim tk(H(X, nL))
n—-+o0 nd/d!

)

is strictly positive, where the rank is computed with respect to the base field of X,
and d is the Krull dimension of X. In [3], Berman and Boucksom studied in the
complex setting the Monge—Ampere energy functional of two continuous metrics
on L, ¢ and ¢. The equilibrium Monge—Ampere energy of the pair (¢, ¥) is an
invariant defined by

d
1 . .
Eeqlp, V) = > / (Pg — Py)ci(L, Py)el(L, Po)?.
=0 X(C)

d+14“
In the above formula P¢ denotes, for any continuous metric ¢ on L, the supremum
of all (possibly singular) plurisubharmonic continuous metrics bounded above by
¢. This invariant describes the asymptotic behaviour of the ratio of the volumes of
the unit balls in the linear systems H 0(X,nL) (n > 1) with respect to the L? norms
induced by the metrics ¢ and v, respectively. More precisely, given any probability

measure u on X (C), equivalent to Lebesgue measure in every local chart, we have
that (cf. [3, Théoreme A])

. dl vol(BX(nL, @, )
lim n =
n—+o0 nd+1 " vol(B*(nL, ¥, )

Eeq(@, V), ey

where for any continuous metric ¢ on L, the expression B2 (nL, ¢, ) denotes the
unit ball in H%(X, nL) with respect to the following L? norm:

Vs HOL) Isly = [ sl nan.
. X(©)



Distribution of logarithmic spectra

All volumes are calculated with respect to some arbitrary Haar measure on
HO(X,nL).

The logarithm which appears in the left hand side of Eq. (1) is equal (up to
multiplication by a constant) to the mean of the logarithms of the eigenvalues of
the transition matrix between ¢, and v,,. Here ¢, and v, are the L2 norms induced
by ¢ and ¢ respectively on the space H(X, nL).

In [4], Berndtsson studies the distribution of eigenvalues of this transition matrix
in the case where ¢ and v are Kihler metrics on an ample line bundle L. He
establishes the following fact by a detailed analysis of geodesics in the space of
Kihler metrics on L : if d, = dimV),, and the numbers A; are the logarithms of
the eigenvalues of the transition matrices between ¢, and ¥, then the probability
measure

vn = dy ! Z‘SM
J

converges as n tends to infinity to a measure on R which is defined using the
Monge-Ampere geodesic linking ¢ and ¥ in Hp, the space of Hermitian metrics
inL.

The log-ratio of the volumes appearing in (1) is an analogue of the degree
function in Arakelov geometry. Let E be a vector space of finite rank over a number
field K equipped with a family of norms ||.||,, where v runs over the set Mg of
places of K, and ||.||, is a norm on E ®k K, which is ultrametric when v is a
finite place and Euclidean or Hermitian when v is real or complex. Moreover, we
suppose that E contains a lattice £ (ie. a maximal rank sub-Og -module, where Ok
is the ring of algebraic integers in K) such that for all but a finite number of places
v the norm ||.||,, comes from the Og-module structure on £.

The data E = (E, (II.llv)vemy ) is called a Hermitian adelic bundle on K and
its Arakelov degree is defined to be the weighted sum

deg(E) :=— > mylnllsi A= Asel, 2)
veMg
where (s1, ..., s;) is a basis of E over K and the weight n, is the rank of K, as

a vector space over Q. The Arakelov degree is well-defined due to the product
formula

Yae K™, Z nylnjal, = 0.

vEMK

We refer the reader to [5, Appendice A] and [13] for a detailed exposition of
this theory. In the context of complex geometry, we consider a finite dimensional
vector space V' equipped with two Hermitian norms ¢ and . We can write the
log-ratio of the volumes of the unit balls (with respect to ¢ and v respectively) as

vol(B(V, ¢))
In ———=

VIV %)) =deg(V, ¢, ¥) == —In sy A- - -As, [l [[s1 A - -As, [y, (3)
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where (s1, ..., s;) is a basis for V. This expression is independent of the choice of
basis by the elementary product formula

YaeC*, Inla]—Inla] =0.
With this notation, Eq. (1) can be rewritten in the form

deg(HO(X,nL), L2 L% )
lim —> v 0 g o).
n—+00 nd+1/d|

which is an analogue of the arithmetic Hilbert—Samuel theorem for Hermitian
invertible bundles on a projective arithmetic variety.

Given the results in [4] and the convergences proved in [10], it is natural to
wonder whether the eigenvalue distribution of the metric L2 o, Withrespect to L?
is well-behaved asymptotically in more general situations. Unlike the arithmetic
case, it does not seem possible to reformulate these spectra functorially, which is
a key step in the proof of the convergence results in [10]. This phenomenon arises
essentially because of the presence of a negative weight in formula (3), absent in
the arithmetic case. The interested reader will find counter-examples illustrating
this phenomenon in [11, remark 5.10 and §4, example 2].

In this article, we use a truncation method for studying the asymptotic behaviour
of eigenvalues of transition matrices between two metrics. Note that similar idea
appears also in the study of linear forms of logarithms (see [14, §4.1]) We consider
truncations of v by dilatations of ¢, which enables us to prove the following result
(cf. theorem 5.2 infra):

Main theorem. Letk be the field of complex numbers or a complete non-archimed-
ean field, and let X be a projective k-variety of dimension d > 1. Let L be a big
invertible Ox -module with two continuous metrics ¢ and . For any integern > 1,
let @, and r, be the sup norms on H(X,nL) with respect to metrics ¢ and ¥
respectively. Moreover, let ¢!, and ), be hermitian norms on H’(X, nL) such that
max(d(¢n, @), d(Yu, V) = o(n). Let Z, be the map from {1, ..., h°(X,nL)}
to R sending i to the logarithm of the i"* eigenvalue (with multiplicity) of (V4
with respect to go,;, considered as a random variable on the set {1, ..., hO(X, nlL)}
with the uniform distribution. Then the sequence of random variables (Z,/n),>1
converges in law to a probability distribution on R depending only on the pair

(o, ¥).

We recall that by definition the sequence of random variables Z,/n con-
verges in law if for any continuous bounded function / defined on R the sequence
(E[A(Z,/n)])n>1 converges in R.

The Theorem 5.2 proved in Sect. 5 is a little bit stronger than this statement. It
is valid for any sub-graded linear system of subspaces V,, C H(X, nL) satisfying
conditions (a)—(c) of Sect. 4.3. Moreover, it also applies to the functions j1; defined
in Sect. 2.3, and which are associated to pairs of (possibly non-hermitian) norms.

Lt n and n’ are two norms on a finite-dimensional complex vector space V, then d(n, 1)

is defined tobe  sup |[In|ls|l; — In|ls]l,/|. This is a distance on the set of norms on V.
0#£seV
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When these norms are in fact hermitian, these functions are equal to the logarithms
of the eigenvalues of the transition matrix (cf. Sect. 2.2). This asymptotic distribu-
tion is a fine geometric invariant which measures the degree of non-proportionality
of the metrics ¢ and . It should be useful in the variational study of metrics on an
invertible sheaf.

The proof of the main theorem uses various techniques drawn from algebraic
and arithmetic geometry. In Sects. 2 and 3 we introduce a Harder—Narasimhan type
theory for finite dimensional vector spaces with two norms. This can be thought of
as a geometric reformulation of the eigenvalues of the transition matrix between
two Hermitian norms. This construction has the advantage of being valid for non-
Hermitian norms, which allows us to work directly with the sup norm. Moreover, it
is analogous to the Harder—Narasimhan filtration and polygon of a vector bundle on
asmooth projective curve. In particular, the truncation results (Propositions 2.8, 3.7)
are crucial for the proof of the main theorem. Another important ingredient is the
existence of the equilibrium energy as a limit, presented in Sect. 4. For a complete
complex graded system, this is a result of Berman and Boucksom [3] (where the
limit is described.) Here, we use the Okounkov filtered semi-groups point of view
developped in [7], analogous to that of Witt Nystrom [20]. The combination of this
method with the Harder—Narasimhan formalism is extremely flexible and enables
us to prove the existence of the equilibrium energy as a limit in the very general
setting of a graded linear system on both complex and non-archimedean varieties
(cf. Theorem 4.5 and its Corollary 4.6). Finally, in Sect. 5 we prove a general version
of the main theorem (cf. Theorem 5.2 and Remark 5.3).

2. Slopes of a vector space equipped with two norms

In this section we develop the formalism of slopes and Harder—Narasimham filtra-
tions for finite dimensional complex vector spaces equipped with a pair of norms.

2.1. Slopes and the Harder—Narasimhan filtration

Let CH be the class of triplets V = (V, ¢, V), where V is a finite dimensignal
complex vector space and ¢ and ¥ are two Hermitian norms on V. For any V =
(V,o, %) € CH, welet deg(V) be the real number defined by

—Inflsp A Aspllg FInflsp A Aselly, “4)

where (sq, ..., s,) is a basis of V. Note that when V is the trivial vector space,
one has d/e\g(V) = 0. If the V is non trivial then we let (V) be the quotient
d/e?g(V) /tk(V), which we call the slope of V. Unless otherwise specified, for any
subspace W of V we will let W be the vector space W equipped with the induced
norms and V /W be the quotient space V/ W equipped with the quotient norms.
The following relationship holds for any subspace W of V:

deg(V) = deg(W) + deg(V/W). (5)
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Proposition 2.1. Let V = (V, ¢, V) be a non-trivial element of C*. There is a
unique subspace Vaes in 'V satisfying the following properties:

(1) for any subspace W C 'V we have thﬂﬁ(W) < A(Vges),
(2) if W is a subspace of V such that 1(W) = 1(Ves) then W C Vyes.

Proof. Let A be the norm of the identity map from (V, ||.|l,) to (V, [I.[ly). We will
prove that the set

Vies ={x € V 1 lixlly = Allxlly}

satisfies the conditions of the proposition. We start by checking that Ve is a non-
trivial subspace of V. By definition, Vges contains at least one non-zero vector and
is stable under multiplication by a complex scalar. We need to check that Ve is
stable under addition. Let x and y be two elements of Vges. As the norms ¢ and
are Hermitian, the parallelogram law states that

Ix + ylI7 + Ilx = ylly =2 (||x||§, + ||y||§) :

o+ 3%+ x = 1, =2 (I, + 113)

Since A is the norm of the identity map from (V, |.|ly) to (V, ||.[ly) we have
that |lx + ylly < Allx + yllp and [[x — ylly < Allx — ylly. As x and y are vectors
in Vges we have that || x|y = Al|lx|l, and ||y[ly = Allylle. It follows that

222 (12 + 1902) =2 (I, + 1y 13) = I + 905 + lx = I

<2 (e + 12+ e = y12) =222 (112 + 1912)

so [[x + ylly = Allx + yll, and it follows that x + y € Vies.

In particular, as the norms ||.||y and ||.||, are proportional with ratio A on Vges
we have that ZZ(VdeS) = In(X). If W is a subspace of V then the identity map from
(AW, I.lly) to (AW, |l.ll) has norm < A" (by Hadamard’s inequality). This
inequality is an equality if and only if the norms ||.||y and ||.||, are proportional
with ratio A—or in other words, the space W is contained in Ves. O

Let V be a non-trivial element of C¥. Let fimax (V) be the slope of Vges, which
we call the maximal slope of V. We say that V is semi-stable if [imax (V) = 1(V),
or equivalently Vges = V. The element V is semi-stable if and only if the two norms
on V are proportional.

For any V, non-trivial element of C*, we construct recursively a sequence of
subspaces of V of the form

0O=Vwwcvic---CcV,=V (6)

such that V; / Vi_1 = (V/Vi_1)qes for any i_e {1, ..., n} using the quotient norms
on V/V;_1. Each of the subqu_otiglts Vi/Vi_1 is a semi-stable element of cH,
Moreover, if p; is the slope of V;/V;_1, then we have that:

W1 > U2 > - > Uy, @)

These numbers are called the intermediate slopes of V. The flag (6) is called the
Harder—Narasimhan filtration of V.
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Definition 2.2. Let V be a non-zero element of C with its Harder—-Narasimhan
filtration and intermediate slopes as defined in (6) and (7). We let Z3; be the random

variable with values in {u1, ..., i, } such that
tk(V;/Vi-1)
( % i) k(V)
foranyi e {1,...,n}.

Remark 2.3. The above constructions are analogues of Harder—Narasimhan theory
for vector bundles on a regular projective curve or hermitian adelic bundles on a
number field. As in [10, §2.2.2], we can include the Harder—Narasimhan filtration
and the intermediate slopes in a decreasing R-filtration. However, contrary to the
geometric and arithmetic cases, this R-filtration is not functorial, as explainedin[11,
remarque 5.10]. Moreover, the Harder—Narasimhan filtration is not necessarily the
only filtration whose sub-quotients are semi-stable with strictly decreasing slopes,
as can be seen using the counter-example in [11, §4 exemple 2].

Let V be an element of C of rank r > 0. We let ﬁV be the function on [0, r]
whose graph is the upper boundary of the convex closure of the set of points of the
form (rk(W), d/e\g(W)) This is a concave function which is affine on each interval
[ —1,i] G e {1,...,r}). We call 1t the Harder—Narasimhan polygon of V. By
definition, Py(0) = O and P (r)= deg(V) Foranyi € {1,...,r}, we let u,(V)
be the slope of the function P on the interval [i — 1, i], Wthh we call the i slope

of V. We also introduce a normalised version of the Harder—Narasimhan polygon,
defined by

Py(t) := —— Py(rtk(V)), 1€ 0, 1].

rk(V)
It follows from the relation ﬁv(r) = @(V) that
deg(V) = (V) + - + (V). ®)

Moreover, the distribution of the random variable Z3 (cf. Definition 2.2) is given
by

1 r
; Z(Sﬁi(v)’
i=1

where §, is a Dirac measure supported at a.
The normalised polygon Py, the random variable Zy; and the slopes of V are
linked by the following simple formula.

Py(1) = ElZy] = &(V). ©)
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2.2. The link with eigenvalues.

The Harder—Narasimhan polygon and its intermediate slopes can be thought of as an
intrinsic interpretation of the eigenvalues and eigenspaces of the transition matrix
between two Hermitian norms. Indeed, given an element V = (V, ¢, ) € C¥ and
an orthonormal basis e = (¢;)!_, for V with respect to |||, we can construct a
Hermitian matrix

(er1,e1)y (er,ex)y -+ (e, er)y
(e2,e1)y (e2,e2)y -+ (e1,er)y
Ay, = : . . )
(er, el)l// (er, 62>¢ e e, er>¢
If the intermediate slopes of V are i > ps > --- > u, then the eigenvalues of

Ay, are e2#1 ... e*n In fact, although the matrix Ay , depends on the choice

of the orthonormal basis e, its eigenvalues (counting the multiplicities) do not
depend on this choice. Therefore, without loss of generality we may assume that
e is an orthogonal basis for the hermitian product (, )y In this case the matrix
Ay, is diagonal and its eigenvalues are (|le; || )i_,- Moreover, from the proof of
Proposmon 2.1, we learn that Vg coincides w1th the set of vectors x € V such
that | x|y equals the operator norm of Id : (V, ||l.llp) — (V, |I.lly) times |[|s],.
Namely Vges is the vector subspace generated by those e; € e such that |le; ]|y
is maximal. In particular, the largest eigenvalue of Ay; , identifies with e?1, By

induction we obtain the correspondance between successive slopes of V and the
eigenvalues of Ay; , as stated above. Moreover, if for any i € {1,...,n} we let

V@ be the eigenspace associated to the eigenvalue e of the endomorphism of
V given by the matrix Ay, in the basis e then the flag

ocvhcyDpy@c..cvbp. . pym=y

is the Harder-Narasimhan filtration of V.

The fact that ¢ and  are proportional on each of the subspaces V) implies that
there is a complete flag (which will be in general finer than the Harder—Narasimhan
filtration of V)

0O=WeVic---CV, =V
such that (@(Vi /Vi,l) = [ (V). In particular, Py(i) = cTe\g(V,-). This can be

thought of as a version of the Courant—Fischer theorem for symmetric or Hermitian
matrices.

2.3. Generalisation to arbitrary norms

The above constructions can be naturally generalised to spaces equipped with two
arbitrary norms. Let C be the class of finite-dimensional complex vector spaces
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equlpped with two (not necessarily Hermitian) norms. For any non-trivial element
= (V, @, ¥) in C we let deg(V) be the number

vol(B(V, ¢))
ol BV, v))’

where B(V, ¢) and B(V, ¥) are the unit balls with respect to the norms ¢ and ¥
respectively, and vol is a Haar measure on V. This definition is independent of the
choice of Haar measure vol. Moreover, when the norms ¢ and ¥ are Hermitian, it
is equal to the number defined in (4). As in the Hermitian case, we let 137 be the
concave function on [0, rk(V)] whose graph is the upper boundary of the convex
closure of the set of points of the form (tk(W), Ee\g(W)), where W is a member of
the set of subspaces of V. For any i € {1,...,1k(V)}, we let [1; (V) be the slope
of the function 137 on the interval [i — 1, i]. The equality (8) holds in this more
general context. We let Zy7 be a random variable whose law is an average of Dirac
masses at the intermediate slopes 7z; (V):

rk(V)
the law of Zw is —— 8~ .
14 tk(V) ; wi(V)

We can also introduce a normalised Harder—Narasimhan polygon:

Py (1) = k( )P v(ttk(V)), te]0,1]. (10)

Equation (9) holds in this more general setting: we have that
Py(1) = E[Zy] = (V). (11)
The following result compares Harder—Narasimhan polygons.

Proposition 2.4. Let (V, ¢, {r) be an element of C. If Y’ is another normon'V such
that> ' <  then we have that P(V o) < Pv.g.y) as functions on [0, tk(V)].

Proof. For any subspace W on V we have that BW, ) ¥ B(W, ¢") and it follows
thatdeg(W, ¢, ) > deg(W, ¢, ¥"). The point (rk(W), deg(W, ¢, ")) is therefore
always below the graph of Py, 4. It follows that Py o,y < Pv,g,y)- O

Remark 2.5. Similarly, if (V, ¢, ¥) ~is an elemerg of C and ¢’ is another norm on V
such that 9" > ¢ then we have that Py o yy < P(v,¢,y) as functions on [0, rk(V)].

If V is a non-trivial finite dimensional complex vector space and v and ¥’ are
two norms on V then we denote by d (v, ¥') the quantity

sup |Inlx]y —
0#£xeV

2 In other words, for any x € V we have that [[x]ly/ < [[x]ly-
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Corollary 2.6. Let (V, ¢, ¥) be a non-trivial element of C and let ¢’ and ' be two
norms on V. For any t € [0, 1k(V)] we have that

1Pv.p.n (1) = Pygr g (O] < (g, @) +d G y)) 1.
Proof. We denote by | and ¥, the norms on V such that
Ity =YYy and Ly, =YLy
We have that ¥; < ' < ¥». Moreover, for any ¢ € [0, 1] we have that
Py ) =P.p.) (@) = d W, ¥ 1, Py gy () =Py g0 (O +d W, ¥ 1.
By the above proposition we have that
1P () = Py gy (D] <d(W, ¥ .
By the same argument we have that
1P,y () = Py gy (0] < dlg, @)1

The sum of these two inequalities gives the required result. O

2.4. John norms

Whilst the elements of C do not generally satisfy (5), John’s ellipsoid technique
enables us to show that (5) holds up to an error term. Indeed, if V is a complex
vector space of rank r > 0 and ¢ is a norm on V then we can find a Hermitian
norm ¢; which satisfies the following inequalities (cf. [19, p. 84]):

1
ﬁll-lldg, < lllg < N-llgy -
Proposition 2.7. Let V = (V, ¢, V) be a non-trivial element of C. If
O=VCVic---CV,=V

is a flag of subspaces of V then we have that

deg(V) Zd?g(V,-/V,-])' < tk(V) In(rk (V). (12)

i=1

Proof. Let r be the rank of V. Consider the object (V, r~Y2¢;, ), which is an
element of C¥. The following equation holds by formula (5):

n
deg(V,r=" g, yy) =D deg(Vi/Vier, v~ s, 9).
i=1
Moreover, since r 1/ 2(p J < ¢ and ¥y > ¢, we have that

deg(Vi/ Vi1, ¢, ¥) < deg(Vi/ Vi1, r~p;, v)).



Distribution of logarithmic spectra

It follows that
n
deg(V.r="2p; yry) = > deg(Vi/ Vie1. 0. V). (13)
i=1
Moreover, it follows from the relations ¢ < ¢; and ¥ > r~ /%y, that
deg(V. ¢, y) = deg(V.r~ 29, ¥)) — rIn(r). 14
It follows from the inequalities (13) and (14) that
n
deg(V) = > deg(Vi/Vi-1) — rn(r).
i=1
Applying the same argument to (V, ¢z, r~'/2v;) we can show that
n
deg(V) < D" deg(Vi/Vi1) + rIn().
i=1

This completes the proof of the proposition. O

2.5. Truncation

Let V be a finite-dimensional complex vector space. If ¢ is a norm on V and a is
a real number then we let ¢ (a) be the norm on V such that

VeV, lxlg@ =elxlly.
If ¢ and y are two norms on V then we denote by ¢ Vv ¥ the norm on V such that
Vx eV, lxllpvy =max(|lxlly, [[x]ly).

Proposition 2.8. Let V = (V, @, V) be a non-zero element of C and let a be a real
number. We have that

tk(V)

deg(V, @, ¥ v 9(@) — D max(it; (V), a)
i=1

<2rk(V)1n(rk(V))+¥l (2).

Proof. Let r be the dimension of V. We will first prove the following equation.

Zmax(u,(V) a) = sup (P(r) - at) +ar. (15)
i—1 tel0,r]
As the function ﬁv(t) — at is affine on each segment [i — 1,i] (i € {1,...,r}) we
get that
,
sup (Pv(t) - at) = max ( Z (ZZ,-(V) - a)) = Zmax (,Tli(V) —a, 0).
1€[0,r] i€{0,...,r} 1< o1
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It follows that

r

sup (Py(1) _at)+ar=z (max (1 (V) — a, 0) —I-a) Zmax(u,(V) a).
i=1

te[0,r]

We start by proving the proposition in the special case where ¢ and i are
Hermitian. There is then a basis e = (e;)!_; which is orthonormal for ¢ and

orthogonal for . Foranyi € {1, ..., r}setd; = |le |y . Without loss of generality,
we may assume that Ay > --- > A,. We therefore have that [i; (V) = In(};) for
any i € {1,...,r}. Let ¥ be the Hermitian norm on V such that

,
lxier + -+ xrer II%M = fo max(kl-z, ey,

‘We then have that

|x1e1 + - +xrer||¢w,(a) = max (szkz sz 2“).

i=1

and it follows that

- llyve@ < Iy < V21 lyve)-

It follows that
deg(V, ¢, ¥ V ¢(a)) < deg(V, ¢, ¥') < log(2) +deg(V, g, ¥ V (),

and hence

deg(V, 9, ¥ v 9(a)) — > max(@;(V), a)
i=1

p
< = log(2).
20g()

We now deal with the general case. We choose Hermitian norms ¢ and 1 such
that d (¢, ¢1) < % log(r) and d (¥, Y1) < % log(r). Applying the above result to
(V, 1, 1) we get that

deg(V, g1, Y1 V @1(@) — D max(@;(V, g1, Y1), )
i=1

;
< < log(2).
7 10g(2)

Moreover, we have that

d(y v @(a), Y1 vV @i(a)) < max (d(g, ¢1), d(¥, Y1)

and hence

|deg(V, @, ¥ vV @(a)) —deg(V, g1, Y1 V ¢1(a)| < d(p, p1)r
+max(d(g, 1), d(, Y1),

which is bounded above by r In(r). Moreover, by 2.7 we get that

| Py(t) = Py ) (0] < (d(@, 01) +d (W, Y1)t < tIn(r) < rn(r),
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and hence
sup (ﬁv(t) — at) — sup (ﬁ(v,(pl,wl)(t) - at) < rin(r).
tel0,r] tel0.r]
By (15) we get that
;

deg(V, ¢, ¥ v p(@) — > max (it (V), a)

i=1

< 2rin(r) + 3 log(2).

3. The non-Archimedean analogue

In this section, we develop an analogue for slopes for finite dimensional vector
spaces over a non-archimedean field k equipped with two ultrametric norms. Let k
be a field equipped with a complete non-archimedean absolute value function |.|.

3.1. Ultrametric norms

Let V be a k-vector space of dimension 7 equipped with anorm ||.||. As & is assumed
to be complete the topology on V is induced by any isomorphism k" — V. (We
refer the reader to [8, 1.§2, no. 3] theorem 2 and the remark on page I.15 for a proof
of this fact). In particular, any subspace of V is closed (cf. loc. cit. corollary 1 of
theorem 2).

Let (V, |.|l) be a finite-dimensional ultra-normed vector space on k. A basis
e = (¢;);_, of V is said to be orthogonal if the following holds:

VO\], ---,)\r) € kr’ ||)¥1f3] + - +)\rer” = 'E?IIaX }Mil : ||el||
i

.....

An ultra-normed vector space does not necessarily have an orthogonal basis, but
the following proposition shows that an asymptotic version of Gram-Schmidt’s
algorithm is still valid in this context.

Proposition 3.1. Let (V, ||.||) be a ultra-normed k-vector space of dimensionr > 1.
Let

0=VWCVichc -CV,=V

be a full flag of subspaces of V. For any & €10, 1[ there is a basis e = (e;);_,
compatible with the flag> such that

Vi, oo k) €K, lker + -+ Arer = (1= 8)iel{lllaxr} |Ail - lleill. (16)

.....

3 We say that a basis e is compatible withafullflag0 = Vo C Vi C Vo, C .- C V., =V
if forany i € {1, ..., r}, we have that card(V; Ne) = i.
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Proof. We proceed by induction on r, the dimension of V. The case r = 1 is trivial.
Assume the proposition holds for all spaces of dimension < r for some r > 2.
Applying the induction hypothesisto V,_j andthe flag0 = Vo C Vi C --- C V,_
we get a basis (eq, ..., e,—1) compatible with the flag such that

V... o) ek II)»161+-~-+)»r—1er—1||2(1—8)i6{1111aX_1 [Ail - lleill-

,,,,,

(17)
Let x be an element of V \ V,_; and let y be a point in V,._; such that
Ix = Il < (1 — &) dist(x, V). (18)

(The distance between x and V,_; is strictly positive because V,_; is closed in
V.) We choose ¢, = x — y. The basis ey, ..., e, is compatible with the flag
0=V ViC---CV.=V.Let(A1,...,A;) be an element of k": we wish to
find a lower bound for the norm of z = Aje; + - -+ + A.e-. By (18) we have that

Izl = || - distCx, Vi—1) = (1 = &), - ller|l.

This provides our lower bound when |[A.e/|| = [[X1e1 + -+ + Ar—1e—1]. If

[Arerll < lIArer + -+ Ar—1e,—1]| then we have ||z]| = [[A1er + -+ Ar—1er—1l
because the norm is ultrametric. By the induction hypothesis (17) we have that
Izl = (1 —¢)|Ai| - |leill forany i € {1, ..., r — 1}. This completes the proof of the
proposition. O

Remark 3.2. If k is locally compact then the above equation holds for ¢ = 0 since
the distance appearing in (18) is then attained.

In order to make the computations in Sect. 3.2 clearer, we use the notion of «-
orthogonality of a basis in an ultra-normed k-vector space of finite (see [18, §2.3]).
Note that this notion has also been used by Gaudron in the study of linear forms of
logarithms, see [14, §3.5].

Definition 3.3. Let V be an ultra-normed k-vector space of finite rank and « a real

number in ]0, 1]. We say that a basis e = (ey, ..., e) of V is «-orthogonal if for
any (A1, ..., Ar) € k" we have that
IArer + -+ Arer|l = amax((Ay] - llerll, ..., [Ar] - llesID.

By definition, 1-orthogonality is the same thing as orthogonality.

For any ultra-normed finite dimensional k-vector space V we let VY =
Homy (V, k) be its dual space with the operator norm. This is also a finite-dimensional
ultra-normed k-vector space.

Let (Vi,¢1) and (V2, ¢2) be two ultra-normed finite-dimensional k-vector
spaces. We can then identify Vi ® V, with Homg(V,’, V2) and equip it with the
operator norm. This ultrametric norm on V| ® V5, is called the tensor norm and is
denoted by ¢1 ® . We can construct a tensor norm for a tensor product of multiple
ultra-normed spaces recursively (cf. [13, remarque 3.8]).
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The following classical property of «-orthogonality for tensorial ultranormed
vector space will be useful in Sect. 3.2 for the Harder—Narasimhan formalism of
vector spaces equipped with two ultranorms. We refer the readers to [18, Corollary
10.2.10] for a proof.

Proposition 3.4. Let V and W be two finite dimensional ultra-normed k-vector

spaces and let a be a real number in 10, 1]. If (s;)"_, and (tj)’;‘:1 are a-orthogonal

i=1
bases of V and W respectively then (s; @ t;) 1<i<n is an a?-orthogonal basis of

1<jsm
Veow.

For any k-vector space V of finite dimension r equipped with an ultrametric
norm ||.|| we equip det(V) = A" (V) with the quotient norm induced by the canon-
icalmap V®" — A’ (V). The ultrametric Hadamard inequality implies that for any
basis (e, ..., e;) of V we have that

,
||€1A~-~Aer||<||e1®~-~®er||=HlleiII- 19)
i=1
Equality holds when the basis (eq, . . ., e,) is orthogonal. If the basis is a-orthogonal
then we have that
.
llev A el = o [ lleill. (20)
i=1

This follows from* Proposition 3.4.

3.2. Arakelov degree and the Harder—Narasimhan polygon

Let Cy be the class of finite dimensional k-vector spaces equipped with two ultra-
metric norms. If V. = (V, ||.lly, II.lly) is an element of C; we let deg(V') be the
following number

—Inllst A= Asell FIn st A Asely,

where (s, ..., sy) is an arbitrary k-basis of V. This construction does not depend
on the choice of (s, ..., s;) by the trivial product formula

Yack”, —Inlal+Inlal =0.

If V is non-trivial we let ZI(V) be the quotient d/e\g(V) /1k(V). It follows from
Proposition 3.1, Hadamard’s inequality (19) and the inverse Hadamard inequality
(20) that for any flag of subspaces of V

0O=VCWc--CVy=V

4 By induction, Proposition 3.4 implies that (e5(1) ® -+ ® €5()) 1<o (1),...,0(r)<r 1S a0
o -basis of VO If £ = ageg(1) ® -+ ® ey (r) is an element of V®" whose image in
A'ViseyA---Aepthen ;g do (—1)%8"9) = | where &, is the r-th symmetric group.
There is at least one o € &, such that |a, | > 1. It follows that ||&]| > o le llei ll-



H. Chen, C. Maclean

we have that

deg(V) = > deg(Vi/Vi-1), @1)
i=1

using the subquotient norms.

We let ﬁV be the function on [0, r] whose graph is the concave upper bound of

the set of points in R? of the form (rk(W), d/ag(W)), where W runs over the set of

subspaces of V. This is a concave function which is affine on each piece [i — 1, i]

(G efl,...,r}).Foranyi € {1, ...,r} welet i; (V) be the slope of this function
on [i — 1, i]. We introduce a normalised version of INLV by setting

1 ~
Veel0,1], Py@) = WPV(I rk(V)).

Let Z37 be a random variable whose probability law is given by

1 rk(V)

S~ -
tk(V) ; wi (V)

The following equality also holds in the non-archimedean case
(V) = Py(1) = E[Zy]. (22)

The results of Sect. 2.3—in particular Proposition 2.4 and Corollary 2.6—still
hold for members of C; (and their proofs are similar). We now summarise these
properties:

Proposition 3.5. Let (V, @, ¥) be an element of Cy. Let ¢" and ' be two ultrametric
norms on'V.

(1) If &' < Y then Pry 4 y1y < Pev,g.y.
(2)If ¢’ = ¢ then Py, 4y < Pv,g/,y)-
(3) In general we have that

Vi e [0,tk(V)1, | Py () — Py (@] < (dp, @) +dW, ¥))t.

The following proposition can be seen as an ultrametric analogue of the Courant—
Fischer theorem.

Proposition 3.6. Let V = (V, ¢, ) be an element of Cy of dimension r > 1. For
anyi € {1,...,r} we have that

Py(i) = sup deg(W). (23)
wcv
tk(W)=i
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Proof. We prove by induction on r that for any o €]0, 1[ there is a basis in V
which is «-orthogonal for both ¢ and . The case r = 1 is trivial. Suppose that
this statement has been proved for all elements of Cy of dimension < r. We choose
e1 € V \ {0} such that

letlly _ 41 . o lxlly
— < (Ja) inf ——. 24)
lelly 0#xeV |lxlly

By Proposition 3.1 there is a subspace W C V of dimension r — 1 such that
VyeW, lei+yly= Jamax(letly, Iylp)- (25)
By (24) and (25) we have that

lelly
lleilly

VyeW, lei+ylly = vea-ler+ylg- > Ja - leilly.

Moreover, as v is ultrametric, if ||y |ly > |le1|ly then [le; +ylly = llylly. It follows
that

ler + ylly = vamax(letlly, 1yly)- (26)

By the induction hypothesis, there is a basis (ez, ..., e;) of W which is /a-
orthogonal for both ¢ and . Let us prove that (eq, ..., e;) is a-orthogonal for
both ¢ and . Let (A1, ..., A,) be an element of k" with 1| # 0. By (25) we have
that

IAer + -+ Arerllp = Vo -max((M] - lletllg, [A2ea + - - + Arerlly)

> o - max(|r1] - lletlly, ver - max([Azl - leallgs - - 2r] - llerllg))
z amax([A1] - lletll, .- [Ar] - llerlle),

where the second inequality comes from the fact that (ez, . . ., e,) is /a-orthogonal
for W for the norm ||.||,. This inequality also holds when A1 = O (here we use
directly the fact that (ep, ..., e,) is an \/a-orthogonal basis). Similarly, it follows
from (26) that (ey, ..., e,) is an «-orthogonal basis for V with respect to ||. ||y .
We now prove the proposition. We deal first with the case where there is a basis
(s1, ..., sr) which is orthogonal for both ¢ and ¢. Forany i € {1, ...,r} leta; be
the logarithm of the ratio ||s; ||y /[Isi ll,. Without loss of generality we may assume
thata; > a; > --- > a,. For any integerm € {1, ..., r} the vectors s;; A---As;,
(1 <i; <+ < iy < r)form a basis for A (V) which is orthogonal for both ¢
and . For any m-dimensional subspace W C V, writing a non-zero element of
A™W as a sum of elements of the form s;; A --- A's;,, enables us to prove that

deg(W) < a4 -+ am,

and equality is achieved when W is generated by the sy, ..., 5.
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In the general case, the above proposition enables us to construct a sequence of
objects (V, ¢,, ¥») (n € N) in C; such that®

nlir-ir-lood((pn» ©)+dWm, ) =0

and for any n there is a basis of V which is orthogonal for both ¢, and v,,. On the
one hand,

ﬁ(V,wn,%)(i) = Sup d/e\g(Wv (Pna Ilfn)’
wcv
tk(W)=i

and on the other, we have that
| Pt O = Py (O] < @@, @) + d W, ¥))1,
and for any subspace W C V we have that
|deg(W. @n. ¥n) — deg(W. ¢, ¥)| < (d(@n. 9) + d (. ) Tk(W).

As n — 400 we obtain the desired result. O

3.3. Truncation

The results in Sect. 2.5 are still valid for elements of Cy . The proof is simpler because
we only consider ultrametric norms. Let V be a finite dimensional k-vector space
and let ¢ be an ultrametric norm on V. For any real number a let ¢ (a) be the norm
on V such that

VeV, lxllp@ = ellxlly.

If ¢ and ¢ are two ultrametric norms on V we let ¢ VvV ¢ be the norm on V such
that

VxeV, |xllgvy = max(lxlly, x]ly).
This is also an ultrametric norm on V.

Proposition 3.7. Let V = (V, ¢, V) be a non-trivial element of Cy and let a be a
real number. We have that
k(V)
deg(V.¢. ¥ Vo) = > max(@i(V), a)

i=1

5 Asin the complex case, for any pair (1, n’) of ultrametric norms on V we set

dar.i) = sup |Inlxly = In
0£xeV
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Proof. We start with the case where V has a basis (eq, . . ., e,) which is orthogonal
for both ¢ and . Without loss of generality, we have that
llei |l

In —= = 7; (V).
lleillg

The basis (eq, ..., e;) is also orthogonal for the norm ¥ Vv ¢(a) and we have that

e
1 eilly

= max(;(V), a).
lleilly

The result follows. In general, we can approximate (¢, ¥) by pairs of norms
((@n, ¥n))n>1 such that for every n the vector space V has a basis orthogonal for
both ¢,, and ¥, (cf. the proof of Proposition 3.6). Passing to the limit n — +o00,
we get our result. O

4. Equilibrium energy

In this section we fix a field k, which is either C with the usual absolute value, or a
complete field equipped with a non-archimedean absolute value. If k = C then we
will denote by C the class C defined in Sect. 2.3.

4.1. Monomial bases and the Okounkov semi-group

In this subsection we recall the construction of the Okounkov semi-group of a
graded linear series. We refer the reader to [6,15—17] for more details.

Consider an integral projective scheme X of dimension d > 1 defined over
the field k. We assume that the scheme X has a regular rational point x: the local
ring Oy  is then a regular local ring of dimension d. We fix a regular sequence
(z1, .-, zq4) inits maximal ideal m, . The formal completion of Ox , with respect to
the maximal ideal m, is isomorphic to the algebra of formal series in the parameters
21, .-, 2q (cf. [12, Proposition 10.16]).

If we choose a monomial ordering® < on N we obtain a decreasing N¢-filtration
(called the Okounkov filtration) F on @X,x such that J:“(@X)x) is the ideal gener-
ated by monomials of the form z# such that 8 > «. This filtration is multiplicative:
we have that

F(Ox ) FF(Ox.) ¢ FP(Ox ).

The filtration F induces by grading an N?-graded algebra gr(Oy.,) which is
isomorphic7 tok[z1, ..., zq]. In particular, forany o € N4, 2r*(Ox ) is arank-one
vector space on k.

6 This is a total order < on N¢ such that 0 < « for any @ € NY and o < o implies
o+ B <o + Bforany o, and B in N9,
7 This follows from the fact that Ox x isdensein Oy ,.
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If L is an inversible O x-module then on taking a local trivialisation in a neigh-
bourhood of x we can identify L, with Oy ,. The filtration F then induces a
decreasing N¢-filtration on H°(X, L) which is independent of the choice of trivi-
alisation. For any s € H(X, L) we denote by ord(s) the upper bound of the set of
o € N¥ such that s € F*HY(X, L). We have that

Vs,s' € HY(X, L), ord(s +s") > min (ord(s), ord(s")).

Moreover, for any s € HO(X, L) and any a € k* we have that ord(s) = ord(as).

Let L be an invertible Ox-module. We let V, (L) be the graded ring B, > H 0
(X, nL) (with the additive notation for the tensor product of invertible sheaves). By
a graded linear system of L we mean a graded subalgebra of V,(L). Any graded
linear system V, of L can be identified, on choosing alocal trivialisation of L around
x, with a graded subalgebra of the algebra of polynomials Ox [T]. The filtration
F induces a decreasing N?-filtration on each homogeneous piece V,,. We denote
by gr(V,) the N¢+!_graded k-algebra induced by this filtration. This is an N¢*1-
graded subalgebra of gr(Ox ()[T] = klz1, ..., z4, T]. In particular, the elements
(n, ) € N*1guch that gr™® (V,) # {0} form a sub-semigroup of N¢*! which we
denote by I'(V,). For any n € N we denote by I'(V,,) the subset of N7 of elements
« such that (n, ) € T'(V,).

4.2. Monomial norms

As above, we consider an integral projective scheme X of dimension d > 1 over
Spec k. We fix a regular rational point x € X (k) (it is assumed that such a point
exists), a system of parameters z = (z1, . .., Z4) at x and a monomial order on N4,
Let L be an invertible Ox-module and let V, be a graded linear system of L. We
assume that every k vector space V), is equipped with two norms ¢,, and ¥,,, which
are ultrametric if £ is non-archimedean. We assume moreover that these norms are
submultiplicative—i.e. that for any (n, m) € N2 and any (Sp, Sm) € Vy x Vy,, we
have that

II'5, ®Sm||<p,,+m < ”Sn”wn . ”Sm”(pm» s, ® 5m||1/fn+m < ”Sn”wn . ”Sm”l/fm- 27

In this subsection, we study the asymptotic behaviour of d/f%(vn, Ons ¥y). As the
Harder—Narasimhan filtration is not functorial in C; we cannot study this problem
directly using the method developped in [7]. We will avoid this problem by using
Okounkov filtrations. The norms ¢,, and v, induce quotient norms on each of the
sub-quotients gr*(V,) (¢ € I'(V,)) which we denote by ¢S and v respectively.
By the results of previous sections, notably (12) and (21), we have that

deg(Vi, u, ¥n) —  », deg(gr® (Va), ¢, Y1)
ael(Vy)

where Ay (r) = rIn(r) if k = Cand Ay (r) = Oif k is non-archimedean. We deduce
that

< Ap(k(Va)),

n Vl‘lv ns ¥n 1 =
‘“( b V) > depler (V). ¢ v)| = 0. (28)

n n#I'(V,) eI )

n—-+00o
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We denote by (gr(V,), @,) and (gr(V,), 1///\,1) the orthogonal direct sum of (gr®(V,,),
0y )aerv,) and (gr*(Vy), ¥ )aer(v,) respectively. Then we have that

D" deg(@*(Va). @n. Yin) = deg(@r(Va), P ¥in).

ael(Vy)

As the semi-group I'(V,) is a multiplicative basis for the algebra

KDV = P er(Va)

n=>0

we can construct anew norm 1,, on each space gr(V,,) as follows. Forany y € I"(V,)
we let s, be the canonical image of y € I'(V,) in the algebra k[I"(V,)] and we equip

gV = P ksoo
ael(V,)
with the norm 7, such that the vectors s, o are orthogonal of norm 1. Using these
auxiliary norms we can write the degree deg(gr(V ), Ons wn) as a difference

deg(gr(vn)’ ©ns Mn) — deg(gr(vn)» wn» M),

or alternatively

Z @(gra(‘/n), ©Ony M) — z (Tf%; (gfa(Vn), Y, Mn)-

ael (Vy) ael (V)

It is easy to see that the real valued functions (n,®) > d/e\g(gr“(\/n), Ons> M)
and (n, @) — deg(gr*(Vy,), ¢u, n,) defined on I'(V,) are superadditive, so their
asymptotic behaviour can be studied using the methods developped in [7].

4.3. Limit theorem

In this subsection we fix an integer d > 1 and a sub-semigroup I" in N?*!, For any

integer n € N we denote by I', the set {o € N | (n, ) € I'}. We suppose that the

semi-group I verifies the following conditions (cf. [16, §2.1]):

(a) T'o = {0},

(b) there is a finite subset B in {1} x N such that I" is contained in the sub-monoid
of N?*1 generated by B,

(c) the group Z*! is generated by T.

We let =(I") be the (closed) convex cone in R4+! generated by I'. Under the above
conditions the projection of £ N ({1} x R?) into R? is a convex body in R?, denoted
A(T"). Moreover, we have that

. #I
lim — = vol(A(T)),
n—-4+o00 n
where vol(.) is Lesbesgue measure on R4 (cf. [16, proposition 2.1]).
We say that a function @ : I' — R is superadditive if ®(y + y') > ®(y) +
® (). In what follows, we study the asymptotic properties of super-additive func-
tions.
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Lemma 4.1. Let @ be a superadditive function defined on I such that ®(0, 0) = 0.

(1) For any real number t the set Féb ={(n,a) € T'|®(n,a) > nt} is a sub-
semigroup of T.
(2) If t € R is a real number such that

. 1
t < lim sup —®(n,w),
n—>+ooa€l~n

then T} satisfies conditions (a)—(c) above.
Proof. (1) As & is superadditive, for any (n, «) and (m, B) in Fﬁb we have that
Sn+ma+p) > dn, o)+ Pm, ) = nt +mt = (n+ mt,

and hence (n +m, a + B) € I'.

(2) Itis easy to check that (a) and (b) are satisfied by FED. We now prove (c). Let A
be a finite subset of I" generating Z¢*! as a group. By hypothesis, there exists
ae >0anday = (m, B) € I such that ®(m, B) > (¢t + ¢)m. It follows that
for any (n, o) € I', we have that

O (km +n, kB + ) < O(n, )+ kd(m, B) S O(n,a) +km(t +¢) -
km +n - km +n - km+n -

for large enough k. There therefore exists a ko > 1 such that ky + & € I'; for
any & € A and k > ko, so I'y generates Z4*! as a group.
O

Remark 4.2. The superadditivity of ® implies that
A (rfp’l“l‘”’z) S eAT) +(1—e)A (I2)

By the Brunn—Minkowski theorem, the function ¢ +— vol(A(FéD))l/ 4 s concave
on | — 00, 6], where

1
0= lim sup —P(n,w),

N>+ yer, N
so it is continuous on this interval. Moreover, as the set (dense in A(I™))
{a/n: (nya) e, n>1})
is contained in | J, g A(Ffb), we get that

vol(A(l")) = t_l)ir_noo vol (A(T'y)) .

The following result is a limit theorem for superadditive functions defined on
I". It is a natural generalisation of [7, Theorem 1.11]
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Theorem 4.3. Let ® : ' — R be a superadditive function such that

1
0 := lim sup —P(n,w) < +4o0. 29)

n——+o0o ael, n
Forany integern > 1, we consider Z,, = ®(n, .) as a uniformly distributed random
variable on T'y,. The sequence of random variables (Zn/ n)n>1 then converges in
law® to a limit random variable Z whose law is given by
vol(A(T'%))
vol(A(T)) °

Proof. By Remark 4.2 the function F definedont € R\{f} by F(¢) := vol(A(Ffb))
/vol(A(I")) is decreasing and continuous andt lim F(t) = 1. Moreover, condition
——00

P(Z>21) = t#06

(29) implies that F () = 0 for large enough positive ¢ and it follows that if we extend
the domain of definition of F to R by taking F(0) to be the limit of F(¢) as ¢ tends
to 6 from the left we get a (left continuous) probability function on R. For any
integer n > 1 and any real number ¢ we have that

#Ffb,n

]P(Zn>t): 4T s
n

where Ffb’n is the set of all & € N such that (1, &) € I',,. By the previous lemma
we have that
lim P(Z, >1t)=F(t) (30)
n—-+00
for any 1 < 6. Moreover, if 1 > 6 then 'y, is empty for any n > 1 and A(T'y,)
is also empty, so equation (30) also holds for # > 6. Finally, if the function F is

continuous at # then since both t +— P(Z,, > ) and F are decreasing we also have
that liIE P(Z, > 0) = F(6). The result follows. |
n—+00

Remark 4.4. The limit law in the above theorem can also be characterised as the
pushforward of Lesbesgue measure on A(I") by a function determined by ®. Let
Go : A(T) - RU{—o00} be the map sending x tosup{t e R : x € A(Fﬁp)}. This
is a real concave function on’ A(I")°. The function G ¢ is therefore continuous
on A(I")°. By definition, the limit law is equal to the pushforward of normalised
Lesbesgue measure on A(I') by G¢. In particular, if 4 is a continuous bounded
function then we have that

i h(®(n,a)/n) 1
1m =
n—-+00 #T,, vol(A(T)) Jaye

G (x) vol(dx) 3D

8 we say that a sequence of random variables (Z,), > converges in law to a random
variable Z if the law of Z,, converges weakly to that of Z, i.e., for any continuous bounded
function & on R we have that liI_E E[h(Zy)] = E[Z], or equivalently, the probability

n—-—+0oo

function of Z, converges to that of Z at any point x € R such that P(Z = x) = 0.
Airfgle set U;er A(Fép) is convex and its volume is equal to vol(A(I")) so it contains
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This enables us to realise the random variable Z as the function G ¢ defined on the
convex body A(T") equipped with normalised Lesbesgue measure.

In the rest of this section we apply these results to the situation described in
Sect. 4.2. We consider an integral projective scheme X of dimension d > 1 defined
on a field k and an invertible Oy -module L. We also choose a regular rational point
(it is assumed that such a point exists) x € X (k), a local system of parameters
(z1,...,2q) and a monomial order on N9, Let V, be a graded linear system on
L whose Okounkov semi-group I'(V,) satisfies'? conditions (a)-(c) of section 4.3.
For any n € N let V,, be equipped with two norms ¢, and v, which are assumed
to be ultrametric for non-archimedean k.

Theorem 4.5. Assume the norms ¢, and Y, satisfy the following conditions:

(1) the system of norms (¢, , ¥n)neN is submultiplicative (i.e. satisfies (27));

(2) we have that d(¢y,, Yn) = O(n) asn — +o00;

(3) there is a constant C > 0 such that'" infyer v, In |S.a)llg, = —Cn for any
neNn>1.

Then the sequence (rllﬁ(V,,, ©ns ¥n))n>1 converges in R.

Proof. We introduce auxiliary monomial NOrms 1), as inSect.4.2.Let® : I'(V,) —
R be the function that sends (n, &) € T'(V,) to deg(gr® (Vy,), ¢n, n,). This function
is superadditive and condition (3) implies that

1
lim sup —®(n,a) < +o0.
n—>+ooaevn n

Let Zop, = ®(n,.) be a uniformly distributed random variable on I'(V,,). By
Theorem 4.3 the sequence of random variables (Z¢,, /1), >1 converges in law to a
random variable Z¢ defined on A(I"(V,)) (as in Remark 4.4). Similarly, conditions
(2) and (3) prove that (3) also holds for the norms 1’/7,1. Denoteby ¥ : I'(V,) — Rthe
function sending (n, @) € T'(V,) to (Te\g(gr"‘(Vn), Yy, ) and by Zg , = W(n,.)
the random variable on I'(V},) such that n € N, n > 1. The sequence of random
variables (Zy,,/n),>1 then converges in law to a random variable Zy defined
on A(T'(V,)). Moreover, (2) implies that the function |Z¢ — Zy]| is bounded on
AT (VL))°.
By Eq. (28) and the equality

deg (2 (V) @n ¥n) = deg(2r® (Vi), @n» 1) — deg(2r® (Vo). Y 0a)

10 Note that these three conditions are automatically satified whenever V, contains an ample
divisor, ie. V;, # {0} for large enough n and there is an integer p > 1, an ample O y-module
A and a non-zero section s of pL — A, such that

Im(H%(X,nA) =5 HO(X,npL)) C Vip

for any n € N, n > 1. We refer the reader to [16, lemma 2.12] for a proof.
11 See Sect. 4.2 for notation.
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it will be enough to prove that the sequence (E[Z ¢ ,, /n]—E[Zy , /n]),>1 converges
in R. Condition (2) of the theorem implies that the functions % | Zon—Zw n| (n € N)
are uniformly bounded. Let A > 0 be a constant such that

Vn > 1, |Z<I>,n - Z\I!,nl < An.

As (Zon/n)n>1 and (Zy ,/n),>1 converge in law to Zg and Zy respectively, for
any ¢ > O there is a 7o > 0 and a ng € N such that

YT > Ty, Yn=2no, P(Zoy,<—nT)<eetP(Zy, < —nT) <e.
It follows that

|E[Zo,n/n] — E[Zy /0] — Elmax(Zo,n/n, —T)] + Elmax(Zy,,/n, —T)]|
< 2¢E[|Zon/n — Zyn/nl] < 26A (32)

whenever T > Tp and n > ng. Moreover, as the random variables Z¢ ,/n
and Zy ,/n are uniformly bounded above and the sequences (Z¢ ,/n),>1 and
(Zy,n/n)n>1 converge in law it follows that

liIJlrl Elmax(Ze,,/n, —T)] — Elmax(Zy ,/n, —T)]
= E[max(Z¢, —T) — max(Zy, —T)].

Moreover, as the function |Z¢ — Zg| is bounded, the dominated convergence
theorem implies that

lim E[max(Zg, —T) — max(Zy, —T)]| =E[Zes — Zy].
T—+o0

Equation (32) then implies that

limsup |E[Zo,n/n] — E[Zyn/n] — E[Zo — Zy]| < 26A.

n—-+00

As ¢ is arbitrary, we get that

N D
lim ;/‘L(an ©ns llfn) = IE[Z<I> - Zyl.

n——+00

O

Condition (3) in the above theorem holds whenever ¢, comes from a contin-
uous metric on the invertible Ox-module L. This can be proved by considering
a monomial order < on N¥ such that'? o) + -+ + ay < B1 + - - + Ba implies
(g, ...,09) < (Bi, ..., Baq). Let X2 be the analytic space associated to the k-
scheme X (in the Berkovich sense [2] if k is non-archimedean) and let L®" be the
pull-back of L to X", Let Cg)(an be the sheaf of continuous real functions on X2".
A continuous metric on L is a morphism of set sheaves, ||.||, from L?" ® Cg)(an to
Cg)(an which in every point x € X" induces a norm ||.||(x) on the fibre L*"(x).

12 When o] +---+oag = B1+- -+ Bg we may use the lexicographic order, for example.
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Given a continuous metric ¢ on X we can equip H°(X, L) with the supremum
norm ||. |, sup such that

Vs e HX.L), |sllpsup = sup [islly(x).

xexan
For any integer n € N the metric ¢ induces by passage to the tensor product
a continuous metric ¢®" on nL. Let ¢, be the supremum norm on H%(X, nL)
induced by ¢®" (or its restriction to V,, by abuse of language): the system of norms
(@n)n>0 then satisfies condition (3) of Theorem 4.5. This follows from Schwarz’s
(complex or non-archimedean) Lemma (cf. [9, pp. 205-206]). This gives us the
following corollary.

Corollary 4.6. Let X be a projective integral scheme defined over a field k and let
L be an invertible Ox-module equipped with two continuous metrics ¢ and . Let
V, be a graded linear system of L such that I (V,) satisfies conditions (a)—(c) above.
For any integer n € N let ¢, and ,, be the supremum norms on V,, associated to
the metrics o®" and y®" respectively. The sequence (IL(Vy,, On, ¥n)/ n)p>1 then
converges in R.

Proof. The system of norms (¢,),>0 is submultiplicative. If s and s” are elements
of V,, and V,, respectively we have that

s ® 5 gy = sup [Is @ 5[l yow+m (x)
xeXan

< ((sup lsllyer(0) - sup 115" llgen () = sl - 5"l
xexan xeXxan
Similarly, the system of norms (1), >0 is also submultiplicative. Moreover, as the
topological space X?" is compact, we have that

sup d ([l (%), [I-lly (x)) < +o0.
xexan
and it follows that d(¢,, ¥,) = O(n) as n — +oo. Finally, as the norms ¢,
satisfy condition (3) of Theorem 4.5, the convergence of (1t (Vy,, ¢n, ¥n)/ n)p>1 as
a consequence of this theorem. O

Remark 4.7. This result invites comparison with a result of Witt Nystrom’s [20,
Theorem 1.4]. Both methods use the monomial basis to construct super or subaddi-
tive functions on the Okounkov semi-group. However, the method in [20] is based
on a comparison between the L? metric and the L® metric, whereas we use the
Harder—Narasimhan formalism. This new approach is highly flexible and enables us
to prove our result in the very general setting of a submultiplicatively normed linear
system satisfying moderate conditions, in both the complex and non-archimedean
cases.

5. Asymptotic distributions of logarithmic sections

In this section we prove our main theorem.
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5.1. A convergence criterium

In this section we prove a convergence criterium. For any real number x the ex-
pression x4 denotes max(x, 0).

Proposition 5.1. Let (Z,,),>1 be a sequence of uniformly bounded random vari-
ables. Assume that for any t € R the sequence (E[max(Z,, t)]),>1 converges in
R. The sequence of random variables (Z,),>1 then converges in law.

Proof. Note that the condition of the proposition implies that, for any ¢ € R, the
sequence (E[(Z, — #)4]),>1 converges in R. In fact, one has

max(Z,,t) = (Z, —t)+ +t.

Let & be a compactly supported smooth function. We have that
BNz = - [ W14z, >0 = [ B> 000
R R

where the second equality comes from integration by parts. For any a € R we have
that

+00
/ B(Z, > 1) dt = EL(Z, — a),]
and it follows that
Elh(Z)] = — /R W (6 dEL(Zy — 1)4] = /R W (EL(Z, — 14 1dr.

variables Z,, are uniformly bounded the dominated convergence theorem implies
that the sequence (E[A(Z,)]),>1 converges in R. Let /(h) be its limit. The func-
tional I (.) is continuous with respect to the supremum norm on the space of com-
pactly supported smooth functions, so it can be extended by continuity to a positive
linear form on the space of continuous compactly supported functions, and hence
defines a Radon measure on R. As the random variable Z,, are uniformly bounded
it follows that /(.) is a probability measure on R. The result follows. O

5.2. Asymptotic distribution of eigenvalues

In what follows we fix a valued field k which is either C with the usual absolute
value or a complete non-archimedean field. Let X be an integral projective scheme
of dimension d > 1 defined over k with a regular rational point. In this subsection
we prove the following theorem (cf. Sects. 2.3 and 3.2 for notations).

Theorem 5.2. Let L be an invertible O x-module and V, a graded linear subsystem
of L whose Okounkov semi-group satisfies conditions (a)—(c) of Sect. 4.3. Let ¢ and
Y be two continuous metrics on L, and for any integer n > 0 let ¢, and Vr, be
the supremum norms on V,, induced by the tensor product metrics =" and y®"
respectively. Then we have that
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(1) The sequence of random variables (%Z(Vn,q)nswn))n>l converges in law to a
probability measure on R.

(2) the sequence of polygons (%P(an‘pnvllfn))n>l converges uniformly to a concave
function on [0, 1];

Proof. Forany n € N,n > 1 we let Z,, denote the random variable %Z(Vn,%,%).
We have that

|Zn| < sup d(||.llp(x), [[-lly (x))

xeXxan

for any n > 1. The sequence of random variables (Z,),>1 is therefore uniformly
bounded. By [10, proposition 1.2.9], the second statement follows from the first.

We now prove the first statement by using the convergence criterion givenin 5.1
and the limit result proved in 4.6. For any real parameter a let ¢ (a) be the continuous
metric on L such that

Vx e X" |lllg@ @) = el llp¢x).
Let ¥ V ¢(a) be the metric on L such that
Vx e X L llpve@ @) = max (L1 (o), [l lpw@ ().

The supremum norm on V,, associated to the metric (¥ V ¢(a))®" is ¥, V @, (an)
(with the notations as in Sects. 2.5 or 3.3). Corollary 4.6 applied to ¢ and ¥ V ¢(a)
proves that the sequence (L (V,, @n, ¥u Vo, (na))/ n),>1 converges in R. Moreover,
by Propositions 2.8 and 3.7 we have that

1 1
;M(Vna ©Ons Un V @n(na)) — E[max(Z,, a)]| < ;A(rn)’
where r,, = rk(V,,) and
1
VreN, r>1, A@):=2In(r)+ Eln(2).

As r, = O(n%) when n — 400, we have that lim,,_, 4o A(r,)/n = 0. It follows
that the sequence (E[max(Z,, a)]),>1 converges. By Proposition 5.1, the result
follows. o

Remark 5.3. The above result still holds whenever we replace ¢, and v, by norms
¢, and V¥, such that

max(d(gn, ), d(Yn, ¥,)) = 0(n), n — +00,

and the limit laws are the same. If we let Z), be the random variable %Z(\/,l,<p,;,¢,;)
then for any a € R we have that

|E[max(Z,, a)] — E[max(Z,,, a)]|

1, . 1
< ;lu(vn, Pns U V @n(an)) — B(Va, @), ¥y V on(an))| + ~A(ra)

1
< ;(d(wn, o) +d W, Yp) + Arn).
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Letting n — 400 we get that

lim E[max(Z),a)] = lim E[max(Z,,a)].
n—+00 n—+00

In particular, this enables us to apply the theorem to L? norms when & is the field
of complex numbers—see for example Lemma 3.2 of [3].

The convergence of the sequence of polyones in the above theorem implies,
in considering the convergence at the point 1, the following local analogue of the
arithmetic Hilbert—Samuel theorem.

Corollary 5.4. With the notation and the hypothese of the above theorem, the limite

o dee (Vo on, v)
n—+0oo nd‘H

exists in R.
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